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TraditionallyTraditionally,, equilibriumequilibrium statisticalstatistical mechanicsmechanics hashas beenbeen
appliedapplied toto systemssystems mademade ofof particlesparticles interactinginteracting viavia
unboundedunbounded potentialspotentials,, ee..gg..,,
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InIn fact,fact, unboundedunbounded potentialspotentials areare usefuluseful modelsmodels toto representrepresent
the interactions not only inin atomicatomic systemssystems (( ≈≈ 11 ÅÅ 00 11 ))the interactions not only inin atomicatomic systemssystems (( ≈≈ 11 ÅÅ == 00..11 nmnm),),
but also in some colloidalcolloidal dispersionsdispersions ((11nmnm    mm))..

ForFor instance,instance, thethe effectiveeffective interactioninteraction betweenbetween twotwo stericallysterically
stabilizedstabilized colloidalcolloidal particlesparticles isis essentiallyessentially ofof hardhard--spheresphere (HS)(HS)
type,type, perhapsperhaps withwith aa shortshort--rangerange attractionattraction (depletion(depletion effects)effects)..
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OnOn thethe otherother hand,hand, thethe effectiveeffective interactioninteraction forfor starstar polymerspolymers
inin goodgood solventssolvents isis ultrasoftultrasoft logarithmicallylogarithmically divergingdiverging forfor shortshortinin goodgood solventssolvents isis ultrasoft,ultrasoft, logarithmicallylogarithmically divergingdiverging forfor shortshort
distancesdistances..
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WhatWhat aboutabout dilutedilute solutionssolutions ofof polymerpolymer chainschains inin goodgood
l t ?l t ?solvents?solvents?
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TT l h il h i “ it t f h th ”“ it t f h th ”TwoTwo polymer chainspolymer chains can “sit on top of each other”can “sit on top of each other”

CMCM
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Effective interaction between two polymer chainsEffective interaction between two polymer chains in a goodin a goodEffective interaction between two polymer chainsEffective interaction between two polymer chains in a good in a good 
solventsolvent: : BoundedBounded potentials, e.g.,potentials, e.g.,
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MC simulationsMC simulationsMC simulations MC simulations 
(Bianca Mladek, Technische Universität Wien, 2003)(Bianca Mladek, Technische Universität Wien, 2003)

T*=0.5

3=0.5 3=3.5 3=4.0

fluid crystal
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AimAim:: ToTo obtainobtain analyticalanalytical approximationsapproximations forfor thethe
((equilibriumequilibrium)) structuralstructural andand thermophysicalthermophysical((equilibriumequilibrium)) structuralstructural andand thermophysicalthermophysical
propertiesproperties ofof aa PSPS fluidfluid andand comparecompare withwith MCMC
simulationssimulationssimulationssimulations

kBT ε T* kBT/ε

T* : ideal gasideal gas
T* 0: HS fluidHS fluid

kBT ε

T 0: HS fluid HS fluid 
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Pair correlation function or radial distributiona co e at o u ct o o ad a d st but o
function, g(r)
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Quantities related with g(r)Q g( )

φ( )/k Ty(r) = eφ(r)/kBTg(r): cavity function

h(r) = g(r)− 1: total correlation functionh(r) g(r) 1: total correlation function

c(r): direct correlation function

ec(k) = eh(k)
1+ρeh(k): Ornstein—Zernike relation

S(k) = 1+ ρeh(k): structure factor
Korea Atomic Energy Research Institute (KAERI)   17  Febr, 2010Korea Atomic Energy Research Institute (KAERI)   17  Febr, 2010 1515



ExpansionExpansion ofof thethe radialradial distributiondistribution functionfunction inin powerspowersExpansionExpansion ofof thethe radialradial distributiondistribution functionfunction inin powerspowers
ofof densitydensity::

y(r) ≡ eφ(r)/kBTg(r) = 1+
∞X
1

ρn

n!
yn(r)

n=1 n!

y1(r) =

( )
f(r) = e−φ(r)/kBT − 1

3

y2(r) =

y3(r) =

f( )

Mayer function

1 2

3

=
R
dr3f(r13)f(r23)

3 4
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R
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4f( 13)f( 34)
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HNC closure:HNC closure:
c(r) = g(r)− 1− ln y(r)

“Elementary”“Elementary” diagrams neglecteddiagrams neglected

Percus—Yevick (PY) closure:
c(r) = f(r)y(r)

“Elementary”“Elementary” and and “Bundle” “Bundle” 
di l ddi l ddiagrams neglecteddiagrams neglected
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ExactExact behaviorbehavior toto secondsecond orderorder inin densitydensity

y(r) ≡ eφ(r)/kBTg(r) = 1+
∞X
1

ρn

n!
yn(r)

n=1 n!

y1(r) =
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1D 3D HS

3

y2(r) =
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Mayer function of the PS modelMayer function of the PS modelMayer function of the PS modelMayer function of the PS model

fPS(r) = xfHS(r), x ≡ 1− e−1/T
∗

“O it ” ( “i t bilit ”)“Opacity” (or “impenetrability”) 
parameter

fHS(r) =

(
−1, r < σ
0

fHS(r)

(
0, r > σ
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The PS model in the highThe PS model in the high--
t t hi ht t hi h d it li itd it li ittemperature, hightemperature, high--density limitdensity limit

T ∗ → ∞ ⇒ x ≈ T ∗−1 → 0

ρ→∞, bρ ≡ ρx = finite

Only “chain” diagrams survive!Only “chain” diagrams survive!Only chain  diagrams survive!Only chain  diagrams survive!
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The PS model in the highThe PS model in the high--temperature, hightemperature, high--
density limit (meandensity limit (mean--field theory)field theory)

[L. Acedo & A.S., Phys. Lett. A 323, 427 (2004)]

lim x→0
ρ→∞b y(r) = 1+ x

P∞
n=1 bρn◦– n•– · · ·–•–◦

[ , y , ( )]

bρ=ρx
= 1+ xw(r)

ew(k)=bρ
h efHS(k)i2
1 bρ efHS(k)1− ρfHS(k)

li S(k)
1

li ( ) f ( )lim
x→0
ρ→∞bρ=ρx

S(k) =
1− bρ efHS(k), lim

x→0
ρ→∞bρ=ρx

c(r) = xfHS(r)
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E tT ∞: Exact
High-temperature/penetrability (HT/HP) 

approximation

xa
ct

approximation

≈
0:

 E
x

?

≈ ?

Low-temperature/penetrability (LT/LP) 
i ti

T 0: PY
approximation
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HighHigh--temperature (temperature (HT/HP) HT/HP) approximationapproximation
[Al. Malijevský, S. B. Yuste, A.S., Phys. Rev. E 76, 021504 (2007)]

lim
x→0
ρ→∞

y(r)=1+ xw(r), x ≡ 1− e−1/T ∗

ρ→∞bρ=ρx

HT: y(r) = 1+ xw(r)exw(r)HT: y(r) = 1+ xw(r)e

g(r) =

(
(1− x)y(r), r < σ
y(r) r >

g( )

(
y(r), r > σ
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LowLow--temperature (temperature (LT/LP) LT/LP) approximationapproximation
[Al. Malijevský, S. B. Yuste, A.S., Phys. Rev. E 76, 021504 (2007)]

g(r) =
eQ(r)Θ(1−r)

r

∞X
fn(r − n)Θ(r − n)

r n=0

Q(r) = (r − 1) [A+B(r+2)(r − 1) + Cr(r − 1)]

fn(r) = −L−1
⎧⎪⎨ t

12

³
1+ S1t+ S2t

2 + S3t
3
´
(L0 + L1t)

n³
2 3

´n+1
⎫⎪⎬⎨⎪⎩12η ³

L0 + S1t+ S2t2 + S3t3
´n+1 ⎬⎪⎭
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“Domains” of the HT and LT approximations“Domains” of the HT and LT approximationsDomains  of the HT and LT approximationsDomains  of the HT and LT approximations

0 4

0.5

0.3

0.4
HT

-1
/T

* )

0 1

0.2

 
(1

-e
-

LT

0 1 2 3
0.0

0.1 LT

0 1 2 3
T* Skip PSW?
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TheThe PenetrablePenetrable--SquareSquare--WellWell (PSW) (PSW) ModelModel

Sticky penetrable spheres

²a →∞, ∆→ 0

Sticky penetrable spheres

SW

PSW

²r > −²a > 0

PSW

Penetrable square-shoulder

Hollow penetrable spheres

Necessary condition for
thermodynamic stability:

² = 0 ² < 0

Hollow penetrable spheres

²r > 2²a
²r = 0, ²a < 0

[A.S, R. Fantoni, A. Giacometti, Phys. Rev. E 77, 051206 (2008)]
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1D PSW1D PSW ModelModel:: ExactExact lowlow--densitydensity propertiesproperties1D PSW 1D PSW ModelModel: : ExactExact lowlow densitydensity propertiesproperties
[A.S, R. Fantoni, A. Giacometti, Phys. Rev. E 77, 051206 (2008)]

PSW PSS HPSPSW PSS HPS

² =
²r

∆= 0 5 ²r
∆ 0 5
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4
, ∆= 0.5 ²a = −

2
, ∆= 0.5 ²r = 0, ²a < 0, ∆= 0.5



1D PSW1D PSW ModelModel:: ExactExact lowlow--densitydensity propertiesproperties1D PSW 1D PSW ModelModel: : ExactExact lowlow densitydensity propertiesproperties
[A.S, R. Fantoni, A. Giacometti, Phys. Rev. E 77, 051206 (2008)]

HPS

PSS

HPS

PSW

² =
²r

∆ = 0 5 ²r
∆ 0 5
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4
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2
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1D PSW 1D PSW ModelModel: : LowLow--penetrabilitypenetrability approximationapproximation (LPA)(LPA)
[R. Fantoni, A. Giacometti, Al. Malijevský, A.S., J. Chem. Phys. 131, 124106 (2009)]

kBT/²a = 1

kBT/²a = 1
kBT/²a = 1

B / a
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1D PSW 1D PSW ModelModel: : LowLow--penetrabilitypenetrability approximationapproximation (LPA)(LPA)
[R. Fantoni, A. Giacometti, Al. Malijevský, A.S., J. Chem. Phys. 131, 124106 (2009)]

∆ = 0.5, ²r = 5²a, kBT/²a = 1 ∆ = 0.5, ²r = 2²a, kBT/²a = 1

∆ = 0.5, ²r = 5²a, kBT/²a = 5 ∆= 0.5, ²r = 2²a, kBT/²a = 5
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1D PSW 1D PSW ModelModel: : HighHigh--penetrabilitypenetrability approximationapproximation (HPA)(HPA)
[R. Fantoni, A. Giacometti, Al. Malijevský, A.S., in preparation]

∆ 1 5 2 ∆ = 1 5 ² = 2²∆ = 1.5, ²r = 2²a,

kBT/²a = 10, ρσ = 1.5

∆ = 1.5, ²r = 2²a,

kBT/²a = 5, ρσ = 1.5

∆ = 1.5, ²r = 2²a,

kBT/²a = 3, ρσ = 1
∆ = 0.5, ²r = 5²a,

kBT/²a = 5, ρσ = 1.5
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1D PSW 1D PSW ModelModel: : HighHigh--penetrabilitypenetrability approximationapproximation (HPA)(HPA)
[R. Fantoni, A. Giacometti, Al. Malijevský, A.S., in preparation]

∆ = 1.5, ²r = 2²a, kBT/²a = 10, r a, B / a

Conclusions?
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TransportTransport propertiesproperties of a of a 
dil tdil t f t blf t bldilutedilute gas of penetrable gas of penetrable 
spheresspheresspheresspheres
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Dynamics of aDynamics of a collisioncollision eventeventDynamics of a Dynamics of a collisioncollision eventevent
Equivalent one-body problem (μ=m/2, reduced mass): 

b*=b/σ (dimensionless) impact parameter
g*=g/(2ε/μ)1/2 (dimensionless) relative speed

(b* *) scattering angleχ(b*,g*) scattering angle

g*<1: Specular reflection

cos χ(b*,g*)=2b*2-1
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g*>1  “Refraction index”: n(g*) (1 1/g*2)1/2g >1  Refraction index : n(g )=(1-1/g 2)1/2

* *0  b*  n(g*)
Double refraction

n(g*)  b*  1
Total reflection
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Examples of trajectories in the case * 1 1Examples of trajectories in the case g =1.1 

χ is a non-monotonic function of b*

Maximum value χ (g*)=cos-1[2n2(g*)-1] at b*=n(g*)
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Maximum value χmax(g ) cos [2n (g ) 1] at b n(g )



Transport coefficientsTransport coefficients

Shear viscosity Thermal conductivity Self-diffusion

Omega-integrals
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Results [A.S., AIP Conf. Proc. 762, 276 (2005)]

Exponential integral p g
function
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EffectiveEffective collisioncollision frequencyfrequency
((TT**)) kk TT// ((TT))ν(ν(TT**)=)=nknkBBTT//η(η(TT))

T*
th=0.25ν

νHS(Tmax)

th

T*
max=0.415

νmax

T 

νHS(Tmax)/ νmax=1.18νmax/2

T*
1/2=1.619

limT  ν(T*)= 
1/4 T*-3/2 ln T*

Tth Tmax
T1/2
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O tliO tliOutlineOutline

 EffectiveEffective interactionsinteractions inin colloidalcolloidal dispersionsdispersions.. TheThe
penetrablepenetrable--spheresphere (PS)(PS) modelmodel..penetrablepenetrable spheresphere (PS)(PS) modelmodel..

 SomeSome basicbasic conceptsconcepts ofof statisticalstatistical mechanicsmechanics ofof
equilibriumequilibrium liquidsliquids..

 ExactExact propertiesproperties ofof thethe PSPS fluidfluid.. LowLow--densitydensity limitlimit..
HighHigh--temperaturetemperature,, highhigh--densitydensity limitlimit..
ThTh hi hhi h t bilitt bilit dd ll t bilitt bilit TheThe highhigh--penetrabilitypenetrability andand lowlow--penetrabilitypenetrability
approximationsapproximations..

 TheThe penetrablepenetrable--squaresquare--wellwell (PSW)(PSW) modelmodel TheThe penetrablepenetrable--squaresquare--wellwell (PSW)(PSW) modelmodel..
 TransportTransport propertiesproperties ofof thethe PSPS modelmodel..
 ConclusionsConclusions
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 ConclusionsConclusions..



 TheThe PSPS andand PSWPSW modelsmodels allowallow oneone toto describedescribe TheThe PSPS andand PSWPSW modelsmodels allowallow oneone toto describedescribe
thethe effectiveeffective interactioninteraction inin somesome softsoft mattermatter
systemssystems suchsuch asas colloidalcolloidal solutionssolutions ofof chainchainsystemssystems,, suchsuch asas colloidalcolloidal solutionssolutions ofof chainchain
polymerspolymers..
ThTh d ld l ll i t tii t ti ff TheThe modelsmodels areare alsoalso interestinginteresting fromfrom aa
theoreticaltheoretical pointpoint ofof viewview.. TheyThey includeinclude thethe HSHS
andand SWSW fluidsfluids inin thethe impenetrableimpenetrable limitlimit,, asas wellwell
asas thethe idealideal gasgas inin thethe infiniteinfinite--temperaturetemperature
limitlimit..

 TheThe modelsmodels cancan bebe exactlyexactly solvedsolved inin thethe TheThe modelsmodels cancan bebe exactlyexactly solvedsolved inin thethe
combinedcombined limitlimit ofof highhigh temperaturestemperatures andand
densitiesdensities (mean(mean--fieldfield theorytheory))
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densitiesdensities (mean(mean--fieldfield theorytheory))..



 ByBy anan extrapolationextrapolation ofof thosethose exactexact resultsresults,, wewe
havehave constructedconstructed anan analyticalanalytical theorytheoryhavehave constructedconstructed anan analyticalanalytical theorytheory
describingdescribing highhigh--penetrabilitypenetrability statesstates..
WeWe havehave alsoalso constructedconstructed aa complementarycomplementary WeWe havehave alsoalso constructedconstructed aa complementarycomplementary
analyticalanalytical theorytheory describingdescribing lowlow--penetrabilitypenetrability
statesstatesstatesstates..

 TheThe transporttransport coefficientscoefficients ofof thethe lowlow--densitydensity PSPS
modelmodel havehave beenbeen derivedderivedmodelmodel havehave beenbeen derivedderived..

Korea Atomic Energy Research Institute (KAERI)   17  Febr, 2010Korea Atomic Energy Research Institute (KAERI)   17  Febr, 2010 4848



Thank you for your attention!Thank you for your attention!Thank you for your attention!Thank you for your attention!
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