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TraditionallyTraditionally, , equilibriumequilibrium statisticalstatistical mechanicsmechanics isis
appliedapplied toto particlesparticles interactinginteracting viavia unboundedunbounded
potentialspotentials, , e.ge.g.,.,
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UnboundedUnbounded potentialspotentials are are usefuluseful representationsrepresentations ofof thethe
interactionsinteractions in in atomicatomic systemssystems, , as as wellwell as in as in somesome
colloidalcolloidal dispersionsdispersions..

ForFor instanceinstance, , thethe effectiveeffective interactioninteraction betweenbetween twotwo
stericallysterically stabilizedstabilized colloidalcolloidal particlesparticles isis essentiallyessentially HS, HS, 
perhapsperhaps withwith a shorta short--rangerange attractionattraction ((depletiondepletion effectseffects))
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OnOn thethe otherother handhand, , thethe effectiveeffective interactioninteraction forfor starstar polymerspolymers
in in goodgood solventssolvents isis ultrasoftultrasoft, , logarithmicallylogarithmically divergingdiverging forfor short short 
distancesdistances..



Driven Many-Particle Systems - Hopping Particles, Granular Media, and Colloidal Systems 
(MPIPKS, Dresden, July 26-29 2004)

7

DiluteDilute solutionsolution ofof polymerpolymer chainschains in a in a goodgood solventsolvent
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TwoTwo polymerpolymer chainschains can “sit on top of each other”can “sit on top of each other”

CM
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EffectiveEffective interactioninteraction betweenbetween twotwo polymerpolymer chainschains in a in a goodgood
solventsolvent::
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AimAim: : ToTo obtainobtain analyticalanalytical approximationsapproximations forfor thethe
((equilibriumequilibrium) ) structuralstructural propertiesproperties ofof a PS fluida PS fluid

kBT p ε

kBT ^ ε

T* hkBT/ε

T* t∞: ideal gasideal gas
T* t0: hardhard--sphere fluidsphere fluid
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A A fewfew definitionsdefinitions ((homogeneoushomogeneous fluid):fluid):
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ExpansionExpansion ofof thethe radial radial distributiondistribution functionfunction in in 
powerspowers ofof densitydensity

1 2

1 2

3

3

4
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““Elementary”Elementary” diagrams neglecteddiagrams neglected

““Elementary”Elementary” and and “Bundle”“Bundle”
diagrams neglecteddiagrams neglected
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3D
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MayerMayer functionfunction ofof thethe PS PS modelmodel
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TheThe PS PS modelmodel in in thethe highhigh--
temperaturetemperature, , highhigh--densitydensity limitlimit

OnlyOnly “chain” diagrams survive!“chain” diagrams survive!

A nonA non--trivial trivial resulresul isis obtainedobtained in in 
thethe highhigh--densitydensity limitlimit::
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TheThe PS PS modelmodel in in thethe highhigh--temperaturetemperature, , highhigh--densitydensity limitlimit
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ThermodynamicThermodynamic quantitiesquantities

((excessexcess) free ) free energyenergy//particleparticle
pressurepressure

((excessexcess) ) entropyentropy//particleparticle

((excessexcess) ) chemicalchemical potentialpotential

((excessexcess) ) internalinternal energyenergy//particleparticle

((excessexcess) ) specificspecific heatheat

((inverseinverse) ) isothermalisothermal compressibilitycompressibility



Driven Many-Particle Systems - Hopping Particles, Granular Media, and Colloidal Systems 
(MPIPKS, Dresden, July 26-29 2004)

21

SpinodalSpinodal instabilityinstability
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SpinodalSpinodal instabilityinstability

k0

r0

2π/k0
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““Critical” behavior:Critical” behavior:
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TheThe PS PS fluidfluid ceasesceases toto existexist ((eveneven in 1D!) in 1D!) 
in in thethe highhigh--temperaturetemperature limitlimit whenwhen

TheThe freezingfreezing transitiontransition mustmust occuroccur atat a a 
smallersmaller valuevalue ofof thethe ((scaledscaled) ) packingpacking
fractionfraction::

freezingfreezing marginalmarginal
stability

meltingmelting
stability
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A simple A simple picturepicture ofof thethe PS PS solidsolid atat highhigh
temperaturetemperature

• LatticeLattice sitessites occupiedoccupied by by 
“clusters” of overlapping “clusters” of overlapping 
spheresspheres ((α/x spheres/site).spheres/site).
•• EveryEvery cluster cluster behavesbehaves as a as a 
hardhard--corecore supersuper--particleparticle..
•• PackingPacking fractionfraction ofof clusters: clusters: 
η/(α/x)..

(Free (Free volumevolume
theorytheory))

α: variational parameter to minimize the free energy: variational parameter to minimize the free energy
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HighHigh--temperaturetemperature (HT) (HT) approximationapproximation
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TestTest ofof thethe highhigh--T T approximationapproximation (1D)(1D)
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TowardsTowards a a lowlow--temperaturetemperature (LT) (LT) 
approximationapproximation (1D)(1D)

SomeSome exactexact propertiesproperties::
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LowLow--temperaturetemperature (LT) (LT) approximationapproximation (1D)(1D)

First step:
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LowLow--temperaturetemperature ((lTlT) ) approximationapproximation (1D)(1D)

Second step:
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TestTest ofof thethe lowlow--T T approximationapproximation (1D)(1D)

TheThe PY PY theorytheory forfor
hardhard rodsrods isis notnot
exactexact forfor r<σ!!
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ComparisonComparison betweenbetween MC MC simulationssimulations andand thethe
HT HT andand LT LT approximationsapproximations (1D)(1D)
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““Basins” of the highBasins” of the high--T and lowT and low--T approximationsT approximations
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ConclusionsConclusions (I)(I)
ApartApart fromfrom itsits practicalpractical interestinterest in in softsoft mattermatter, , thethe PS PS 
modelmodel isis theoreticallytheoretically interestinginteresting: : itit representsrepresents a a crossovercrossover
betweenbetween hardhard spheresspheres ((lowlow temperaturestemperatures) ) andand thethe ideal ideal 
gas (gas (highhigh temperaturestemperatures). ). 
TheThe structuralstructural andand thermodynamicthermodynamic functionsfunctions can be can be exactlyexactly
derivedderived in in thethe combinedcombined highhigh--temperaturetemperature, , highhigh--densitydensity
limitlimit..
TheThe fluid fluid presentspresents a a spinodalspinodal instabilityinstability atat anan upperupper boundbound
densitydensity η0(T*) ~T* , but this is preempted by a first, but this is preempted by a first--order order 
phase transition to the solid at the freezing density     phase transition to the solid at the freezing density     
ηf(T*) ~T* ..
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ConclusionsConclusions (II)(II)
AnAn extrapolationextrapolation ofof thethe asymptoticasymptotic highhigh--T T resultsresults toto finitefinite
temperaturestemperatures providesprovides a a goodgood approximationapproximation forfor moderatemoderate
andand highhigh temperaturestemperatures, as  , as  shownshown by by comparisoncomparison withwith 1D 1D 
simulationssimulations..
TheThe aboveabove approximationapproximation isis complementedcomplemented by a by a lowlow--T T 
approximationapproximation thatthat reduces reduces toto thethe exactexact resultsresults forfor hardhard
rodsrods in in thethe zerozero--temperaturetemperature limitlimit..
ExtensionExtension ofof thethe aboveabove approachesapproaches toto thethe 3D case 3D case isis underunder
currentcurrent investigationinvestigation..
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