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WhatWhat isis a granular material?a granular material?WhatWhat isis a granular material?a granular material?

 ItIt isis aa conglomerationconglomeration ofof discretediscrete solid,solid,
macroscopicmacroscopic particlesparticles characterizedcharacterized byby aamacroscopicmacroscopic particlesparticles characterizedcharacterized byby aa
lossloss ofof energyenergy wheneverwhenever thethe grainsgrains collidecollide..

 TheThe constituentsconstituents mustmust bebe largelarge enoughenough
suchsuch thatthat theythey areare notnot subjectsubject toto thermalthermalyy jj
motionmotion fluctuationsfluctuations.. Thus,Thus, thethe lowerlower sizesize
limitlimit forfor grainsgrains isis aboutabout 11 µmµmlimitlimit forfor grainsgrains isis aboutabout 11 µmµm..
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WhatWhat isis a granular material?a granular material?WhatWhat isis a granular material?a granular material?

 ExamplesExamples ofof granulargranular materialsmaterials wouldwould
includeinclude nuts,nuts, coal,coal, sand,sand, rice,rice, coffee,coffee, corncorn,, ,, ,, ,, ,,
flakes,flakes, fertilizer,fertilizer, andand ballball bearingsbearings..
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WhatWhat isis a granulara granular fluidfluid??
 WhenWhen thethe granulargranular

WhatWhat isis a granular a granular fluidfluid??
 WhenWhen thethe granulargranular

mattermatter isis drivendriven andand
energyenergy isis fedfed intointo thetheenergyenergy isis fedfed intointo thethe
systemsystem (e(e..gg..,, byby
shaking)shaking) suchsuch thatthat thethe
grainsgrains areare notnot iningg
constantconstant contactcontact withwith
eacheach otherother thetheeacheach other,other, thethe
granulargranular materialmaterial isis
saidsaid toto fluidizefluidizesaidsaid toto fluidizefluidize..
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Granular Granular fluidsfluids ((oror gases) gases) exhibitexhibit manymany
interestinginteresting phenomenaphenomena: : 

Granular eruptions
(from University of
Twente’s group)

Flow(ers) and Jam(mers), Lisbon,  17Flow(ers) and Jam(mers), Lisbon,  17--19th June 200919th June 2009 66



Wave patterns in a vibrated
containercontainer
(from A. Kudrolli’s group)

(Simulations by D. C. Rapaport)
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Segregation in sheared flow
(Simulations by D C Rapaport)(Simulations by D. C. Rapaport)

Segregation in a rotating cylinder
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Granular jet hitting a plane

Particles falling on an inclined heated plane

http://trevinca.ei.uvigo.es/~formella/
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MinimalMinimal modelmodel of a granular gas:of a granular gas:
A gas ofA gas of identicalidentical smoothsmooth inelasticinelastic hardhardA gas of A gas of identicalidentical smoothsmooth inelasticinelastic hardhard

spheresspheres

Elastic collision Inelastic collision

http://demonstrations.wolfram.com/InelasticCollisionsOfTwoSpheres/
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ButBut realreal grainsgrainsButBut … real … real grainsgrains
Have a non-constant coefficient of restitution

www.oxfordcroquet.com/tech/
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ButBut realreal grainsgrainsButBut … real … real grainsgrains
Are non-spherical
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ButBut realreal grainsgrainsButBut … real … real grainsgrains
Are polydisperse

http://www.cmt.york.ac.uk/~ajm143/nuts.html
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ButBut realreal grainsgrainsButBut … real … real grainsgrains

A hAre rough
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ModelModel of a granular gas:of a granular gas:
A A mixturemixture of of inelasticinelastic roughrough hardhard spheresspheres

This model unveils an inherent
breakdown of energy equipartition in
granular fluids even in homogeneousgranular fluids, even in homogeneous
and isotropic states

Several circles
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Several circles
(Kandinsky, 1926)



MechanicalMechanical parametersparameters::MechanicalMechanical parametersparameters::

•• XX componentscomponents ((ii==11 XX))•• XX componentscomponents ((ii==11,, ……,, XX))
•• MassesMasses mi

DDiametersiameters•• DDiametersiameters σσii
•• MomentsMoments ofof inertiainertia IIii
•• CCoefficientsoefficients ofof normalnormal restitutionrestitution ααijij
•• CoefficientsCoefficients ofof tangentialtangential restitutionrestitution βij
• αij =1 forfor elasticelastic particlesparticles
• βij=-1 forfor smoothsmooth particlesparticlesβij pp
• βij=+1 forfor totallytotally roughrough particlesparticles
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CollisionCollision rules:rules:CollisionCollision rules:rules:
Translational velocities: v0i = vi −

1
Qij v0j = vj +

1
QijTranslational velocities: vi vi

mi
Qij , vj vj +

mj
Qij

Angular velocities: ω0 ω +
σi bσ ×Q ω0 ω +

σj bσ ×QAngular velocities: ωi = ωi +
2Ii

σ ×Qij , ωj = ωj +
j

2Ij
σ ×Qij

Smooth spheres

Impulse exerted by i on j:

Qij = βij

·
gij − (gij · bσ)bσ + 1

2
bσ × (σiωi + σjωj)

¸
+ αij(gij · bσ)bσ·

2

¸
gij ≡ vi − vj , αij ≡ mij (1 + αij) , βij ≡

mijκij
1 + κij

(1 + βij)
+ ij

mij ≡
mimj

mi +mj
, κij ≡ κiκj

mi +mj

κimi +mjκj
, κi ≡

Ii
mi(σi/2)2
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EnergyEnergy collisionalcollisional losslossEnergyEnergy collisionalcollisional lossloss

Eij =
1

2
miv

2
i +

1

2
mjv

2
j +

1

2
Iiω

2
i +

1

2
Ijω

2
jj

2 i 2
j j 2 i 2

j j

E0ij − Eij = −(1− α2ij)× · · ·Eij Eij (1 αij)×
−(1− β2ij)× · · ·

Energy is conserved only if the spheres are 
•elastic (αij=1) and 
either•either

•smooth (βij=-1) or
•totally rough (βij=+1)
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PartialPartial (granular)(granular) temperaturestemperaturesPartialPartial (granular) (granular) temperaturestemperatures

Translational temperatures: T tri =
mi hv2i i

t Ii 2 miκi 2 2

Translational temperatures: Ti 3
hvi i

Rotational temperatures: T roti =
Ii
3
hω2i i =

miκi
12

σ2i hω2i i

Total temperature: T =
X ni

2n

¡
T tri + T

rot
i

¢X
i
2n

¡ ¢
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CollisionalCollisional ratesrates of of changechange forfor
temperaturestemperatures

Thermal rates:

ξtr
1
µ
∂T tri

¶
ξtr

X
ξtrξtri = −T tri

µ
i

∂t

¶
coll

, ξtri =
X
j

ξtrij

1
µ
∂T rot

¶
ξroti = − 1

T roti

µ
∂T roti

∂t

¶
coll

, ξroti =
X
j

ξrotij

Net cooling rate:

1
µ
∂T
¶ X ni

ζ = − 1
T

µ
∂T

∂t

¶
coll

, ζ =
X
i

ni
2nT

¡
ξtri T

tr
i + ξroti T roti

¢
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OurOur mainmain goalgoalOurOur mainmain goalgoal

To obtain the binary thermal rates
ξtr and ξrotξij and ξij
in terms of
T tr T tr T rot T rotT tri , T

tr
j , T

rot
i , T rotj , ni, nj

and the mechanical parameters
mi, mj , σi, σj , κi, κj , αij , βij
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(Cartoon by Bernhard
Reischl, University of 

Vienna)

(1844-1906)

∂tfi(r,vi,ωi, t) + vi ·∇fi(r,vi,ωi, t) =
X

Jij [r,vi,ωi, t|fi, fj ]
Boltzmann equation:

∂tfi(r,vi,ωi, t) + vi ∇fi(r,vi,ωi, t)
X
j

Jij [r,vi,ωi, t|fi, fj ]

Binary collisions
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AdditionalAdditional assumptionsassumptionsAdditionalAdditional assumptionsassumptions

1. No convection, no chirality:

hvii = hvji, hωii = hωji = 0

2. Translational and rotational degrees of freedom uncorrelated:

fi(vi,ωi) = f
tr
i (vi)f

rot
i (ωi)

3 Maxwellian form:3. Maxwellian form:

f tri (vi) = ni

³
mi

2πT tri

´3/2
exp

³
−miv

2
i

2T tri

´
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ResultsResultsResultsResults
ξtr

νij
"
2
¡

+ β
¢
T tr

³
2 + β

2
´µT tri +

T trj
¶

ξtrij =
ij

miT tri

"
2
¡
αij + βij

¢
T tri −

³
α2ij + βij

´µ
i

mi
+

j

mj

¶

β
2
µ
T roti +

T rotj

¶#
−βij

µ
i

miκi
+

j

mjκj

¶#

ξrotij =
νij

m κ T rot
βij

"
2T roti − βij

µ
T tri
m

+
T trj
m

+
T roti

m κ
+
T rotj

m κ

¶#
j miκiT roti

j

"
j

µ
mi mj miκi mjκj

¶#

4
√
2

s
T tr T tr

νij ≡
4
√
2π

3
njσ

2
ij

s
T tri
mi

+
T trj
mj
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DecompositionDecompositionDecompositionDecomposition
Th l t E ilib ti t + C li tThermal rates = Equilibration rates + Cooling rates

Net cooling rate = Σ Cooling rates

T tr T tr T rotT rot
Equil. Equil. Equil.

g g

T trj T tri T rotjT roti

q q

Cooling Coolingg g

(After Stefan Luding’s scratch on a paper tablecloth, yesterday) 
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Simple Simple applicationapplication::
TheThe HomogeneousHomogeneous CoolingCooling StateState (HCS)(HCS)

The HCS is
•Spatially homogeneous

∂tfi(r,vi,ωi, t) =
X
j

Jij [r,vi,ωi, t|fi, fj ]
Spatially homogeneous

•Isotropic
•Undriven ∂T

∂t
= −ζT

•Freely cooling ∂t
ζ

∂ T tr T tr ∂ T rot T rot∂

∂t

T tri
T
= −

¡
ξtri − ζ

¢ T tri
T
,

∂

∂t

T roti

T
= −

¡
ξroti − ζ

¢ T roti

T

t→∞⇒ ξtr1 = ξtr2 = · · · = ξrot1 = ξrot2 = · · ·
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SingleSingle--componentcomponent case (case (κκ=2/5)=2/5)SingleSingle componentcomponent case (case (κκ 2/5)2/5)

EquipartitionEquipartition

α < 1
β 1

¾
⇒
½

ξtr ∼ (1− α2)⇒ ∂tT
tr < 0

ξrot 0 T rot t

¾
⇒ T tr → 0

β → −1

¾
⇒
½

ξrot → 0⇒ T rot → const

¾
⇒

T rot
→ 0

α = 1
¾
⇒
½

ξtr ∼ κ(1 + β)⇒ ∂tT
tr < 0

¾
⇒ ξtr < ξrot ⇒ T tr →∞
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β → −1

¾
⇒
½

ξrot ∼ (1 + β)⇒ ∂tT
rot < 0

¾
⇒ ξ < ξ ⇒

T rot
→∞



BinaryBinary mixturemixtureBinaryBinary mixturemixture

Three independent temperature ratios:
T tr1
T rot1

,
T tr2
T tr1

,
T rot2

T rot1

Eleven parameters:

C ffi i t f l tit ti

Eleven parameters:

C ffi i t f l tit ti• Coefficients of normal restitution α11, α12, α22

• Coefficients of tangential restitution β11, β12, β22

• Coefficients of normal restitution α11 = α12 = α22 = α

• Coefficients of tangential restitution β11 = β12 = β22 = β

• Inertia-moment parameters κ1, κ2
• Size ratio σ2/σ1

• Inertia-moment parameters κ1 = κ2 =
2
5

• Size ratio σ2/σ1 = 2 1
• Mass ratio m2/m1

• Mole fraction n1/(n1 + n2)

• Mass ratio m2/m1 = 8

• Mole fraction n1/(n1 + n2) = 1

1
2
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TranslationalTranslational//RotationalRotationalTranslationalTranslational//RotationalRotational

Equipartition
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RotationalRotational//RotationalRotationalRotationalRotational//RotationalRotational

Equipartition
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TranslationalTranslational//TranslationalTranslationalTranslationalTranslational//TranslationalTranslational

“P ” th h“Pure” smooth spheres
(Garzó&Dufty, 1999)

Equipartition

“Ghost” effect: A tiny amount of roughness has dramatic effects on the temperature ratio
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BinaryBinary mixturemixtureBinaryBinary mixturemixture

Three independent temperature ratios:
T tr1
T rot1

,
T tr2
T tr1

,
T rot2

T rot1

Eleven parameters:

C ffi i t f l tit ti

Eleven parameters:

C ffi i t f l tit ti• Coefficients of normal restitution α11, α12, α22

• Coefficients of tangential restitution β11, β12, β22

• Coefficients of normal restitution α11 = α12 = α22 = α

• Coefficients of tangential restitution β11 = β12 = β22 = β

• Inertia-moment parameters κ1, κ2
• Size ratio σ2/σ1

• Inertia-moment parameters κ1 = 0, κ2 = 2
3

• Size ratio σ2/σ1 = 1
1

• Mass ratio m2/m1

• Mole fraction n1/(n1 + n2)

• Mass ratio m2/m1 = 1

• Mole fraction n1/(n1 + n2) = 1

2
1
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• Mole fraction n1/(n1 + n2)• Mole fraction n1/(n1 + n2) = 2



TranslationalTranslational//TranslationalTranslationalTranslationalTranslational//TranslationalTranslational

Equipartition

“Pure” smooth spheres

“Ghost” effect: A tiny amount of roughness has dramatic effects on the temperature ratio
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Ghost  effect: A tiny amount of roughness has dramatic effects on the temperature ratio



Conclusions and outlookConclusions and outlook
 CollisionalCollisional thermalthermal ratesrates obtainedobtained forfor

mixturesmixtures ofof inelasticinelastic roughrough hardhard spheresspheresmixturesmixtures ofof inelasticinelastic roughrough hardhard spheresspheres..
 InterestingInteresting nonnon--equipartitionequipartition phenomenaphenomena inin

thth HCSHCSthethe HCSHCS..
 SimulationsSimulations plannedplanned toto testtest thethe theoreticaltheoretical

predictionspredictions..
 ProposalProposal ofof aa simplesimple modelmodel kinetickinetic equationequationpp pp qq

forfor thethe singlesingle--componentcomponent casecase..
 SolutionSolution ofof thethe aboveabove modelmodel inin thethe uniformuniformSolutionSolution ofof thethe aboveabove modelmodel inin thethe uniformuniform

shearshear flowflow andand derivationderivation ofof thethe NavierNavier--
StokesStokes constitutiveconstitutive equationsequations..
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Thanks for your attention!Thanks for your attention!Thanks for your attention!Thanks for your attention!
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