
      
         

 



My Badajoz-Kyoto connection:  
The last 25 years 



October 1991: 
Fourth International 
Workshop on 
Mathematical Aspects 
of Fluid and Plasma 
Dynamics, Kyoto 



November 1997: 
Prof. Sone visits Badajoz 

From: Yoshio Sone <sone@suma.kuaero.kyoto-u.ac.jp> 
To: "'Andres Santos'" <andres@unex.es> 
Subject: RE: Some small details 
Date: Wed, 12 Nov 1997 09:44:34 +-900 
 
Dear Professor Santos, 
Thank you very much for your address. 
I am very happy to give a seminar at your laboratory. 
The title is 
" Flows induced by temperature fields in a rarefied gas  
and its finite effect on  the behaviour of a gas in the continuum limit" 
 
The video of flows induced by temperature fields will be shown.   
Wesdnesday is convenient to me. 
Best Regards, 
Yoshio Sone 
 
 



March-April 1999: 
JSPS Fellow, Kyoto 



July 2008: 
RGD 26, Kyoto 



January 2009: 
Prof. Aoki visits Badajoz 



July 2009: 
YITP long-term workshop, Kyoto 



May 2016: 
Sone & Aoki’s fest 



      
         

 



• Introduction. Granular hydrodynamics 

• The inelastic rough hard-sphere model 
(IRHSM). Navier-Stokes coefficients 

• The inelastic Maxwell model (IMM) 
Burnett coefficients 

• Conclusions 

Outline 



• Introduction. Granular hydrodynamics 

• The inelastic rough hard-sphere model 
(IRHSM). Navier-Stokes coefficients 

• The inelastic Maxwell model (IMM) 
Burnett coefficients 

• Conclusions 

Outline 



What is a granular material? 
 It is a conglomeration of discrete solid, macroscopic 

particles characterized by a loss of energy whenever 
the grains collide. 

  The constituents must be large enough such that they 
are not subject to thermal motion fluctuations. Thus, 
the lower size limit for grains is about 1 µm.  



What is a granular fluid? 
When the granular matter is driven and 
energy is fed into the system (e.g., by 
shaking) such that the grains are not in 
constant contact with each other, the 
granular material is said to fluidize.  

 

Granular gas: Mean free path much larger 
than the grain size 

 

 

  

 KINETIC THEORY 



Granular gas: Dissipative collisions 

Demo by Sergei Mechov 





(Cartoon by Bernhard 
Reischl, University of Vienna) 

 

Boltzmann equation: 

Dissipative collisions 





Hydrodynamic balance equations 

(Dt ´ @t + u ¢ r)

Cooling rate Dimensionality 



Navier-Stokes (NS) constitutive equations 

Shear viscosity Bulk viscosity 

Thermal conductivity 

Dufour-like coefficient 

Cooling rate transport coefficient 

Claude-Louis Navier 
 (1785-1836) 

George Gabriel Stokes 
 (1819-1903) 

Jean-Baptiste Joseph Fourier 
 (1768-1830) 

q = ¡¸rT ¡ ¹rn ³ = ³(0) ¡ »r ¢ u



Methodology: Chapman-Enskog method 

David Enskog 
(1884-1947) 

Sydney Chapman 
(1888-1970) 

f = f (0) + ²f (1) + ²2f (2) + ¢ ¢ ¢ ; ² » r

Navier- 
Stokes 

Burnett 





Standard model of a granular gas: 
A gas of identical inelastic smooth hard spheres 

(ISHSM) 

Elastic collision 

http://demonstrations.wolfram.com/InelasticCollisionsOfTwoSpheres/  

Inelastic collision 

Constant coefficient of normal restitution α 

http://demonstrations.wolfram.com/InelasticCollisionsOfTwoSpheres/
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Inelastic rough hard-sphere model 
(IRHSM) 

This model unveils the inherent breakdown of equilibrium and energy equipartition in 
granular fluids, even in homogeneous and isotropic states 

Material parameters: 
• Mass m 

• Diameter σ 

• Moment of inertia I (·=4I/m¾2) 
• Coefficient of normal restitution α 

• Coefficient of tangential restitution ¯ 

• α =1 for perfectly elastic particles 
• ¯=-1 for perfectly smooth particles 
• ¯=+1 for perfectly rough particles 
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Energy collisional loss 
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Energy is conserved only if the spheres are  
• elastic (α=1) and  
• either  

• perfectly smooth (¯=-1) or  
• perfectly rough (¯=+1) 



http://demonstrations.wolfram.com/InelasticCollisionsOfTwoRoughSpheres/  

Elastic & smooth Elastic & (perfectly) rough 

Inelastic & smooth Inelastic & (perfectly) rough 

® = 1
¯ = ¡1

® = 1
¯ = 1

® = 0:5
¯ = ¡1

® = 0:5
¯ = 1

http://demonstrations.wolfram.com/InelasticCollisionsOfTwoRoughSpheres/
http://demonstrations.wolfram.com/InelasticCollisionsOfTwoRoughSpheres/
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Auxiliary quantities 

G. M. Kremer, A. S., and V. Garzó, Phys. Rev. E 90, 022205 (2014) 
 



Special limiting cases 

Quantity Pure smooth Quasi-smooth limit Perfectly rough and elastic
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Shear viscosity 
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Thermal conductivity 
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Dufour-like coefficient 
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Bulk viscosity 
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Cooling rate coefficient 
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Instability of the Homogeneous Cooling 
State 

® = 0:7; ¯ = ¡0:7

volume fraction Á = 0:3

L=¾ = 10

4 collisions 
per particle 

100 collisions 
per particle 

Vortices Clustering 



Linear stability analysis 

n(r; t) = nH [1 + ±n¤(r; t)]
u(r; t) = uH + vH(t)±u¤(r; t)
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Characteristic equation:

det [M(k)¡ !(k)I] = 0 ) Dispersion relation

!(k) < 0 ) Instability

V. Garzó, A. S., and G. M. Kremer, in preparation 
 



Dispersion relations 

® = 0:8; ¯ = ¡0:5

k?ckkc2 sound modes 

V. Garzó, A. S., and G. M. Kremer, in preparation 
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0:7 0:7

k?c < kkc

k?c > kkcThe shear modes 
(vortices) are more 
unstable than the heat 
mode (clusters), except 
for high inelasticity and 
medium roughness 



Comparison with the pure smooth case 

® = 0:7

k?c

kkc

Medium roughness 
enhances instabilities, 
while small and high 
levels of roughness 
attenuate it 

Enhancement Atten. Atten. 



Comparison with preliminary  
MD simulations 

® = 0:95

® = 0:5

volume fraction Á = 0:05

(MD points, courtesy of Peter Mitrano) 
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Inelastic Maxwell model (IMM) 

(1831–1879) 

• First proposed by Bobylev, Carrillo & Gamba (2000), 
Ben-Naim & Krapivsky (2000), Bobylev & Cercignani 
(2002), Ernst & Brito (2002), … 

• The hard-sphere collision rate (proportional to the 
relative velocity) is replaced by an effective (mean-
field) constant value. 

• Otherwise, the collision rule remains unchanged. 



Inelastic Maxwell model (IMM) 



Exact moments 



Results 

N. Khalil, V. Garzó, and A. S., Phys. Rev. E 89, 052201 (2014) 
 



Elastic limit (α → 1) 



Influence of inelasticity (IMM, exact) 
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Influence of inelasticity (ISHSM, estimated) 
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• IRHSM: Roughness (and 
inelasticity) have a large impact 
on the NS transport coefficients. 

• IMM: Exact results for the Burnett 
coefficients can be obtained. 
They can be used to estimate the 
coefficients for the ISHSM. 

 





Origin of the singular behavior in the quasi-smooth 
limit 
 

Tt Tr

Cooling Cooling 

Equip. Tt Tr

Cooling 
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