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Tracer limit in a gas mixture under shear flow with repulsive interactions
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A dilute binary mixture under uniform shear flow is considered in the tracer limit. The analysis is made from
an exact solution of a generalized Gross-Krook modelrfot repulsive forces. The results show that the
partial contribution of the tracer species to the total properties of the mixture becomes finite if the shear rate is
larger than a certain critical valug,, which is a function of the mass ratio, force constant ratios, and the
interaction potential considered. This phenomenon can be interpreted as a nonequilibrium phase transition in
velocity space. For non-Maxwell moleculeg#£5), the corresponding order parameter is discontinuous at the
critical point (first order transitioji on the other hand, the transition becomes continuowas ai the special
case of Maxwell moleculesy=5).[S1063-651X%97)16008-]

PACS numbg(s): 05.20.Dd, 47.50+d, 05.60+w, 51.10+y

A problem of practical and physical interest is the studyHere,8=(y—5)/(y—1) andC(8) is a constant for a given
of nonequilibrium properties of binary mixtures in which the potential. The reference distribution functiéy is
concentration of one of the componeritsacer specigsis
much smaller than that of the other componéxcess spe- fij =ni(mi2mkg Tij) ¥%exd — (my/2kg Tij) (V—uij)?],
cies. Since the molar fraction of the tracer species is negli- (3
gible, one expects that the total properties of the mixture are ,
not affected by the presence of the tracer particles. This advith Uij = (M + mJui)/(minnJ') and Ti=Ti
sumption has been widely used in different physical Situa—+2M[(Tj_Ti)+(mj/26kB)(ui_Uj) ]J. In these equations,

=mym,/(Mm;+my)- and n;, u; and T; are the number

tions. Quite surprisingly, this is not always true and recentl . : g . .
we have presented an example of a violation of the abovd®nsity, flow velocity, and “temperature” of speciesre-
expectatio{1-3] in the case of a dilute binary mixture of SPectively. According to Eq(2), the model incorporates a

Maxwell molecules under uniform shear flow. The resultsiémPerature dependence of the collision frequengiphat
derived from exact solutions to the Boltzmann equationaHOWS the consideration of general repulsive potentials. The
[1,2], as well as to the Gross-KrodiGK) kinetic model[3] reliability of this kinetic model has been assessed in several
show a transition to a new state in which the tracer specie@oneaquilibrium problems6] by comparison with Monte
contributes significantly to the total properties of the mixtureCarlo simulations of the Boltzmann equatipr.

when the system is sufficiently far from equilibrium. That !N the uniform shear flow state, the only nonzero hydro-
happens for shear rates larger thaeriical value, which ~dynamic gradientigu, /dy=a, whereu=u,=u, is the flow
depends on the mass and force constant ratios. Since tiyglocity of the mixture ana is the constant shear rate. There
above studies have been restricted to the Maxwell interadS NO mutual diffusion and the shear rate is the relevant non-
tion, a natural question is whether this transition can be ex€quilibrium parameter of the problem. In addition, an exter-
tended to other more realistic interaction potentials or ig"@l “thermostat” force is introduced in the system to control
merely an artifact of Maxwell molecules. Unfortunately, this ViScous heating and achieve a steady di8lein the case of
question cannot be answered analytically from the BoltzMaxwell molecules, the presence of the thermostat does not
mann equation, since no exact solution of this equation bePl2y any role in the result§3,4], while a certain influence
yond the Maxwell interaction is knowf]. For this reason, Ma&y exist for other repulsive mteract.lons. Very recently, an
here we analyze with detail the same problem by starting*act solution of the GK model for this state has been found
from a generalized GK modéB]. In this case, the Boltz- 3]. In general, the main transport properties of the mixture

mann collision integrals);;[f;,f;] are replaced by simple are given in terms of the thermostat parameteand the

relaxation terms: temperature ratiq=T,/T,. Both quantities are determined
by solving the following set of nonlinear algebraic equations
3]:
U] o B
(3—A1(3-A)—B4B,=0, 4
where
_3-A; B
mi+m;\ A2 2k T, 2KgT;| A1 X~ 7B, T 3-A; ©
vij=C(BINj| kij ——— —_—t—
mimj m m]
) where

— 2
is an effective collision frequency for molecules interacting = vit vl ZM)[ + 2a ,
through repulsive forces of the formy;r~7(y=5, ... »). v1+2a [ (v1+2a)?

(6)
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2Mv 2a? 1.4 :
l: 12’7 + , (7) T T
V1+2a{ (v1+2a)?

andv,=vq,+ v1». The remaining coefficient&, andB, can
be obtained from Eqg6) and(7) by the adequate changes.
The solution of Eqs(4) and(5) givesa and y as nonlinear
functions of the shear rai and the parameters of the mix-
ture, namely, the mass ratjp=m,/m,, the concentration
ratio 6=n,/n,, the force constant ratios,;=«q,/k1, and
Woo= K5,/ k12, @nd the interaction parametgr In the case
of Maxwell molecules $=0), the collision frequencies;;
are independent of the temperature ratio and(Egreduces
to a sixth-degree closed equation éin For non-Maxwell
molecules B#0), however, no explicit closed equation in
a can be obtained, so that and y are nonlinearly coupled. A
This fact shows the intricacy of the problem beyond the P P
Maxwell interaction. It must be remarked that thbysical —0.2 , T J ! ‘
solution of Egs.(4) and(5) is the one corresponding to the 0 2 4 6 8
largestvalue of @ [3,4]. a

Thus far, the results apply for an arbitrary concentration
6. The aim of this work is to analyze in detail what happens FIG. 1. Plot of o, (solid line and «f, (dashed ling vs a for
in the tracer limit ¢—0). For the sake of convenience, we u=0.15w;;=wy,=1, and several values @ (a) =0 (Maxwell
take vy, as unit of time. This means that we measure time inmolecule, (b) 8=3 and (c) =1 (hard spherés The vertical
units of the mean free time of a particle of the tracer speciegotted lines indicate the location af in each case.
between collisions with particles of the excess species.
Therefore, we will use the reduced quantitieés=a/v,, w dependence d. is shown in Fig. 2 for3=0,3,3,%, and
a*=alvyy, vi=vilvi= s 1+ (ulx)] P2 vi=vsl 1. As happens in the Maxwell ca$g], the results suggest
vig= o 1+ (x/n)] P2 and vi=vylv,=35. Here, the existence of a threshold mass ratig(8) for each inter-
0= N2 Wy /(14 p) A A2 and {o=\2[Wapu!  action model, such thag.(8)—= as u— uo(B). The
(1+ )] A2 Henceforth, we will omit the asterisks. We threshold mass ratio is smaller than 1 in the cases of Fig. 2,
assume first thay is finite, so that Eq(4) factorizes in the but it can be larger than 1 if one considers other choices for

limit 6—0 into two equations the force constants. The value @f can be obtained analyti-

cally only for Maxwell molecules. In general, at a given
a’(1-2M)=3(a+M)(1+2a)? (8 value of u, the corresponding critical valug,(3) decreases
as the interaction parameter increases.
a2LoouP(u+ x)PP=3a[ 2a( u+ x) P2+ LouP?1?. (9) The main physical consequence of the existence of
Equation (8) is a closed cubic equation, but E¢Q) is 100
coupled to ’ ' ‘ ; [ /
(e}
M[2a%+3(1+2a)?]

1

X (10

T 3(atM)(1+2a)2—a¥(1-2M)’

!

which comes from the second equality in Eg). Notice that
Eq. (8) is independent of the interaction paramegeAs said
before, the thermostat parameterais max(eg, @), where
ay is the real root of Eq(8), while a is the largest real root
obtained numerically from Eq49) and (10). In Fig. 1 we
plot the shear rate dependencef and « for ©=0.15,
W1;=Wy,=1, and several values ¢@f: 3=0 (Maxwell mol-
ecule$, B=3, andB=1 (hard spheres There exists a criti-
cal shear rate.(u,8), beyond which there is no solution to
Egs.(9) and(10) with a positive real value of. Therefore,
a=ay if a>a., while a=«aq if a<a,. It is important to
remark thata is discontinuous ata=a., since ag(a;)

# aj(ac). This discontinuity decreases as the interaction be- "

comes softer and eventually disappears for Maxwell mol-

ecules 3=0). Since the denominator in the right-hand side FIG. 2. Plot ofa. as a function ofu for wy;=w,,=1 and five

of Eqg. (10) vanishes ife= «},, we havey—= if a>a.. The  values of8: 0, 5, 3, 3 and 1.

|
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a.(u,B) is that in the regiora>a_ there is afinite relative

contribution of the tracer species to the total properties of the

mixture. Let us consider the energy ratidk,/E
=6x/(1+ Sx). To get this quantity fom>a; one needs to
evaluatesy first and then take the limié— 0. This function
is evaluated from the first equality of E(). After a careful
asymptotic analysis, one gets that

E,_ Fo(a) [
E  1+Fqa)|

Fi(a)
B2 B
1+1+F0(a)5 +0(5°) ],

11

if u<wo(B) and a>a.(u,B), being E;/E~ S otherwise,
where

Fola)= (12
0 a = —,1
M(a%+6a?)
12a)°—a? 6aphl o
Fi(a)=puPPFy(a) F2 ° - 0 :
1(a)=u"Fo(a) " "Ls 20 M(a2+6ag?)
(13

It is interesting to notice that the leading term in Egl) is

independent of3. On the other hand, the subleading term

depends o8 and is of ordew?’?, so that it is negligible only
for very small values of5, especially if 8 is much smaller
than 1. The asymptotic analysis leading to Eifl) does not
apply in the particular case of Maxwell molecule8=0)
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FIG. 3. Plot of the energy ratig, /E for §=102 (dotted lines,
8=10"2 (dashed lines and the exact tracer limig=0 (solid lineg

since an infinite number of terms in the series become of theyr (a) Maxwell molecules andb) hard spheres. The force constant

same order. The corresponding exact result is

Ei Bag(2ap+ {r)%— 8%
B a%(2M 50 +3(ap+ M) (2ap+ {2)?

0(9),
(14

if u<wganda>a.. This means that the limit8—0 and
6—0 do not commute.

The fact that ling_oE; /E#0 if a>a. shows the qualita-
tively different behavior of the mixture in the tracer limit
depending on whether the shear ratés larger or not than
the corresponding critical value, . By borrowing the usual
terminology of equilibrium phase transitiorf9], one can
identify a as the “control” parameter ané,/E as an “or-

ratios arew;;=Wy,=1 and the mass ratio ig=0.1. The circles
represent simulation data in the case of Maxwell molecules for
5=10"2

mixture with general repulsive interactions and under uni-
form shear flow. This work extends previous studies made
from the Boltzmann equation in the special case of Maxwell
molecules[2]. In the model, the details of the interaction
potential are incorporated in the temperature dependence of
the collision frequencies. The solution holds for arbitrary
values of the shear rateand the parameters of the mixture
(i.e., the mass ratiqu, the concentration ratid, the force
constant ratiosv,; andw,,, and a paramete8 characteriz-

ing the interaction layvand is given in terms of the thermo-

der” parameter. In Fig. 3, we plot the order parameter versustat parametest and the temperature ratjyg which are non-

ala, for w=0.1 in the case wy;=w,,=1 for

linearly coupled(except in the case of Maxwell molecules,

5=102,10 2 and 0. We have considered Maxwell mol- 8=0). In the tracer limit §—0), we find that the contribu-

ecules and hard spheres. The curves correspondidg-®
have been obtained by solving numerically E@8.and (5),
while the exact tracer limit§=0) is given by the dominant
terms in Egs(11) and (14). We observe that the numerical
results tend to the asymptotic behavioré&goes to zero, this

tion of the tracer species to the total properties of the mixture
does not tend to zero when the system is sufficiently far from
equilibrium. That happens for shear rates larger than a criti-
cal valuea., which depends on the mass ratio, force con-

stant ratios, and the interaction parameter. The results indi-

trend being slower in the case of hard spheres. At a givegate thata, increases as the intermolecular repulsion

value of a/a;.>1, the energy ratio for non-Maxwell mol-

becomes harder. Far>a., the temperature ratig goes to

ecules is larger than that of the Maxwell potential. Furtherdnfinity but the energy raticE; /E reaches a finite value.
more, as the order parameter is discontinuous at the criticdPbviously, identical conclusions can be drawn if one consid-
point, the transition for non-Maxwell molecules is of first ers other quantities of the system, such as the shear viscosity
order. In the case of Maxwell molecules, the fact thatand the viscometric functions. The fact tHat/E is zero or

E,/E—0, whena—a.—0", indicates that the transition is
of second order.

not, depending on the value of the control paramatecan
be interpreted as a nonequilibrium phase transition in veloc-

In summary, we have analyzed the tracer limit of an exacity space. In the case of non-Maxwell molecules, this transi-
solution[3] of the Gross-Krook kinetic equation for a binary tion is of first order €, /E is discontinuous &), while it is
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of second order in the case of Maxwell molecul&s (E is  computer simulations. Preliminary simulations of the Boltz-
continuous ag,). mann equation by using the direct simulation Monte Carlo
One of the objectives of kinetic theory is to offer a de- method[7] support the theoretical predictions. Simulation
scription as independent of the specific interaction law condata for Maxwell molecules with a concentration ratio
sidered as possible. To this end, one conveniently scales thg=10"2 a mass ration=0.1, and reduced shear rates
physical quantities of the problem. In our study, it has beeny/a =0.25, 0.76, 1.27, and 2.11 are included in Fig. 3; they
essential to reduce the shear rate with the collision frequencaye heen obtained by using<a®® simulated particles.

v1p 10 identify the phase transition. In this sense, we hav@ypije ata/a,=0.76 the tracer species stores less than 2% of

extended previous conclusions obtained only for Maxwellhe to1a) energy, that fraction becomes more than 60% at
molecules. While the choice of the unit of time may be ir-

i : . ala,=2.11. The quantitative difference between the simula-
relevant in the case of Maxwell moleculésncev;; is con-

o tion and the theoretical results is due to the approximate
stany, this is not the case for non-Maxwell molecules, where . . -
character of the GK model. More extensive simulation re-

v;; is a function of the temperature ratio. As a matter of fact,SuItS will be published elsewhere
the critical shear rate becomes infinite when one takesis P '
a unit of time, although numerical results indicate that
E,/E can be significant for very large shear rates, even for Partial support from the DGICYTSpain through Grant
very small concentration ratio8]. Since the treatment in No. PB94-1021 and from the Junta de Extremadi@ndo

this work has been mainly algebraic, involving a delicateSocial Europepthrough Grant No. EIA94-39 is acknowl-
limit, it might be possible that the predicted phase transitioredged. The research of C.M. has been supported by the Min-
was an artifact of the algebra. This point can be elucidated bisterio de Educacioy Ciencia(Spain.
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