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DSMCDSMC 
is an extremely powerful, efficient, reliable, and flexible  tool for studyingy p , , , y g
rarefied gas flows (extensions accounting for non-ideal gases have been
proposed).

Is there any need for analytical or semi-analytical solutions?

Do we actually need a dialogue between

DSMC kinetic theory solutions

and

??
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(Cartoon by Bernhard Reischl, University of Vienna)



Yes!Yes!
Realistic?

Kinetic theory solutions DSMCAccurate?y

Direct Simulation Monte Carlo Theory, Methods & Applications,Santa Fe (NM), 13-16 September  2009



OutlineOutline
 H d d i b d N i St k Hydrodynamics beyond Navier-Stokes
 Boltzmann equation. Maxwell molecules
 Some solvable states:
 Planar Fourier flow
 Planar Fourier flow with gravity
 Planar Couette flowPlanar Couette flow
 Force-driven Poiseuille flow
 Uniform shear and longitudinal flows Uniform shear and longitudinal flows

 Conclusions
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Classical hydrodynamics:
Navier-Stokes constitutive equations

q = −κNS∇T

G G b i l St kG G b i l St k

Pij = pδij − ηNS

µ
∇iuj +∇jui −

2

3
∇ · uδij

¶ClaudeClaude--Louis Louis NavierNavier
(1785(1785--1836)1836)

George Gabriel StokesGeorge Gabriel Stokes
(1819(1819--1903)1903)µ

3

¶

Kn . 0.1
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The Knudsen numberThe Knudsen number

Kn =
mean free path (δ)

characteristic distance (L)
Martin Hans Christian 
Knudsen (1871–1949)

characteristic distance (L)

Characteristic distance? 
Two types of Knudsen numbers:Two types of Knudsen numbers:

characteristic distance =

(
system size (Ls)

d l h l ( )

(
gradient length scale (L∇)

If L À δ ∼ L∇ a bulk region exists with hydrodynamics beyond NSIf Ls À δ ∼ L∇, a bulk region exists with hydrodynamics beyond NS
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“Aging” to hydrodynamics 
(whether NS or not)

t = 0 t ∼ 1 mean free time

Bulk
~ Mean 
free path

Hydrodynamic
description

t À 1 mean

free time
Bulk
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DIRECT SIMULATION MONTE
CARLO: Recent Advances and
ApplicationsApplications
E.S. Oran, C.K. Oh, and B.Z. Cybyk

Annu. Rev. Fluid Mech. 1998. 30:403–41

s ∇
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(1844(1844--1906)1906)(( ))

(Cartoon by Bernhard Reischl, University of Vienna)
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Weak form of the Boltzmann
equation

Ψ(r, t) =
Z
dvψ(v)f(r,v; t)⇒ ∂Ψ

∂t
+∇ ·Φψ = σ

(F )
ψ + Jψ

Z
∂t

ψ ψ ψ

Z
(F )

Z
∂ψ F

Density of ψ(v)

Φψ =
Z
dv vψ(v)f(v), σ

(F )
ψ =

Z
dv

∂ψ

∂v
·F
m
f(v)

Flux Source: external force

Jψ =
Z
dvψ(v)J[v|f, f ]

1
Z
d

Z
d

Z
dΩ B( )

h
ψ( ) + ψ( ) ψ( 0) ψ( 0 )

i
=

4

Z
dv

Z
dv1

Z
dΩ gB(g,χ)

h
ψ(v) + ψ(v1)− ψ(v0)− ψ(v01)

i
×f(v)f(v1)
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Source: collisions



Hierarchy of moment equationsHierarchy of moment equations

∂Ψ

∂
+∇ ·Φψ = σ

(F )
ψ + Jψ

ψ(v) = polynomial of degree k ⇒ Ψ = velocity moment of degree k

∂t
+ ψ ψ + ψ

ψ(v) po y o a o deg ee k ⇒ ve oc ty o e t o deg ee k

σ
(F )
ψ = velocity moment of degree k−1, if F 6= F(v)

Φψ = velocity moment of degree k+1

ψ 6 ( )

Jψ = bilinear combination of velocity moments of any degree
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Maxwell moleculesMaxwell molecules
On the Dynamical Theory of Gases

Phil. Trans. Roy. Soc. (London) 157, 49-88 (1867)

In the present paper I propose to consider the molecules
f t l ti h f d fi it di b tof a gas, not as elastic spheres of definite radius, but as

small bodies or groups of smaller molecules repelling one
another with a force whose direction always passes very
nearly through the centres of gravity of the molecules andnearly through the centres of gravity of the molecules, and
whose magnitude is represented very nearly by some
function of the distance of the centres of gravity. (1831-1879)

I have made this modification of the theory in consequence of the results of my
experiments on the viscosity of air at different temperatures, and I have deduced
from these experiments that the repulsion is inversely as the fifth power of thefrom these experiments that the repulsion is inversely as the fifth power of the
distance.
I have found by experiment that the coefficient of viscosity in a given gas is
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independent of the density, and proportional to the absolute temperature, so that if
ET be the viscosity, ET∝ p/ρ.



Maxwell moleculesMaxwell molecules

φ(r) ∼ r−4 ⇒ gB(g χ) = B(χ)φ(r) ∼ r ⇒ gB(g,χ) = B(χ)

True Maxwell potential (inverse power law, IPL):p ( p , )

B(χ) ∝ β
sinχ

¯̄̄
dβ
dχ

¯̄̄
, χ(β) = π − 2 R β00 dβ0

"
1− β02 − 1

2

µ
β0
β

¶4#−1/2

Variable soft-sphere (VSS) model: B(χ) = cos2(α−1)
χ

2
, α = 2.13986
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Variable hard-sphere (VHS) model: B(χ) = const, α = 1



Properties of the collisional
moments in Maxwell models

If ψ(v) = polynomial of degree kIf ψ(v) = polynomial of degree k

then

Jψ = bilinear combination of velocity momentsψ

of degree equal to or smaller than k
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1 Steady planar Fourier flow1. Steady planar Fourier flow

Hotz=L
Tw'

qz

Coldz=0
T

JeanJean--BaptisteBaptiste Joseph FourierJoseph Fourier
(1768(1768--1830)1830)

Tw
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Asmolov, Makashev, and Nosik (1979) proved that an exact
solution of the (nonlinear) Boltzmann equation for Maxwell
molecules exists withmolecules exists with

p = nkBT = const

u = 0

∂ ∂T √∂

∂z
T
∂T

∂z
= 0⇒ T (z) =

√
A+Bz
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Dimensionless quantitiesDimensionless quantities
(L l) K d b(Local) Knudsen number:

4κNS ∂ lnT δ

Reduced distribution function:

² =
5nkB

p
2kBT/m ∂z

=
L∇

φ(c; ²) =
1

n(z)

·
2kBT (z)

m

¸3/2
f(z,v), c = (m/2kBT )

1/2
v “Normal” solution

Reduced moments:Z
n(z)

·
m

¸

Mr`(²) =

Z
dc c2rc`zφ(c; ²)
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Hierarchy of moment equationsHierarchy of moment equations

²

2

µ
2r + `− 1− ² ∂

∂

¶
Mr `+1(²) =

n

λ

Z
dc c2rc`zJ [c|φ(²),φ(²)]2

µ
+

∂²

¶
r,`+1( )

λ11

Z
z [ |φ( ),φ( )]

≡ Jr`(²)

The hierarchy admits a solution whereby the moments Mr`(²) are
polynomials in ² of degree 2r + `− 2 and parity `:

Mr`(²) =

2r+`−2X
j=0

μ
(r`)
j ²j , μ

(r`)
j = 0 if j + ` = odd

Both sides of the hierarchy are polynomials of degree 2r+`−2. Equat-
ing the coefficients of both sides allows one to get μ

(r`)
j recursively
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A.S. , Cont. Mech. Thermod., in press (2009) 

Sketch of the sequence followed in the recursive

determination of the coefficients μ
(r`)
j

6

4

5

2

3j

0

1

2 4 6 8 10 12 14
k=2r+l
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First few momentsFirst few moments

k = 2r + ` = 2 :

(
M10 =

3
2

M 1 ⇒ P P P k T

(
M02 =

1
2 ⇒ Pxx = Pyy = Pzz = nkBT

Fourier’s law

k = 2r + ` = 3 :

⎧⎪⎨
M11 = − 5

4²⇒ qz = −κNS
∂T

∂z

Fourier s law

k = 2r + ` = 3 :
⎨⎪⎩ 4 ∂z

M03 = − 3
4²⇒ hv3zi = 3hv2xvzi = 3

5 hv2vzi
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First few momentsFirst few moments⎧
M 15 + 35 2

k = 2r + ` = 4 :

⎧⎪⎨⎪⎩
M20 =

15
4 +

35
4 ²

2

M12 =
5
4 +

17
4 ²

2

M 3 + 81 ²2⎩M04 =
3
4
+ 81

28
²2

k = 2r + ` = 5 :

⎧⎪⎪⎪⎨M21 = − 35
4 ²−

³
1163
36 + 7

λ22

´
²3

M13 = − 21
4 ²−

h
1163
60 + 21

5λ + 27
10λ

³
8
7 +

1
λ

´i
²3k 2r + ` 5 :

⎨⎪⎪⎪⎩M13 4 ²
h
60 + 5λ22

+ 10λ13

³
7 + λ22

´i
²

M05 = − 15
4
²− 9

2

h
1163
378

+ 2
3λ22

+ 2
3λ13

³
8
7
+ 1

λ22

´i
²3
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Benchmark for DSMC 
simulations

ak(²)

a1(²)
≡ 15

√
π

8

kX
r=1

(−1)r−1k!
r!(k − r)!(r + 3/2)!

Mr1(²)

M11(²)r 1

= Polynomial of degree 2k − 2

Gallis et al., Phys. Fluids 18, 017104 (2006)
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BGK description (arbitrary potentials)BGK description (arbitrary potentials)

 Same qualitative results for moments.
 Full velocity distribution function φ(c;²).y φ( ; )
 Divergence of the (CE) expansion of

φ(c;²) in powers of ²φ(c;²) in powers of ².

π−3/2
Z ∞

φ(c; ²) =
π 3/2

²|cz|

Z
0

dtΘ ((1− t)sgn(cz)) t−5/2e−c
2/t+(t−1)/²cz
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Montanero et al., Phys. Rev. E 49, 367 (1994)

φ(c )/φ (c ) φ( )/φ ( )

DSMC (HS)

φ(cz)/φLE(cz) φ(cz)/φLE(cz)

DSMC (HS)
DSMC (HS)

BGK
BGK

² = 0 334 ² = 0.68² = 0.334 ² 0.68
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2. Steady planar Fourier flow withy p
gravity (Rayleigh-Bénard-like flow)

Hotz=L
Tw'

Lord RayleighLord Rayleigh Henri Henri BénardBénard

g>0
qz

Lord RayleighLord Rayleigh
(1842(1842--1919)1919) (1874(1874--1939)1939)

Coldz=0
TTw
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Perturbation analysisPerturbation analysis
Tij G ó d A S Ph R E 56 6729 (1997)Tij, Garzó, and A.S., Phys. Rev. E 56, 6729 (1997)

γ ≡
µ
2mκNS
5 k2 T

¶2
g
∂ lnT

∂
, Ra ∼ |γ|

µ
Ls
δ

¶4
akin to the Rayleigh number

γ

µ
5nk2BT

¶
g

∂z
|γ|
µ

δ

¶

|γ| ¿ 1, Mr` =M
(0)
r` +M

(1)
r` γ +M

(2)
r` γ2 + · · ·

Pure Fourier flow
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Corrections to Navier StokesCorrections to Navier-Stokes
γ ≡

µ
2mκNS

¶2
g
∂ lnT

∂p
ρg +O(γ3) Pzz − p 128

γ2 +O(γ3)

γ ≡
µ
5nk2BT

¶
g

∂z

∂z
= −ρg +O(γ3),

p
=
45

γ2 +O(γ3)

∂ ∂T n2k2BT
5

2 3∂

∂z
T
∂T

∂z
= −130n kBT

mκ2NS
γ2 +O(γ3)

qz = q
NS
z

·
1 +

46

5
γ +O(γ2)

¸

hv3zi
h 2 i =

3
·
1 +

64
γ +O(γ2)

¸
Direct Simulation Monte Carlo Theory, Methods & Applications,Santa Fe (NM), 13-16 September  2009

hv2vzi 5

·
1 +

105
γ +O(γ )

¸



Corrections to Navier StokesCorrections to Navier-Stokes
γ ≡

µ
2mκNS

¶2
g
∂ lnT

γ ≡
µ
5nk2BT

¶
g

∂z

Heating “from above”Heating “from below”
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Tahiri, Tij, and A.S., Mol. Phys. 98, 239 (2000)

DSMC (HS)DSMC (HS)
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BGK descriptionBGK description

 Same qualitative results.
 Moments up to order γ6.p γ

 Divergence of the expansion in powers
of γof γ.
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3 St d l C tt fl3. Steady planar Couette flow

UwT=Tw'
z=+L

ux(z)

 

 

Maurice Maurice CouetteCouette
(1858(1858--1943)1943)

T=T-T=Tw-Uw

z=-L
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Makashev and Nosik (1981) proved that an exact solution of
the (nonlinear) Boltzmann equation for Maxwell molecules
exists withexists with

p = nkBT = const

∂
a =

ηNS
p

∂ux
∂z

= const (2nd Knudsen number)

∂

∂z
T
∂T

∂z
= −15n

2(kBT )
3

4mκ2NS
a2θ(a) = const

Direct Simulation Monte Carlo Theory, Methods & Applications,Santa Fe (NM), 13-16 September  2009

NS: θ(a)=1∂z ∂z 4mκNS



Dimensionless quantitiesDimensionless quantities
K d bKnudsen numbers:

4κNS ∂ lnT
(l l)

ηNS ∂ux
( l b l)

Reduced distribution function:

² =
5nkB

p
2kBT/m ∂z

(local), a =
η

p ∂z
(global)

φ(c; ², a) =
1

n(z)

·
2kBT (z)

m

¸3/2
f(z,v) “Normal” solution (Bulk)

Reduced moments:

n(z)

·
m

¸

Mr`h(², a) =

Z
dc c2rc`−hz chxφ(c; ², a)
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Hierarchy of moment equationsHierarchy of moment equations
·
²

2

µ
2r + `− 1− ² ∂

∂²

¶
−6
5
a2θ(a)

∂

∂²

¸
Mr,`+1,h+

3

2
a (2rMr−1,`+2,h+1 + hMr,`,h−1)Z

=
n

λ11

Z
dc c2rc`−hz chxJ [c|φ(², a),φ(², a)] ≡ Jr`h(², a)

The hierarchy admits a solution whereby the moments Mr`h(², a) are
polynomials in ² of degree 2r + `− 2 and parity `:polynomials in ² of degree 2r + ` 2 and parity `:

Mr`h(², a) =

2r+`−2X
μ
(r`h)
j (a)²j , μ

(r`h)
j (a) = 0 if j + ` = oddr`h( , )

X
j=0

μj ( ) , μj ( ) j
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Corrections to Navier StokesCorrections to Navier-Stokes
ηNS ∂ux

∗( )
∂T

P ∗( )
∂ux ∗( ) θ( ) ∗( )

a =
ηNS
p

∂ux
∂z

qz = −κNSκ∗(a)
∂z
, Pxz = −ηNSη∗(a)

∂z
, η∗(a) = θ(a)κ∗(a)

qx = κNSΦ(a)
∂T

∂z

Pxx − Pzz
p

= ∆1(a),
Pyy − Pzz

p
= ∆2(a)

p p

NS: κ∗ = η∗ = θ = 1, Φ = ∆1 = ∆2 = 0
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NS: κ η θ 1, Φ ∆1 ∆2 0



Perturbation analysisPerturbation analysis
Tij d A S Ph Fl id 7 2857 (1995)Tij and A.S., Phys. Fluids 7, 2857 (1995)

κ∗(a) = 1−
µ
1091

150
− 6λ04
1225

¶
a2 +O(a4)( )

µ
150 1225

¶
+ ( )

η∗(a) = 1− 149

45
a2 +O(a4)

super-Burnett5

θ(a) = 1 +

µ
1783

450
− 6λ04
1225

¶
a2 +O(a4)

pµ
450 1225

¶

Φ(a) =
7

2
a+O(a3)

∆1(a) =
14

5
a2 +O(a4), ∆2(a) =

4

5
a2 +O(a4)

2
Burnett
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Benchmark for DSMC 
simulations

bk(²)

b1(²)
≡ lim

a→0
15
√
π

8

kX
r=1

(−1)r−1(k − 1)!
(r − 1)!(k − r)!(r + 3/2)!

Mr−1,2,1(², a)

M021(², a)r 1

= Polynomial of degree 2k − 2

Gallis et al., Phys. Fluids 18, 017104 (2006)
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BGK description (arbitrary potentials)BGK description (arbitrary potentials)

 Same qualitative results for moments.
 Explicit expressions for κ*(a), η*(a), θ(a),p p ( ), η ( ), ( ),

Φ(a), ∆1(a), and ∆2(a).
 Full velocity distribution function φ(c;² a) Full velocity distribution function φ(c;²,a).
 Divergence of the expansion in powers

of a.
 Influence of gravity analyzed.g y y
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Montanero, A.S., and Garzó, Phys. Fluids 11, 3060 (2000)

Test of DSMC: 
DSMC (BGK) vs exact solution (BGK)( ) ( )

HS : a = 1, ² = −0.60
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HS : a 1, ² 0.60



Montanero, A.S., and Garzó, Phys. Fluids 11, 3060 (2000)

a2θ(a) η∗(a)

Ellipsoidal
Statistical

BGK

Grad-13

(
M ll

DSMC

(
◦: Maxwell
4: HS
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Montanero, A.S., and Garzó, Phys. Fluids 11, 3060 (2000)

Φ(a)/aκ∗(a)

Grad-13

BGK

Ellipsoidal
Statistical

(
M ll

DSMC

(
◦: Maxwell
4: HS
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Montanero, A.S., and Garzó, Phys. Fluids 11, 3060 (2000)

φ(c )/φ (c ) φ( )/φ ( )φ(cz)/φLE(cz) φ(cz)/φLE(cz)

ES
BGK

DSMC

BGK
ES

DSMC

Maxwell : a = 0.636, ² = −0.272 HS : a = 0.419, ² = −0.195
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4 F d i P i ill fl4. Force-driven Poiseuille flow

JeanJean--LouisLouis--Marie Marie PoiseuillePoiseuille
(1797(1797--1869)1869)
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Equal normal stresses

Newton’s law

Fourier’s law

No longitudinal heat flux

Temperature is maximal at the central layer (y=0) 
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Do NS predictions agree with computer 
simulations?

T0
Tmax

but

DSMC DSMC

NS
NS

(z)

but ... NS
2.5 mfp

ymax
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A Burnett-order effect?
DSMC

B ttIn the slab y<|y |, BurnettIn the slab y<|ymax|,

sgn qy= sgn T/yg qy g y

Heat flows from the colder
to the hotter layers!!
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Other Non-Newtonian properties
Non-uniform pressure

(z)

Normal stress 
diffdifferences

Longitudinal component of the heat flux 
(but no longitudinal thermal gradient!)

(zz)( )
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Hierarchy of moment equationsHierarchy of moment equations

Z
Mk1,k2,k3(y; g) =

Z
dv vk1x v

k2
y [vz − uz(y, g)]k3f(y,v; g)

∂
µ
∂

¶
∂

∂y
Mk1,k2+1,k3 + k3

µ
∂uz
∂y
Mk1,k2+1,k3−1 + gMk1,k2,k3−1

¶
= Jk1,k2,k3
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Perturbation analysisPerturbation analysis
Tij S b d A S Ph Fl id 10 1021 (1998)Tij, Sabanne, and A.S., Phys. Fluids 10, 1021 (1998)

(0)
∞X

(j) jM~k(y; g) =M
(0)
~k
+
X
j=1

M
(j)
~k
(y)gj

E ilib i t ( t 0)

M
(1)
( ) Li f ti f

Equilibrium moments (at y=0)

M
( )
~k
(y) = Linear function of y

M
(j)
~k
(y) = Polynomial in y of degree 2j, j ≥ 2
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Results to order g2: 
Hydrodynamic fields

uz(y) = u0 +
ρ0g

2η0
y2 +O(g3)

2η0

"
2

#
p(y) = p0

"
1+Cp

µ
mg

T0

¶2
y2

#
+O(g4)

" µ
0

¶ #

T (y) = T0

"
1− ρ20g

2

12η0κ0T0
y4+CT

µ
mg

T0

¶2
y2

#
+O(g4)
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"
η0κ0 0

µ
0

¶ #



Results to order g2: 
Hydrodynamic fluxes

Pzz(y) = p0

"
1+
7

3
Cp

µ
mg

T0

¶2
y2 + Czz

ρ0η
2
0g
2

p30

#
+O(g4)

"
3

µ
T0

¶
p0

#

µ
ρ0η

2
0g
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qy(y) =
3η0

y3 +O(g ), qz(y) = Cqmgκ0 +O(g3)



Numerical values of the coefficients (gravity-driven Poiseuille flow)

Coefficient Quantity NS Burnetta 13-momentb R13-momentc 19-momentd BGKe Exact

Cp p 0 1.2 1.2 1.2 1.2 1.2 1.2

CT T 0 0 0.56 0.9295 1.04 0.76 1.0153

C P 0 0 0 3 413 ? 13 12 6 4777Czz Pzz 0 0 0 3.413 ? 13.12 6.4777

Cyy Pyy 0 0 0 3.36 ? 12.24 6.2602

Cq qz 0 0.4 0.4 0.4 0.4 0.4 0.4

aUribe & Garcia (1999)
bRisso & Cordero (1998)
cTaheri, Struchtrup & Torrilhon (2008)
dHess & Malek Mansour (1999)( )
eTij & A.S. (1994)
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BGK descriptionBGK description

 Same qualitative results.
 Hydrodynamic fields up to order g5.y y p g
 Velocity distribution function up to order

g3g3.
 Divergence of the expansion in powers

of g.
 Exact non-perturbative solution for ap

special value of g.
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DSMC (HS) BGK

Increasing g
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Increasing g



5 Oth ( i if ) t t5. Other (quasi-uniform) states
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In both casesIn both cases,

 Exact rheological functions for arbitrary
values (non-perturbative solution) of the( p )
corresponding Knudsen number.

 Divergence of the fourth degree moments Divergence of the fourth-degree moments
beyond a critical shear rate.

 Algebraic high-velocity decay of the
velocity distribution function: Finitey
number of convergent moments.
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ConclusionsConclusions

 Dialogue between DSMC and theoretical
results for non-Newtonian hydrodynamics
benefits both sides:

 Assessment of the validity of the theoretical Assessment of the validity of the theoretical
approach, usually derived under simplifying
assumptions (bulk Maxwell particles kineticassumptions (bulk, Maxwell particles, kinetic
models, …).
B h k t t t th f DSMC Benchmarks to test the accuracy of DSMC
under stringent conditions.
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More details about shear flows
(including mixtures BGK(including mixtures, BGK
model description, …)
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