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DIFFUSION IN A 2D BOND PERCOLATIONMODEL.
A MONTE CARLO SIMULATION
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A MonteCarlocomputersimulationof a simplestochastichoppingmodel is presented.Thevelocityautocorrelationfunction
andthediffusion coefficientareanalyzedandcomparedwith the resultsobtainedby usingkinetic theory. The theoryandthe
simulationagreewithin thestatisticalerror.

1. Introduction

Thelongtimebehaviorof equilibriumcorrelation D( 1) = J ds~(s), (2)
0

functionshasbeenoneofthemostexcitingandstud-
iedproblemsin statisticalmechanicsfor the lastyears while the static diffusion coefficient is D( oc).
[1]. From a theoreticalpoint of view, it has been Themain theoreticalresultsarethefollowing ones.
analyzedusingdifferent approaches,suchas mode- The shorttime behaviorof the VACF reads [5]
coupling theoriesand kinetic theory. Perhaps,the
most interesting result is the understandingof a
strong long time tail observed by Alder and +~c(l—c)(3—c)t+O(t2), (3)
Wainwright[21 in moleculardynamicssimulations. where ô÷(t)is a Dirac delta-functionon positive
Nevertheless,a definitivecheckof theagreementbe- time. Hereand in the following, wetakethe edgeof
tweenthe theoreticalpredictionsandthe computer

theunit cell asthe lengthunit, andtheinverseof the
simulationresultsis still lacking [3]. jumpfrequencyasthetime unit. On theotherhand,

In the last few years,Ernst hascarriedout an ex- for finite andlong timesthe behavioris given as a
tensivestudyof severalsimple stochastichopping

senesexpansionmodels[4], usingmethodsof kinetic theory.In the
presentpaperwe reportsomecomputersimulation ~ . (4)
resultsfor oneof thosemodels,namelythe so-called VanVelzenandErnst [6] haveobtainedthe Laplace
two-dimensionbondpercolationmodel. In short,it

transformsof ~0)(t) and~‘~(t) andhaveevalu-
canbe describedas independentrandomwalkers

atedthem by numericalinversion for a wide rangemoving in a randomsquarelattice with a concen- of times.In addition,the longtimebehavioris given
tration c of missingbonds.Thequantitywe will fo- by [7]
cus on is the velocity autocorrelationfunction
(VACF), definedas (I)t0~(t)=—(l/2irt2){l+(4/ir)ln(tIr

0)/t

~(t) = < V~(O)V~(t)> , (1) +O((ln t)
2/t2)} , (5)

wheretheaverageistakenoverbothtrajectoriesand and
lattice realizations.The time dependentdiffusion ~(I)(~) = — (fl

1/2itt
2)[ 1 +O((ln t)/t)] . (6)

coefficient is given by
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In theseexpressions,rc~= 0.1434, and /3 = 3.7713. missingbonds.In eachrealizationthepathof a test
Thestatic diffusion coefficienthasbeenfoundto be particlehasbeenfollowed duringa numberof 2 x 106
[7] timestepstypically. Moreprecisely,eachvalueof the

discreteVACF up to n = 100 hasbeenaveragedover
D(oc)=~[l—2c+a2c

2+O(c3)] (7) 89.91x 10 single values. The side of the lattice is
with a

2=—0.21075. about onehalf the (theoretical)meansquaredis-
Eqs. (5) and(6) showa longtail of theVACF de- placementof theparticleafter2 x 1 06 timesteps.We

cayingas1_2, that is characteristicof (2D) Lorentz havecheckedthat in this casethereareno relevant
models. effectsdue to the finite size of thesystem.

Oncethe 1,,, n ~ 100, are known,wemakeuseof

2. Computersimulation eq. (8), to evaluate1’(t). Of course,this implies a
truncationerror,so that reliablevaluesof ‘1’ (t) can

We havecarriedout Monte Carlo (MC) simula- beexpectedonly up to a certainfinite valueof time.
lions of the abovemodel.A similar studyfor a site
model hasbeenperformedby Frenkel [8]. A bond
modelhasalreadybeensimulatedby Hausetal. [10]. 3. Results
Nevertheless,as they themselvesclaim, their results
for theVACF hada preliminarycharacterdue to the As a test of our MC data,we havecomparedin
low statistics.In our simulationsthe randomwalkers table 1 the exactandtheobservedvaluesof the first
makea stepeachunit of time,while in the theoret- few TP,~.It isseenthatthecomputerresultsareingood
ical considerationsthe time is takenasa continuous agreementwith the theory, within the statisticaler-
variable.Nevertheless,onecanestablishanexactre- ror. Hereand in the following the statisticalerroris
lationship betweencontinuousand discrete quan- estimatedby taking 10 independentsamplesof a
tities [9]. Namely,one has typical sizeN= 108 trajectories,andcomputingfrom

them the meansquareerror correspondingto this

= ~1’0ö+(t) +e’ n~0~ (8) samplesize. By assumingthat the error is propor-

tional to N~
1”2we haveestimatedthe errorassoci-

D(t)=e~t ~ —~ D~+
1~2, (9) atedtoN=9.9l X 10g.Fromapracticalpointofview,

fl0 fl. we havefound thissourceof error to be moreim-

where ij~,,andD~~112are thediscreteVACF anddif- portantthan the oneassociatedto the truncationin
fusioncoefficient, respectively,at the nth timestop. eq. (8).
Theycanbeexpressedin termsof thediscretesquare The time behaviorof the VACF for 0< t ~ 1 is
meandisplacementthroughthe relations shown in fig. 1. Also, we haveplotted c1’ (0) (t) and

D ~1’~°)(t)+c1’”)(t) asobtainedfrom kinetic theory.~ _—D~~1/2 — n 1/2 It isseenthat ~0) is notquantitativelysufficientfor

=m~~1— 2m~+ m~_1,n~1 , (10) a concentrationc=0.05. On theotherhand,the MC
results are indistinguishablefrom the theoretical

~1’0=2D112=2m, (11)

(12) Table!
Firstfew valuesof thediscreteVACF obtainedin theMC simu-

We notice that comparisonof eq. (3) with eq. (8) lation.The availablevaluesfrom kinetictheoryarealsoincluded.

givesthefollowing exactexpressionsfor thefirst few
discrete VACFs: 1’0=~(l—c), 1’1=—~c(l—c), n Exact MC
1’2=—~c(l—c

2). 0 0.475000 0.47500±0.00002

In our simulationswe haveconsidereda concen- 1 —5.9375x103 —(5.92±0.02)x10~

tration c=0.05. To computethe averages,the in- 2 —l.5586x103 (l.56±0.02)Xl0~
3 —(1 50+00l)x103varianceundertimetranslationoftheVACF hasbeen .
4 —(58+0l)xlO4

exploited.We havegeneratedabout 500 squarelat- — (6.8±0.!)x l0~
tices of size 500x 500 with randomly distributed
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Fig. 1. Timedependenceof theVACF for c= 0.05,dividedby the fit n( fir
0)

concentrationof missingbonds,for times 0<1~ 1. The solid
(broken)curverepresentsthekinetictheoryresultup to thefirst Fig. 3. VACF times t

2 asa functionof I — ‘In (fir
0). The curves

(second)orderin c. The MonteCarlodata arerepresentedby andthecircleshavethesamemeaningasin theprecedingfigures.
~ircles(whicharelargerthantheerrorbars).

resentedup to the secondorderby the straightline)
curve includingquadraticterms. is reachedon the scaleof the figure only for t~70.

To analyzethe long time behaviorof theVACF, Consequently,it would not be legitimate to use the
weplot 0(t) versus 2 in fig. 2,assuggestedby eqs. MC datashown in fig. 2 to get thecoefficientoft 2

(5) and(6). As before,thelinearandquadraticki- [8]. In orderto seewhethera logarithmictermcor-
netictheory predictionsare also shown.Again, the rectionsimilar to that of eq. (5) canbe identified
MC dataclearly deviate from the first order ap- from the MC data,we haveplotted

27Lt20(t) versus
proximationto 0(t). Thedifferencewith respectto t —~ ln( t/-r

0) in fig. 3. It is observedthat the curves
the secondorderapproximationis comparableto or exhibit a maximumat t 10. Thistime canbe cho-
smallerthanthe errorbars,so that onecannotcon- senasanaturalcriteriontodefineshortandlongtime
dudewhetherit is due to higherordereffects.It is behaviorat a qualitativelevel. The location of the
worth to noticethat,althoughfig. 2 apparentlyshows maximumshiftsto longertimesastheconcentration
an almostlinear behavior,the puret2 decay(rep- increases.Fig. 3 alsoshowsthatalthoughtheMC data

arecompatiblewith a logarithmiccontributionto the
f long-timetail of the VACF, they are not accurate

100 50 40 30 20 enoughto allow its identification.
I I I I Finally, the time-dependentdiffusion coefficient

8 D( t) hasbeencomputedusingeq. (9) andthe result
-~ is shown in fig. 4. The theoreticalvaluesare also

plotted. As happenswith the VACF, the MC data
agreewith the secondorder approximationwithin
thestatisticalerror.Noticethat,evenwithout know-

~4. +
ing any theoreticalprediction, an extrapolationto
t ‘—+0 of ourMC datawouldprovidea valuefor the
static diffusion coefficient with an accuracybetter

00 -~

1 2 than0.05%.
f
2{x10 ) In conclusion,thereis a quitegoodagreementbe-

tweenkinetic theoryandtheMC simulationthatwe
Fig. 2. Plotof theVACF versust2. Thecurvesandthecircles presentin thisnote.The resultsshow that, at least
havethesamemeaningasin fig. 1. Thestraightline represents for short andmoderatetimes, the concentrationex-
theleadingtermof theasympteticlongtimebehaviorup to sec-
ondorderin c.Theerrorbarsarealsoindicated. pansion up to the secondorder is sufficient for
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