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The objective of this study is to assess the impact of a dense-phase treatment on the hydrodynamic description of
granular, binary mixtures relative to a previous dilute-phase treatment. Two theories were considered for this
purpose. The first, proposed by Garzó and Dufty (GD) [Phys. Fluids 14, 146 (2002)], is based on the Boltzmann
equation which does not incorporate finite-volume effects, thereby limiting its use to dilute flows. The second,
proposed by Garzó, Hrenya and Dufty (GHD) [Phys. Rev. E 76, 31303 and 031304 (2007)], is derived from the
Enskog equation which does account for finite-volume effects; accordingly this theory can be applied to
moderately dense systems as well. To demonstrate the significance of the dense-phase treatment relative to
its dilute counterpart, the ratio of dense (GHD) to dilute (GD) predictions of all relevant transport coefficients
and equations of state are plotted over a range of physical parameters (volume fraction, coefficients of restitu-
tion, material density ratio, diameter ratio, and mixture composition). These plots reveal the deviation between
the two treatments, which can become quite large (N100%) even at moderate values of the physical parameters.
Such information will be useful when choosingwhich theory ismost applicable to a given situation, since the di-
lute theory offers relative simplicity and the dense theory offers improved accuracy. It is also important to note
that several corrections to original GHD expressions are presented here in the form of a complete, self-contained
set of relevant equations.
ya@colorado.edu
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1. Introduction

Polydisperse, rapid solids flows are quite prevalent in both nature
(i.e., landslides, avalanches) and industry (i.e., pharmaceutical proces-
sing, high-velocity fluidized beds), though much remains to be under-
stood. Perhaps most importantly, due to differences in size and/or
material density of each particle species, polydisperse mixtures are
well-known to exhibit particle segregation, also known as de-mixing
[1–4]. Such behavior has no monodisperse counterpart. Thus, continu-
ummodels developed formonodisperse flows cannot be used to predict
the segregation of unlike particles which occurs in polydisperse
systems. Consequently, an accurate continuummodel of a polydisperse
solidsmixture lends itself to a variety of non-trivial applications, such as
the design of coal gasifiers for energy production.

The scope of the current study pertains to binary mixtures of
inelastic grains (negligible fluid phase) engaging in instantaneous,
binary collisions (rapid flows). Numerous previous contributors
have proposed continuum theories for such systems (for recent re-
view, see Ref. [5]), and the application of these theories has led to a
better understanding of the mechanisms by which de-mixing occurs
[3,6–16]. Nevertheless, the improvement of existing models remains
an active area of research due to differences in the derivation process.
More specifically, one or both of the following simplifications have
been incorporated in the vast majority of previous models:
(i) Maxwellian velocity distribution [17–21], and/or (ii) an equiparti-
tion of energy [22,23]. (The theories proposed by Rahaman et al. [20]
as well as Iddir and Arastoopour [21] assumed a Maxwellian velocity
distribution between unlike particles only.) The aforementioned as-
sumptions are strictly true for systems of perfectly elastic spheres in a
uniform steady state [24], but not so for inelastic grains. Furthermore,
numerous studies have demonstrated the influence of non-equipartition
on species segregation [7–9, 12–15]. Two continuum models have been
proposed over the past decade in which neither of the above conditions
is assumed. The first theory, developed by Garzó and Dufty (GD) [25–27]
is based on the Boltzmann equation, and is thus applicable to diluteflows
only. The second theory, developed recently by Garzó, Hrenya and Dufty
(GHD) [28,29], instead uses the Enskog equation as its starting point,
making this theory applicable to moderately dense systems as well.
Hereafter, the acronyms GD will be used to refer to the former, and
GHD will be used to refer to latter. Each theory gives rise to a set of
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Table 1
Hydrodynamic description of a granular mixture from GHD theory.

Balance equations
Mass Dni

Dt
þ ni∇⋅U ¼ � 1

mi
∇⋅ji

Momentum ρ DU
Dt ¼ −∇⋅P þ∑s

i¼1niFi
Granular energy d

2n
DT
Dt ¼ −∇⋅q−P : ∇U � d

2nTζþ d
2 T∑s

i¼1
1
mi
∇⋅ji þ∑s

i¼1
Fi⋅ji
mi

Flux laws
Mass ji ¼ −∑s

j¼1mimj
nj

ρ Dij∇ lnnj−ρDT
i ∇ lnT−∑s

j¼1D
F
ijFj Eq. (2.1)

Heat q ¼ −λ∇Τ−∑s
i¼1T

2Dq;i∇ lnni−∑s
i¼1∑s

j¼1LijFi Eq. (2.2)

Pressure Pαβ ¼ pδαβ−η ∇αUβ þ∇βUα− 2
d∇⋅Uδαβ

� �
−κ∇⋅Uδαβ Eq. (2.22)

Cooling rate ζ=ζ(0)+ζu∇⋅U

Equations of state Transport coefficient

Zeroth-Order ζ(0) Eq. (2.37) First-order ζu Eqs. (2.40), (2.40),
(2.42)Cooling

rate
cooling rate

Pressure p Eqs. (2.24),
(2.25)

Shear viscosity η Eqs. (2.27),
(2.28), (2.30),
(2.34), (2.35)

Bulk viscosity κ Eqs. (2.34),
(2.36)

Mutual diffusion Dij Eqs. (2.3),
(2.7), (2.8)

Thermal diffusion Di
T Eqs. (2.3),

(2.6)
Thermal
conductivity

λ Eqs. (2.4),
(2.13), (2.16),
(2.17)

Dufour Dq,

i

Eqs. (2.4),
(2.13), (2.15),
(2.19)

Mass mobility Dij
F

Thermal
mobility

Lij
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zeroth-order closures known as equations of state, aswell as constitutive
relations for first-order contributions to fluxes, or more specifically the
associated transport coefficients. The equations of state and transport co-
efficients are functions of the hydrodynamic variables: number densities
(ni), mass-basedmixture velocity (U), and number-basedmixture gran-
ular temperature (T). Although the predictions for the equations of state
and transport coefficients from the two theories are expected tomatch at
low volume fractions, a non-negligible difference is expected at higher
concentrations, though the level of discrepancy between the two has
not yet been reported for polydisperse systems.

To build on the previous contributions, the focus of this work is to
analyze binary mixtures, where the two particle species differ in mass
and/or size. Motivation for this study is threefold: (i) to assess impor-
tance of dense-phase corrections to hydrodynamic description of
mixtures proposed by Garzó and co-workers [28,29] compared to
the previous dilute-phase description [25], and more specifically to
determine rules-of-thumb for the volume fraction at which such
dense-phase descriptions become non-negligible, (ii) to examine the
behavior of the GHD equations of state and transport coefficients
over a range of physical parameters, and (iii) to provide a complete,
self-contained set of the GHD expressions, including several correc-
tions (see Appendix A) for the expressions given in the original GHD
contribution [28,29]. This latter goal also provides an opportunity to
display the expressions in a form more suitable for computational
purposes.

To accomplish the first two objectives, the equations of state and
transport coefficients were evaluated over a range of volume fractions,
coefficients of restitution, and mixture properties (diameter ratio,
mass ratio, and volume fraction ratio). The results indicate that the
discrepancy between transport coefficients and equations of state pre-
dicted by each theory at a volume fraction of ϕ=0.1 can vary from a
factor of 1.05 to a factor of 10. As the volume fraction becomes fairly
dense (ϕ=0.5), the predicted discrepancy increases to a factor of at
least 1.7 and as large as a factor of 120. Hence, though the derivation
of the constitutive relations for a dilute flow and the resulting consti-
tutive expressions are simpler than its moderately dense counterpart,
the difference between the two theories is non-negligible at low to
moderate volume fractions. In the upcoming sections, a complete,
self-contained set of the GHD constitutive relations for the mass flux,
heat flux, pressure tensor, and cooling rate are given in Section 2.
Also, a quantitative comparison between the GHD and GD predictions
for the transport coefficients and equations of state illustrates stark
differences between the dilute and dense treatments (Sections 3 and
4). The paper is closed in Section 5 with a brief summary of the main
results obtained here.
2. Enskog kinetic theory for mass, momentum and heat fluxes and
equations of state of a granular binary mixture

The mass, momentum, and granular energy balances for the GHD
theory for an s-component mixture are given in Table 1, along with
the corresponding flux laws. Each balance equation is expressed in
terms of the hydrodynamic variables (ni,U, T), along with the follow-
ing quantities: cooling rate (ζ), mass flux (ji), heat flux (q), and pres-
sure tensor (P). Constitutive expressions for these latter quantities,
also given in Table 1, are in terms of ζ(0) (zeroth-order cooling rate),
ζu (transport coefficient associated with first-order cooling rate), Dij

(mutual diffusion coefficients), Di
T (thermal diffusion coefficients),

Dij
F (mass mobility), λ (thermal conductivity coefficient), Dq, i (Dufour

coefficients), Lij (thermal mobility), p (pressure), η (shear viscosity),
and κ (bulk viscosity). Also,Fi refers to the external force on a particle
of species i. To fully close the set of equations, these quantitiesmust be
cast in terms of the hydrodynamic variables. The equations needed to
obtain closures for each expression are detailed in the following sub-
sections; corresponding equation numbers are also listed in Table 1.
2.1. Mass and heat fluxes

We consider a binary mixture (s=2) of inelastic, smooth, hard
disks (d=2) or spheres (d=3) of masses m1 and m2, and diameters
σ1 and σ2. The inelasticity of collision among all pairs is characterized
by three independent constant coefficients of normal restitution α11,
α22, and α12=α21, where αij is the coefficient of restitution for
collisions between particles of species i and j. For moderate densities,
it is assumed that the velocity distribution functions of each species
are accurately described by the coupled set of inelastic Enskog kinetic
equations [30,31]. This set of equations has been recently solved in
Refs. [28,29] by means of the Chapman-Enskog method [24] and the
constitutive equations for the mass j1 and heat q fluxes have been
obtained up to the Navier–Stokes order (first-order in the spatial gra-
dients). In the absence of external forces (Fi ¼ 0), the forms of j1 and
q are given, respectively, by

j1 ¼ −m2
1n1

ρ
D11∇ln n1−

m1m2n2

ρ
D12∇ln n2−ρDT

1∇ln T; ð2:1Þ

q ¼ −T2Dq;1∇ln n1−T2Dq;2∇ln n2−λ∇T; ð2:2Þ

where ρ=m1n1+m2n2 and ni refers to the number density of species
i. While the diffusion coefficients Dij and the thermal diffusion coeffi-
cient Di

T have only kinetic contributions, the transport coefficients Dq, i

and λ associated with the heat flux have also collisional transfer con-
tributions. Expressions for these transport coefficients in terms of the
coefficients of restitution, the parameters of the mixture (masses,
sizes and composition), and concentration (solid volume fraction)
have been obtained in Ref. [29] by using the leading terms in a Sonine
polynomial expansion.
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The transport coefficients depend upon the temperature, concentra-
tion, and composition of the mixture, as well as the masses, diameters,
and coefficients of restitution. To present the expressions of these
coefficients in a compact form, it is convenient to consider their dimen-
sionless forms:

D⁎
11 ¼ m2

1ν0

ρT
D11; D⁎

12 ¼ m1m2ν0

ρT
D12; DT⁎

1 ¼ ρν0

nT
DT
1; ð2:3Þ

D⁎
q;i ¼

2
dþ 2

m1 þm2ð Þν0

n
Dq;i; λ⁎ ¼ 2

dþ 2
m1 þm2ð Þν0

nT
λ: ð2:4Þ

Here, ν0=nσ12
d−1v0 is an effective collision frequency,

σ12=(σ1+σ2)/2, and v0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
2T=m

p
is a thermal velocity where

m=(m1+m2)/2. Thus, the results given throughout the remain-
der of the paper are given in terms of the mass ratio m1/m2, the
size ratio σ1/σ2, the species number fraction xi=ni/n, the concen-
tration nσ2

d, and the coefficients of restitution α11, α22, and α12.

2.1.1. Mass flux transport coefficients
In a binary mixture, since j1 ¼ −j2, the mass flux contains three

relevant transport coefficients: D11, D12, and D1
T. The remaining coeffi-

cients D22, D21, and D2
T are given by the identities

D21 ¼ −m1

m2
D11; D22 ¼ −m1

m2
D12; DT

2 ¼ −DT
1: ð2:5Þ

The expressions of the reduced coefficients D1
T ⁎, D11

⁎ , and D12
⁎ can

be written as [29]

DT⁎
1 ¼ ν⁎

D−ζ⁎
� �−1

(
x1γ1−

p⁎ρ1
ρ

þ πd=2

2dΓ
d
2

� � x1nσ
d
2

h
x1χ11 σ1=σ2ð Þdγ1 1þα11ð Þ

þ 2x2χ12 σ12=σ2ð ÞdM12γ2 1þα12ð Þ�
)
; ð2:6Þ

ν⁎
D−

1
2
ζ⁎

� �
D⁎
11 ¼ DT⁎

1

x1ν0
n1

∂ζ 0ð Þ

∂n1
−m1

ρT
n1

∂p
∂n1

þ γ1 þ n1
∂γ1

∂n1

þ πd=2

dΓ
d
2

� � x1nσ
d
2∑

2

‘¼1
χ1‘ σ1‘=σ2ð ÞdM‘1 1þα1‘ð Þ

×
1
2

γ1 þ
m1

m‘

γ‘

� �
2δ1‘ þ n‘

∂lnχ1‘

∂n1
þ n‘

n1
I1‘1

� �
þm1

m‘

n‘

∂γ‘

∂n1

	 

;

ð2:7Þ

ν⁎
D−

1
2
ζ⁎

� �
D⁎
12 ¼ DT⁎

1

x2ν0
n2

∂ζ 0ð Þ

∂n2
−m1

ρT
n1

∂p
∂n2

þ n1
∂γ1

∂n2

þ πd=2

dΓ
d
2

� � x1nσ
d
2∑

2

‘¼1
χ1‘ σ1‘=σ2ð ÞdM‘1 1þ α1‘ð Þ

×

(
1
2

γ1 þ
m1

m‘

γ‘

� �
2δ2‘ þ n‘

∂lnχ1‘

∂n2
þ n‘

n2
I1‘2

� �

þm1

m‘

n‘

∂γ‘

∂n2

)
: ð2:8Þ

In these equations, ρi=mini, γi=Ti/T, ζ⁎=ζ(0)/ν0, p⁎=p/(nT), χij

is the pair distribution function at contact, Mij=mi/(mi+mj), and

ν⁎
D ¼

ffiffiffi
2

p
π d−1ð Þ=2

dΓ d
2

� � χ12 1þα12ð Þ γ1

M12
þ γ2

M21

� �1=2
x1M12 þ x2M21ð Þ: ð2:9Þ
Thepartial temperatures T1 and T2 are determined from the condition
ζ1
(0)=ζ2

(0)=ζ(0), where the expression of ζi
(0) is given by Eq. (2.38).

Moreover, an explicit form for χij for disks (d=2) and spheres (d=3)
is given in Appendix B.

The parameters Ii‘j are chosen to recover the results derived by
López deHaro et al. for elasticmixtures [32]. These quantities are the or-
igin of the primary difference between the standard Enskog theory and
the revised version for elastic collisions [33]. They are zero if i ¼ ‘, but
otherwise are not zero. They are defined through the relation [29]

∑
2

‘¼1
n‘σ

d
i‘χi‘ nj

∂lnχi‘

∂nj
þ Ii‘j

 !
¼ nj

TB2

∂μi
∂nj

 !
T;nk≠j

−
δij
B2

−2njχijσ
d
ij ; ð2:10Þ

where B2=πd/2/dΓ(d/2) [Γ refers to Gamma function, such that B2 ¼ π
2

for d=2 (disks) and B2=2π/3 for d=3 (spheres)] and μi is the chemi-
cal potential of species i. Taking into account Eq. (2.9), the nonzero pa-
rameters I121 and I122 appearing in Eqs. (2.11) and (2.12) are given by

I121 ¼ 1
TB2n2σ

d
12χ12

n1
∂μ1
∂n1

� �
T;n2

−T

" #
−2

n1σ
d
1χ11

n2σ
d
12χ12

− n2
1σ

d
1

n2σ
d
12χ12

∂χ11

∂n1

− n1

χ12

∂χ12

∂n1
; ð2:11Þ

I122 ¼ 1
TB2σ

d
12χ12

∂μ1
∂n2

� �
T;n1

−2− σd
1n1

σd
12χ12

∂χ11

∂n2
− n2

χ12

∂χ12

∂n2
: ð2:12Þ

Explicit forms of μ i for disks (d=2) and spheres (d=3) are given
in Appendix B.

2.1.2. Heat flux transport coefficients
The heatflux requires going up to the second Sonine approximation.

Its constitutive equation is given by Eq. (2.2) where the transport
coefficients Dq, i and λ have kinetic and collisional contributions

Dq;i ¼ Dk
q;i þ Dc

q;i; λ ¼ λk þ λc
: ð2:13Þ

The corresponding reduced forms Dq, i
k⁎ , Dq, i

c⁎ , λk⁎, and λc⁎ are defined
as

Dk;c⁎
q;i ¼ 2

dþ 2
m1 þm2ð Þν0

n
Dk;c
q;i ; λk;c⁎ ¼ 2

dþ 2
m1 þm2ð Þν0

nT
λk;c

: ð2:14Þ

The kinetic parts Dq, i
k⁎ and λk⁎ can be written, respectively, as

Dk⁎
q;1 ¼ d⁎q;11 þ d⁎q;21 þ

γ1

M12
− γ2

M21

� �
x1D⁎

11; Dk⁎
q;2

¼ d⁎q;22 þ d⁎q;12 þ
γ1

M12
− γ2

M21

� �
x2D⁎

12;

ð2:15Þ

λk⁎ ¼ λ⁎
1 þ λ⁎

2 þ
γ1

M12
− γ2

M21

� �
DT⁎
1 ; ð2:16Þ

where the expressions for the (dimensionless) coefficients dq, ij⁎ and λi
⁎

are displayed in Appendix B. In Eqs. (2.15) and (2.16), the coefficients
D1
T ⁎, D11

⁎ and D12
⁎ are given by Eqs. (2.6), (2.7), and (2.8), respectively

(first Sonine approximation).
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Let us consider now their collisional transfer contributions. In the
case of the thermal conductivity, λc⁎ is given by [29]

λc⁎ ¼ 3
2

πd=2

d dþ 2ð ÞΓ d
2

� �nσd
2∑

2

i¼1
∑
2

j¼1
xi σij=σ2

� �d
χijMij 1þ αij

� �

×
n

5−αij

� �
Mij− 1−αij

� �
Mji

h i
λ⁎
j þ m1 þm2ð ÞDT⁎

j

×
γj

mj
5−αij

� �
Mij− 1−αij

� �
Mji

� �
þ γi

mi
3þαij

� �
Mji− 7þαij

� �
Mij

� �" #

þ 16
3
ffiffiffi
π

p xjmj

m1 þm2
σ12=σ2ð Þd σij=σ12

� �
C⁎
ij

o
; ð2:17Þ

where

C⁎
ij ¼ θi þ θj

� �−1=2
θiθj
� �−3=2

(
2β2

ij þ θiθj þ θi þ θj
� �"

θi þ θj
� �

MijMji

þ βij 1þMji

� ��)þ 3
4

1−αij

� �
Mji−Mij

� � θi þ θj
θiθj

 !3=2

× Mji þ βij θi þ θj
� �−1

� �
: ð2:18Þ

Here, θi=(miT/mTi) and βij=Mijθj−Mjiθi. In the case of the coeffi-
cients Dq, i

c⁎ , they can be written as [29]

Dc⁎
q;1 ¼ Dc⁎

q;11 þ Dc⁎
q;21; Dc⁎

q;2 ¼ Dc⁎
q;12 þ Dc⁎

q;22; ð2:19Þ

where the coefficients Dq, ij
c⁎ have the explicit forms

Dc⁎
q;ij ¼

3
2

πd=2

d dþ 2ð ÞΓ d
2

� �nσd
2∑

2

p¼1
xp σip=σ12

� �d
χipMip 1þαip

� �

×
n

5−αij

� �
Mip− 1−αij

� �
Mpi

h i
d⁎q;pj þ m1 þm2ð ÞxjD⁎

pj

×

"
γp

mp
5−αip

� �
Mip− 1−αip

� �
Mpi

� �
þ γi

mi

 
3þ αip

� �
Mpi

− 7þαip

� �
Mip

!#
− 32

3
ffiffiffi
π

p xpmp

m1 þm2
σ12=σ2ð Þd σip=σ12

� �
C⁎
ipj

o
;

ð2:20Þ

where

C⁎
ipj ¼ θi þ θp

� �−1=2
θiθp
� �−3=2

(
δjpβip θi þ θp

� �
−1

2
θiθp

"
1þ

Mpi θi þ θp
� �

−2βip

θp

#

×
∂lnγp

∂lnnj

)
þ 1
4

1−αip

� �
Mpi−Mip

� � θi þ θp
θiθp

 !3=2

δjp þ
3
2

θi
θi þ θp

∂lnγp

∂lnnj

 !
:

ð2:21Þ

2.2. Pressure tensor

The overall constitutive relation for the pressure tensor is a combi-
nation of the zeroth P 0ð Þ� �

and first-order P 1ð Þ� �
contributions, which

is given by

P ¼ P
0ð Þ þP

1ð Þ ð2:22Þ
where

P 0ð Þ
αβ ¼ pδαβ : ð2:23Þ

The zeroth-order contribution to the pressure tensor is proportional
to the mixture granular pressure p. The equation of state that defines p
is given by

p ¼ pk þ pc ð2:24Þ

where the kinetic (pk) and the collisional (pc) contributions are [28]

pk ¼ nT ; pc ¼ πd=2

dΓ d
2

� �pk nσd
2 ∑

2

i¼1
∑
2

j¼1
xixj σij=σ2

� �d
Mji 1þαij

� �
χijγi:

ð2:25Þ

The constitutive equation for the pressure tensor Pαβ
(1), proportional

to the velocity gradients, is

P 1ð Þ
αβ ¼ −η ∇αUβ þ∇βUα−

2
d
∇⋅Uδαβ

� �
−κ∇⋅Uδαβ: ð2:26Þ

Here, η is the shear viscosity and κ is the bulk viscosity. The coefficient
η has kinetic and collisional contributions while κ only has a collisional
contribution κc (and so, vanishes for dilute gases)

η ¼ ηk þ ηc
; κ ¼ κc: ð2:27Þ

The kinetic part ηk is

ηk ¼ ηk
1 þ ηk

2; ð2:28Þ

where the partial contributions ηik can be written as

ηk
i ¼

nT
ν0

ηk⁎
i : ð2:29Þ

The reduced coefficients ηik⁎ are given by

ηk⁎
1 ¼ 2 2τ⁎22−2ζ⁎

� �—η1−4τ⁎12
—η2

ζ⁎2−2ζ⁎ τ⁎11 þ τ⁎22
� �þ 4 τ⁎11τ

⁎
22−τ⁎12τ

⁎
21

� � ; ð2:30Þ

ηk⁎
2 ¼ 2 2τ⁎11−2ζ⁎

� �—η2−4τ⁎21
—η1

ζ⁎2−2ζ⁎ τ⁎11 þ τ⁎22
� �þ 4 τ⁎11τ

⁎
22−τ⁎12τ

⁎
21

� � ; ð2:31Þ

where the expressions of the (reduced) collision frequencies τij* can
be found in Appendix A of Ref. [29]. In Eq. (2.30), we have introduced
the quantities

—η1 ¼ x1γ1 þ E11 þ E12;
—η2 ¼ x2γ2 þ E22 þ E21; ð2:32Þ

where
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The collisional contribution ηc to the shear viscosity and the bulk
viscosity κ have the forms

ηc ¼ nT
ν0

ηc⁎; κ ¼ nT
ν0

κ⁎; ð2:34Þ
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where
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It must be remarked that the predictions of the shear viscosity η
compare quite well with Monte Carlo simulations of a heated granular
binary mixture, even for strong dissipation [34].

2.3. Cooling rate

The overall cooling rate can be written as the sum of the zeroth-
order (ζ(0)) and first-order contributions (ζu)

ζ ¼ ζ 0ð Þ þ ζu∇⋅U: ð2:37Þ

The zeroth-order cooling rate of each species (ζi(0)) defines the
rate of kinetic energy loss for that species, and is given by the follow-
ing relation

ζ 0ð Þ ¼ ζ 0ð Þ
i ¼ 4π d−1ð Þ=2
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As shown in Eq. (2.38), the zeroth-order cooling rate for each species
is equivalent (i.e., ζ1(0)=ζ2(0)). Because Eq. (2.38) is an implicit expres-
sion that depends on individual species granular temperatures, the
following equation is needed

nT ¼ n1T1 þ n2T2: ð2:39Þ

The expressions given in Eqs. (2.38) and (2.39) form a set of two
non-linear algebraic equations that can be solved for θ1 and θ2
(using the relation θi=miT/mTi), and then species temperatures Ti
and T2 can subsequently be found. The equation of state defining
ζ(0) was first proposed by Garzó and Dufty [35].

At first order in gradients, there is a contribution to the cooling rate
from ∇⋅U. The proportionality coefficient ζu is a new transport coeffi-
cient for granular fluids. Two different contributions can be identified

ζu ¼ ζ 1;0ð Þ þ ζ 1;1ð Þ
: ð2:40Þ

The coefficient ζ(1, 0) is given by

ζ 1;0ð Þ ¼ − 3πd=2
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The contribution ζ(1, 1) can be written as
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Here, the collision frequencies ψij* have been determined in Appendix
A of Ref. [29] and the coefficients ēi,D are given by
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The results displayed along this section give the explicit forms for
the equations of state, the transport coefficients and the cooling rate
of a moderately dense granular binary mixture. The corresponding
expressions for a low-density binary mixture can be easily obtained
from their dense forms by taking the limit nσ2

d→0. These explicit
expressions are displayed in the Appendix C and agree with those
previously derived from the Boltzmann equation [25,27].

3. Quantitative approach: comparison of dilute and dense-phase
expressions for hard spheres

In order to assess the importance of dense-phase corrections to
the continuum theory for rapid granular flows of binary mixtures,
the equations of state and transport coefficients obtained from the
GHD and GD theories were compared over a range of volume fractions
and coefficients of restitution for a given set of mixture properties
(diameter ratio, size ratio, and volume fraction ratio). To illustrate the
differences in a straightforward manner, each quantity is examined as
a ratio of the GHD value (dilute through moderately dense) to the GD
value (dilute limit), giving rise to a non-dimensional quantity. These
non-dimensional ratios were plotted as functions of volume fraction
and coefficients of restitution, holding all other mixture properties con-
stant. Representing the transport coefficients and equations of state in
this manner reveals the relative magnitudes of the dense- and dilute-
phase predictions. Recall the complete set of equations of state and
transport coefficients for GHD theory are given in Table 1 (ζ(0), ζu, Dij,
Di
T, Dij

F, λ, Dq, i, Lij, p, η, κ).
It is important to note that some transport coefficients (Lij, Dij

F) were
not considered in the dilute theory (GD), and thus these quantities are
not considered here. Moreover, two of the transport coefficients, name-
ly ζu and κ, are zero in the dilute limit, and thus the corresponding
ratios of the moderately dense (GHD) value to the dilute (GD) value
diverge. Accordingly, only the GHD predictions of these quantities are
shown. Thus, the comparison between the GHD and GD theory predic-
tions presented here involves the seven remaining quantities: ζ(0), p, η,
Dij, Di

T, λ, Dq, i.

3.1. Mixture parameters

The continuum description of a binary mixture of inelastic hard
spheres (d=3) is a function of the following dimensional parameters:
species masses (m1,m2), species diameters (σ1,σ2), species 1 volume
fraction (ϕ1), overall volume fraction (ϕ=ϕ1+ϕ2), and coefficients
of restitution (α11,α22,α12=α21). (Note that the number densities
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and volume fractions are related byϕi=niπσi
3/6.) The subscripts 1 and

2 denote the two species in the binary mixture. For purposes of sim-
plicity, the coefficients of restitution have been assumed to be the
same for all combinations of collisions (i.e., α11=α22=α12≡α). In
terms of the ratio of moderately dense (GHD) to dilute (GD) predic-
tions for each quantity, the parameter space is reduced to the follow-
ing dimensionless inputs: mass ratio (m1/m2), diameter ratio (σ1/σ2),
overall volume fraction (ϕ), volume fraction ratio of species 1 relative
to the total (ϕ1/ϕ), and coefficient of restitution α. Hereafter, the ratio
ϕ1/ϕ will be referred to as the (mixture) composition of species 1.
Recall that the GHD and GD theories allow for a non-equipartition of
energy, and thus several of the aforementioned closures (see, for ex-
ample, Eq. (2.15)) involve the species granular temperatures, T1 and
T2. It is important to point out that these quantities are not hydrody-
namic variables (i.e., they do not require the solution of species energy
balances; for a detailed explanation, see Ref. [29]) and instead are de-
termined by the set of equations defining the zeroth-order cooling
rate (Eqs. (2.37) and (2.38)).
Fig. 1. Zeroth-order cooling rate: ratio of moderately dense (GHD) to dilute (GD) pre-
dictions as a function of (a) overall volume fraction and (b) coefficient of restitution.
3.2. Parameter space evaluated

Table 2 summarizes the three cases (equal size and different mass,
equal mass and different size, and different size and mass) used to
compare the GHD and GD theories, and the wide ranges of input pa-
rameters used in each case study. Though the transport coefficients
and equations of state may vary quantitatively from case to case,
the general trends show little variation. For sake of brevity, the up-
coming section will focus on one representative case, namely that of
different size and equal material densities (i.e., different mass) in
order to quantify how the newly acquired GHD predictions differ
from the dilute-phase counterpart (GD).
3.3. Case presented: different-sized particles with equal material densities

Many industrial and natural granular flows are comprised of one
material (i.e., same material density), but different-sized particles.
In the case presented here, the diameter of species 1 was twice that
of species 2 (i.e., σ1/σ2=2), and both species had the same material
density (i.e., m1/m2=8). For the sake of consistency, the composition
of each species was held constant at 50% by volume for this analysis
(i.e., ϕ1/ϕ=ϕ2/ϕ=0.5). The ratio of GHD to GD predictions of each
quantity evaluated was plotted over a range of volume fractions
from dilute to moderately dense (ϕ=10−8−0.5) while holding the
coefficient of restitution constant. Also, each quantity was varied
over a range of coefficients of restitution from relatively inelastic to
nearly elastic (0.5–0.99) while holding the overall volume fraction
constant. The results of this case study are presented in the upcoming
section.
4. Results and discussion

The overall objective was to analyze each transport coefficient and
equation of state over a range of parameters for the newly-developed
GHD theory. By comparing these results to the predictions from the
dilute (GD) theory, it was possible to demonstrate the need for a
moderately dense-phase correction, as detailed below.
Table 2
Range of input parameters used in analysis of binary mixture via GHD theory.

Case description σ1/σ2 m1/m2 ϕ1/ϕ α

Equal sizes 1 1–10 0.25–0.75 0.50–0.99
Equal masses 1–10 1 0.25–0.75 0.50–0.99
Different diameters, different masses 2 0.10–10 0.50 0.75
4.1. Cooling rate: zeroth-order and first-order contributions

As indicated by Fig. 1, the dense-to-dilute ratio of the zeroth-order
cooling rate (ζ(0)) is much more sensitive to changes in volume frac-
tion than coefficient of restitution. Such behavior can be explained via
the dependency of the zeroth-order cooling rate (Eq. (2.38)) on the
pair correlation function at contact, χij (Eqs. (B14) and (B17)). This
factor accounts for the volume exclusion effects between like parti-
cles (χ11) and unlike particles (χ12). In the dilute limit, the spatial
correlation factor equals one (i.e., χ11=χ12=1). When the zeroth-
order cooling rate of GHD theory is then divided by its dilute counter-
part, the resulting function is strongly dependent on the spatial corre-
lation factor. Because χij is sensitive to changes in overall volume
fraction, it is then reasonable that the dimensionless zeroth-order
cooling rate ratio exhibits the same sensitivity. More specifically, the
results shown in Fig. 1a indicate that ζ(0) predicted by GHD theory
is more than 5 times greater than its dilute counterpart for a fairly
dense system (ϕ=0.5) and more than 2 times greater for ϕ=0.3.
Even at ϕ=0.2, a discrepancy of 27% is found between the dilute-
and dense-phase predictions.

Unlike the zeroth-order contribution to the cooling rate, the trans-
port coefficient associated with the first-order contribution is zero in
the dilute limit. Therefore, a ratio comparison of the dense-to-dilute
predictions is not possible. The results given in Fig. 2 represent the
first-order contribution to the cooling rate (which is non-dimension-
al), which approaches zero as volume fraction diminishes. As evident
from this figure, ζu is quite sensitive to changes in both volume frac-
tion (Fig. 2a) and coefficient of restitution (Fig. 2b). Also, the results
for this case indicate that the magnitude of the first-order contribu-
tion increases as the system becomes denser and less elastic.

4.2. Momentum flux: pressure, shear viscosity and bulk viscosity

Now moving on to results associated with the momentum flux,
Fig. 3 indicates that the dense-to-dilute ratio of granular pressure is
more sensitive to changes in volume fraction (Fig. 3a) than coefficient
of restitution (Fig. 3b). Also, this ratio increases monotonically with
both volume fraction and coefficient of restitution. For a moderately
dense system (ϕ∼0.4), GHD theory predicts that the granular pres-
sure is about 5 times greater than dilute (GD) theory. Even at lower



Fig. 4. Shear viscosity: ratio of moderately dense (GHD) to dilute (GD) predictions as a
function of (a) overall volume fraction and (b) coefficient of restitution. See legends
presented in Fig. 1.

Fig. 2. Transport coefficient associated with first-order cooling rate: moderately dense
(GHD) predictions as a function of (a) overall volume fraction and (b) coefficient of
restitution. See legends presented in Fig. 1.
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volume fractions (ϕ∼0.1), the moderately dense-phase prediction is
greater than its dilute counterpart by 40%.

Shear viscosity, results of which are given in Fig. 4, behaves in a
similar manner to granular pressure (Fig. 3). A monotonic increase is
exhibited with respect to both volume fraction (Fig. 4a) and coefficient
of restitution (Fig. 4b). The GHD prediction is about 5 times larger than
the GD prediction formoderately dense systems (ϕ∼0.4). However, the
discrepancy at lower volume fractions (ϕ∼0.1) decreases to approxi-
mately 5% (Fig. 4a).

Asmentioned previously, the bulk viscosity is zero in the dilute limit.
Therefore the results for bulk viscosity, given in Fig. 5, are those
obtained from themoderately dense theory (GHD) alone, instead ratios
of dense-to-dilute predictions. Furthermore, these GHD-based bulk
viscosities are non-dimensionalized according to Eqs. (2.34) and
(2.36). It is evident from this figure that the prediction of bulk viscosity
via GHD theory increases significantly in magnitude as the system
Fig. 3. Pressure: ratio of moderately dense (GHD) to dilute (GD) predictions as a func-
tion of (a) overall volume fraction and (b) coefficient of restitution. See legends pre-
sented in Fig. 1.
becomes moderately dense, whereas little variation results from
changes in particle elasticity.

4.3. Mass flux: mutual diffusion, thermal diffusion

The mutual and thermal diffusion coefficients (Dij,Di
T) are elements

of the constitutive equation for the mass flux. Based on the identities
given by Eq. (2.5), the dimensionless mutual diffusion can be described
by two quantities (D11/D11,dilute and D22/D22,dilute), whereas the dimen-
sionless thermal diffusion can be described by a single quantity
(D1

T/D1,dilute
T ). Note that the dilute (GD)mutual and thermal diffusion co-

efficients presented by Garzó and Dufty [25] are defined using different
spatial gradients than those used in the dense (GHD) theory and shown
in Eq. (2.1). Nonetheless, a conversion is made such that both dense and
Fig. 5. Bulk viscosity (non-dimensional): moderately dense (GHD) predictions as a
function of (a) overall volume fraction and (b) restitution coefficient. See legends pre-
sented in Fig. 1. The dimensionless inputs are as follows: m1/m2=8, σ1/σ2=2, and
ϕ1/ϕ=0.5.
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Fig. 6. Mutual diffusion (D11): ratio of moderately dense (GHD) to dilute (GD) predic-
tions as a function of (a) overall volume fraction and (b) coefficient of restitution. See
legends presented in Fig. 1.
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dilute theories use the same representations for the fluxes, namely
those shown in Section 2 of this paper, thereby ensuring an apples-to-
apples comparison.

An examination of the dense-to-dilute ratio of the mutual diffusion
coefficient elements (Figs. 6 and 7) reveals a more complicated behavior
of these quantities. Because D11,dilute approaches zero for inelastic sys-
tems (at α∼0.52), the coefficient of restitution was varied between 0.6
and 0.99 (Fig. 6b). As shown in Fig. 6a, D11/D11,dilute is non-monotonic
with respect to the volume fraction in less elastic systems (α=0.5),
reaching a maximum ratio between the dense and dilute predictions of
20 at a volume fraction of 0.37. As the system becomes more elastic,
D11/D11,dilute shifts from positive to negative. A change in the sign, as
Fig. 7. Mutual diffusion (D22): ratio of moderately dense (GHD) to dilute (GD) predic-
tions as a function of (a) overall volume fraction and (b) coefficient of restitution. See
legends presented in Fig. 1.
well as magnitude, between dense and dilute predictions of the mutual
diffusion coefficient D11 may provide insight into counter intuitive spe-
cies segregation [7,9,14,15].

The results for D22/D22,dilute, which are displayed in Fig. 7, reveal
increasing discrepancies between predictions as volume fraction in-
creases and restitution coefficient decreases. In other words, GHD
and GD theories display a larger discrepancy in denser, less elastic
systems. For a relatively inelastic and dense system (α=0.5 and
ϕ=0.5), the GHD prediction is about half of its dilute counterpart
(Fig. 7a). However, it is significant to note the minor differences
that exist between the dense and dilute predictions for the mutual
diffusion coefficient D22 near the elastic limit (α=0.9) over a range of
volume fractions from ϕ=10−8 to 0.5 (Fig. 7a, D22/D22∼1). GHD and
GD theories display a larger discrepancy in denser, less elastic systems.
For a relatively inelastic and dense system (α=0.5,ϕ=0.4), the mod-
erately dense-phase theory prediction is about half of its dilute counter-
part (Fig. 7a). Comparing dense- and dilute-phase predictions for the
individual elements D11 and D22 shows the relative importance of
each contribution to the mutual diffusion. At a moderately low volume
fraction and high coefficient of restitution (ϕ=0.1,α=0.9), the
discrepancies for GHD and GD theory predictions are about 70% and
5% for D11 and D22, respectively. The dilute theory does not consider
the finite size of the particles, which is the main difference between
dense and dilute predictions. The discrepancy betweenD11 andD11,dilute

is larger than the discrepancy between D
22
and D22,dilute because D11 is

directly related to the size of species 1, whereas D22 is proportional to
the size of species 2 (recall σ1/σ2=2 for the case examined). Neither
dilute quantities contains species size, therefore, the self-diffusion
coefficient of a relatively large particle compared to its dilute counter-
part will be greater than that of its smaller counterpart.

The results for thermal diffusion (Fig. 8) indicate that the ratio of
dense-to-dilute predictions is extremely sensitive to changes in vol-
ume fraction compared to the coefficient of restitution. These general
trends were also observed in the cooling rate and momentum flux re-
lations (Figs. 1, 3–5). The quantity D1

T/D1, dilute
T is nearly linear when

plotted as a function of volume fraction, regardless the restitution co-
efficient (Fig. 8a). In a moderately dense system (ϕ=0.4), the results
of Fig. 8a indicate that the dilute (GD) theory prediction of D1

T is 5
times larger than predicted by GHD theory. At a much lower volume
Fig. 8. Thermal diffusion: ratio of moderately dense (GHD) to dilute (GD) predictions
as a function of (a) overall volume fraction and (b) coefficient of restitution. See leg-
ends presented in Fig. 1.
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Fig. 9. Thermal Conductivity: ratio of moderately dense (GHD) to dilute (GD) predictions
as a function of (a) overall volume fraction and (b) coefficient of restitution. See legends
presented in Fig. 1.

32 J.A. Murray et al. / Powder Technology 220 (2012) 24–36
fraction of 0.1, the dilute (GD) theory prediction is larger than the
moderately dense-phase (GHD) theory prediction by 20% (Fig. 8a).
Fig. 10. Dufour coefficient (Dq, 1): (a) ratio of moderately dense (GHD) to dilute (GD)
predictions as a function of overall volume fraction (b) dimensionless moderately
dense (GHD) predictions as a function of coefficient of restitution (c) dimensionless di-
lute (GD) predictions as a function of coefficient of restitution. See legends presented in
Fig. 1. The dimensionless inputs are as follows: m1/m2=8, σ1/σ2=2, and ϕ1/ϕ=0.5.

Fig. 11. Dufour coefficient (Dq,2): ratio ofmoderately dense (GHD) to dilute (GD)predictions
as a function of (a) overall volume fraction and (b) coefficient of restitution. See legends pre-
sented in Fig. 1.
4.4. Heat flux: thermal conductivity, Dufour coefficients

Heat flux is characterized by the thermal conductivity λ and the
Dufour coefficients Dq, i. Fig. 9 shows that the dense-to-dilute ratio
of thermal conductivity increases monotonically with respect to
both volume fraction and coefficient of restitution. In an elastic, mod-
erately dense system (ϕ∼0.4), results (Fig. 9a) indicate that the
prediction of thermal conductivity from GHD theory is 4 times larger
than that of its dilute (GD) counterpart. For systems of lower densi-
ties (ϕ=0.1), the discrepancies range from 1% (α=0.9) to 6%
(α=0.5) (Fig. 9a).

Similar to the mutual diffusion coefficient, the dilute form of the
Dufour coefficient takes on a zero value at certain α, thereby making
the dense-to-dilute value diverge at this value of α. Because this value
occurs at a practical value of α=0.63 (whereas D11,dilute diverges at
α=0.52), the dense and dilute predictions of the dimensionless Dufour
coefficient Dq, 1* were instead plotted separately against the coefficient
of restitution (Fig. 10b and c), with the non-dimensionalization defined
in Eq. (2.4). As expected, the dilute prediction of the Dufour coefficient
is independent of the volume fraction (Fig. 10c).

The differences in magnitude between dilute and moderately
dense predictions are non-trivial for both Dq, 1 and Dq, 2. More specifi-
cally, the discrepancies that exist between the predictions of Dq, 1

and Dq, 1,dilute are up to 2 orders of magnitude in some cases
(Fig. 10). For a moderately dense, inelastic system (ϕ=0.5,ϕ=0.7),
the dense-phase prediction is over 100 times greater than its dilute
counterpart (Fig. 10a). Even at a much lower volume fraction
(ϕ=0.01), the discrepancy between dense and dilute predictions is
at least 30%. The differences between dense and dilute predictions of
Dq, 2, shown in Fig. 11, are less pronounced than Dq, 1, however, still
quite significant. In fact, results indicate at least a 20% discrepancy
between predictions at a volume fraction ϕ=0.1 (Fig. 11a). As for
the mutual and thermal diffusion coefficients, the dilute (GD) Dufour
coefficient presented in Ref. [25] is defined using different spatial
gradients than those used in the dense (GHD) theory and shown in
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Eq. (2.2). As done before, a conversion has been applied to compare
the Dufour coefficients by using the same representation for the heat
flux.

5. Summary

To date, the understanding of particle segregation within polydis-
perse, rapid granular flows is somewhat limited due to a wide array of
complexities that arise during the associated derivation of continuum
theories. As previously mentioned, the two most common simplifica-
tions used in previous theories have been a Maxwellian velocity dis-
tribution and an equipartition of energy. This study focuses on two
particular theories, neither of which assumes the above conditions.
The first was proposed by Garzó and Dufty [25,26] for binary, dilute
mixtures (referred to as GD theory), and the second was recently pro-
posed by Garzó, Hrenya and Dufty [28,29] for binary, moderately
dense mixtures (referred to as GHD theory). In order to gage the
importance of this dense-phase extension, the transport coefficients
and equations of state predicted by GHD theory were compared to
their dilute counterparts (GD theory). Furthermore, although not
the focus of this study, it is worthwhile to mention that the CPU
time required to evaluate the dense-phase coefficients was typically
three times the requirement for its dilute counterpart.

A systematic comparison was carried out for three different cases
(equal size and different mass, equal mass and different size, and dif-
ferent size and mass) over a range of mixture parameters (diameter
ratio, mass ratio, and volume fraction ratio), the details of which are
listed in Table 2. Though this study focuses on a case of different-
sized species with the same material density, similar trends were
observed for all other cases analyzed. Results indicate that transport
coefficients and equations of state predicted by GHD theory are sub-
stantially different than those predicted by dilute (GD) theory. Also,
significant differences between predictions were reported for fairly
dilute systems (ϕ=0.1). In particular, the discrepancy between pre-
dictions was found to be as large as an order of magnitude. Certain
coefficients, namely the mutual diffusion coefficient D11, revealed
that the magnitude and sign were different for the two theories.
Naturally, the level of desired accuracy may vary between users of
the theories. If, for example, 5% deviation between the GHD and GD
predictions is deemed acceptable, then the need for a dense-phase
correction is quite evident since the vast majority of quantities pre-
dicted by GHD theory are either larger or smaller than GD theory pre-
dictions by the 5% limit. Nonetheless, it is worthwhile to point that the
comparison of dense- and dilute-phase predictions for a binary mix-
ture presented here are independent of flow geometry. It is expected
that is some flow geometries, one or more of the transport coefficients
may dominate, while in other geometries another coefficient(s) may
dominate. Such differences are system-dependent and should be
taken into account when using the results contained herein.

Given the importance of the dense-phase corrections on the equa-
tions of state and transport coefficients, several follow-on studies are
warranted: application of the theory to segregating systems in order
to better understand the dominant segregation mechanisms (some
previous studies have been carried in the tracer limit [14–16]), com-
parison with experimental and/or molecular-dynamics simulation
data for purposes of validation, and application of the theory to a con-
tinuous particle size distribution. It is worthwhile to note that the GHD
theory has been incorporated recently into the open-source, public
MFIX code (https://mfix.netl.doe.gov/) for the case of binarymixtures,
thereby increasing its availability to a wider class of researchers.
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Appendix A. Corrections to previous results

In this Appendix we explicitly state some changes we have made
in the original papers [28] and [29] to correct several errors and/or
misprints we have found while working the present manuscript.
With these changes, the interested reader can easily obtain the com-
plete set of equations for the mass, heat and momentum fluxes and
the cooling rate displayed along Section 2.

Now, we list the changes affecting both papers:

• In Eq. (6.18) of Ref. [28], the term nj
∂In χ 0ð Þ

i‘
∂nj appearing in the

second line of the right hand side of this equation must be replaced

by nj
∂In χ 0ð Þ

i‘
∂nj . This change affects to Eq. (C6) of Ref. [29] so that, its left

hand side should read

∑
s

∣¼1
n∣ χ

0ð Þ
i‘ σd

i∣ nj
∂Inχ 0ð Þ

i‘

∂nj
þ Ii∣j

 !

Equations (2.7) and (2.8) can be derived after considering these

changes.
• A factor “3” and the diameter σij are missing in the expression (F25)
of Ref. [28] in the collisional contribution to the heat flux. Thus, the
third and fourth lines of the right hand side of this equation become

þ 24B2

2þ d
ni

2μji
mj

qkj − dþ 2ð Þ T 0ð Þ
i

mimj
2μij−μij
� �

j 1ð Þ
0j

 !

þσijC
T
ij∇InT þ σij ∑

s

p¼1
CT
ijp∇Innp

#
;

where μij≡mi/(mi+mj). These changes also affect to Eqs.
(7.14)–(7.16) of Ref. [28] and to Eqs. (3.37)–(3.39) of Ref. [29] (col-
lisional contributions to the heat flux transport coefficients). Taking
into these changes, one gets Eqs. (2.16) and (2.19) of the present
paper.

• The first line of the right hand side of Eq. (3.61) of Ref. [29] must be
corrected. It should be given by

—
dq;ij ¼ − dþ 2

2
ninjT

3
i

miT
2

mj

pTi
∑
s

∣¼1
m∣

ωi‘−ζ 0ð Þδi‘
n∣T∣

D∣j−
2

dþ 2
miT
niT

3
i

λi−
1
dTi

∂InTi
∂nj

 !
þ ⋅⋅⋅

Equation (B9) of the present paper can be obtained after this
change.

• In Eq. (2.16) of Ref. [29], the right hand side should read

2
d dþ 2ð Þni

—ei;D

• A minus sign lacks on the second line of Eq. (2.19) of Ref. [29]. Thus,
this line should read

¼ − πd=2

4dT d
2

� �∑s
j¼1

niniχ
0ð Þ
ij ⋅⋅⋅

• In Eq. (2.19) of Ref. [29], the term ei,D should be inside the summa-
tion sign. Moreover, the partial densities ninj must be also included
inside the summation sign. Thus, the first line of Eq. (2.19) should
read

ζ 1;1ð Þ ¼ 3π d−1ð Þ=2

4dT d
2

� � υ3
0

nT
∑
s

j¼1
∑
s

j¼1
ninjeiDσ

d−1
ij χ 0ð Þ

ij ⋅⋅⋅
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Equation (2.42) of the present paper can be easily obtained after
taking account these changes for the cooling rate.

• The summation∑s
j¼1 is missing on the right hand side of Eq. (3.34)

of Ref. [29].
• On the right hand side of Eqs. (A28) and (A29) of Ref. [29], the term
1+αij should be changed to 1+αii.

• The ratiome=mi on the left hand side of Eq. (3.21) of Ref. [29] should
be removed.

• In Eq. (A12) of Ref. [29], the factor d+5 near the end of the second
line should be replaced by the factor d+3.

• The right hand side of Eq. (3.54) of Ref. [29] should read

λk ¼ ∑
s

i¼1
λk
i ¼ ∑

s

i¼1
λi þ ⋅⋅⋅

Appendix B. Some explicit expressions

The kinetic part of the transport coefficients Dq, i and λ are given by
Eqs. (2.15) and (2.16), respectively. The (dimensionless) Sonine coeffi-
cients λi* are defined by the matrix equation

γ�
11−2ζ� γ�

12
γ�
21 γ�

22−2ζ�
� �

⋅ λ�
1

λ�
2

� � —λ�
1

—λ�
2

 !
; ðB1Þ

where

—
λ�
i ¼

m1 þm2

mi
xiγ

2
i ∑

2

j¼1

δij−ω�
ij−ζ�δij

xjγj
D�T
j þ πd=2

d dþ 2ð ÞΓ d
2

� �nσd
2Mijxj

σij=σ2

� �d
χij

γj

γi
Aij

 !
:

ðB2Þ

The expressions of the (reduced) collision frequencies γij* and ωij*
can be found in Appendix A of Ref. [29]. Moreover, in Eq. (A2) we
have introduced the quantity

Aij ¼ dþ 2ð Þ M2
ij−1

� �
þ 2d−5−9αij

� �
MijMji

þ d−1þ 3αij þ 6α2
ij

� �
M2

ji
þ 6

miTj
mjTi

M2
ji 1þ αij

� �2
:

ðB3Þ

The solution to Eq. (A1) is elementary and gives

λ�
1 ¼ γ�

22−2ζ�ð Þ—λ�
1−γ�

12
—
λ�
2

4ζ�2−2 γ�
11 þ γ�

22
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11γ
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22
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4ζ�2−2 γ�
11 þ γ�
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12γ
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11γ
�
22
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ðB4Þ

With these results the kinetic part λk * can be written as

λk� ¼
—
λ�
1 γ�

22−2ζ�−γ�
21ð Þ þ—

λ�
2 γ�

11−2ζ�−γ�
12ð Þ

4ζ�2−2 γ�
11 þ γ�
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ζ�−γ�

12γ
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11γ
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− γ2

M21

� �
DT�
1 :

ðB5Þ

The kinetic part of the transport coefficients Dq, i
k * is given in terms

of the Sonine coefficients dq, ij* . By using matrix notation, the coupled
set of four equations for the coefficients

d�q;11; d
�
q;12;d

�
q;21;d

�
q;22

n o
ðB6Þ

can be written as

Λμ μ 0Xμ 0 ¼ Yμ : ðB7Þ
Here, Xμ is the column matrix defined by the set (A6) and Λμμ ' is
the square matrix

Λμ μ 0 ¼

γ�
11−

3
2
ζ� 0 γ�

12 0

0 γ�
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3
2
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3
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The column matrix Y is

Y ¼

—
d
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q;11
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where
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d
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In Eq. (A10), Aij is defined by Eq. (B3) and Bij is given by

Bij ¼ dþ 8ð ÞM2
ij þ 7þ 2d−9−αij
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The solution to Eq. (A7) provides the expressions of dq, ij*. The
result is

d�q;11 ¼
4
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d
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The kinetic part Dq, 1
k * can be easily obtained when one takes into

account Eqs. (2.15) and (A10). The result is
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ðB13Þ

The expressions of dq, 22* , dq, 21* and Dq, 2
k * can be obtained from

Eqs. (B12) and (B13), respectively, by interchanging 1↔2.
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In order to get the dependence of the transport coefficients on the
parameters of the system, one needs to know the explicit forms of χij

and μi. For hard disks (d=2), a good approximation for the pair cor-
relation function χij is [17]

χij ¼
1

1−ϕ
þ 9
16

ϕ
1−ϕð Þ2

σiσjM1

σijM2
; ðB14Þ

where

Mn ¼ ∑
2

s¼1
xsσ

n
s : ðB15Þ

The expression of the chemical potential μi of the species i consis-
tent with the approximation (B14) is [36]

μi
T
¼ ln λ2

i ni
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" #

σ2
i ; ðB16Þ

where λi(T) is the (constant) de Broglie's thermal wavelength [37]. In
the case of hard spheres (d=3), we take for the pair correlation func-
tion χij the following approximation [38]

χij ¼
1
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2
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The chemical potential consistent with (B17) is [37]
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ðB18Þ

Appendix C. Expressions for a low-density granular binarymixture

In this Appendixwe include the explicit expressions of the transport
coefficients and the cooling rate for a dilute binary granular mixture.
These expressions can be easily obtained from the results derived in
Section 2 for a moderately dense binary mixture by taking the limit
nσ2

d→0.

1. Mass and heat flux transport coefficients

The expressions of the reduced coefficients D1
T *, D11*, and D12* are

given by

DT�
1 ¼ v�D−ζ�

� �−1 x1γ1−
ρ1
ρ

� �
; ðC1Þ
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∂γ1

∂n2

 !
; ðC3Þ
where vD* is given by Eq. (2.9) with χ12=1. Upon deriving
Eqs. (C1)–(C3), use has been made of the identities p*=1 and
∂p/∂ni=T.

The collisional transfer contributions to the heat flux transport co-
efficients vanish in the low density limit (nσd→0). Thus, only their
kinetic contributions must be considered. In dimensionless forms,
the thermal conductivity λ* and the Dufour Dq, i* coefficients are

λ� ¼ λ�
1 þ λ�

2 þ
γ1

M12
− γ2

M21
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1 ; ðC4Þ
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�
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þ γ1
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M21

� �
x2D

�
12;

ðC5Þ

where the coefficients λi* and dq, ij* are given by Eqs. (B4) and (B12),
respectively, with

—
λ�
i ¼

m1 þm2

mi
xiγ

2
i ∑

2

j¼1
δij−

ω�
ij−ζ�δij
xjγj

D�T
j
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—
d
�
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m1 þm2

mi
xiγinj

∂γi

∂nj
−m1 þm2
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2
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The dilute forms of the collision frequencies ωij* and γij* can be
obtained from their dense counterparts (Appendix A of Ref. [29]) by
simply taking χij=1.

2. Pressure tensor

In the low-density limit, the hydrostatic pressure p=nT, the bulk
viscosity k=0 and the shear viscosity η has only kinetic contribu-
tions. It is given by η=(p/v0)η* where η*=η1*+η2*. The partial contri-
butions ηi* are given by Eqs. (2.30) and (2.31) with

—η1 ¼ x1γ1;
—η2 ¼ x2γ2: ðC8Þ

As before, the (reduced) collision frequencies τij* can be easily
obtained from their corresponding dense forms by considering
χij=1.

3. Cooling rate

The first-order contribution ζu to the cooling rate ζ vanishes in the
dilute case [see Eqs. (2.40)–(2.45)]. The dilute expression for the co-
efficient ζ(0)=ζi(0) can be obtained from Eq. (2.38) by taking χij=1.
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