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Computersimulationresultsfor thevelocity autocorrelationfunction in a two-dimensionalbondpercolationmodel arepre-
sented,both belowandabovethreshold.Comparisonwith theeffectivemediumapproximationshowsanexcellentagreementfor
shortandintermediatetimes,whereassignificantdiscrepanciesappearin thelong-time region.

The theoreticalcalculationof the velocity auto- imation [5], ~EMA ( t). Their resultsagreewith the
correlationfunction (VACF) for all timesis a quite exactasymptoticbehaviorgiven by eq. (1). Also,
difficult problemin statisticalmechanics.Recently, ~EMA( t) is exact up to first orderin the concentra-
a greatdealof work hasbeendevotedto the study tion andgivesagoodapproximationfor the second
of thisquantityin disorderedlattices.For low con- order. In addition, the exact value c0=0.5 is ob-
centrationsofdefects,methodsof kinetictheoryhave tamed.Anotherpredictionof the EMA is that the
beenappliedandexact resultshavebeenobtained asymptoticlong-timebehaviorof the VACF above
[1}. Exactresultsfor higherconcentrationsare only threshold(c< c0) is given by
available in the short-time limit [1]. Beyond the 1 —

abovelimits, approximatemethodshavebeenintro- ~EMA(l) — 4 2 + 4 2 1 (2)
duced(seee.g. ref. [2]). ~�t [ ( /it� t) n(t/t) I

Here,wewill dealwithoneof themostextensively where� = i — c/co and
studiedmodels,namelythe so-calledbond percola-
tion model. This is a kind of Lorentz systemwhere t= (118�)exp[ — e(ir+ 2) + 2— YE] , (3)
independentrandomwalkersmove in a latticehay- YE beingEuler’s constant.Eq. (2) showsa 1—

2-long
ing a concentrationc of missingbonds.Thesystem tail, that is characteristicof two-dimensionalLo-
exhibits a percolationthresholdat a given concen- rentzmodels[6].
tration c

0. In thefollowing, wewill restrictourselves TheabovefactsleadErnstet al. to expecttheEMA
to a two-dimensionallattice,for which c0= 0.5. The to bea reasonableapproximationoverthe wholepa-
(exact)short-time behaviorof the VACF c1(t) in rameterspace.The aim of this Letter is to present
this model is [3] somecomputersimulationresultsfor theVACF and

comparethem with the EMA. To the best of our
~(t)=~(l—c)ô+(t)—~c(l—c) knowledge, previous comparisonshave been re-

+ ~c(l —c)(3—c)t+O(t
2) (1) strictedto the diffusion coefficients[2,5]. Wehave

consideredconcentrationsbeyondthe low density
wheretheedgeof theunit cell andtheinverseof the region,namelyc= 0.2 and0.3 (abovethreshold)and
jump frequencyhavebeentakenasunits of length c= 0.7 (below threshold).In our studywehavenot
andtime, respectively, exploredthe neighborhoodof the thresholdpoint,

Ernst and co-workers [4] have calculatedthe wheresomeinterestingfeatureshavebeenanalyzed
VACF for all timesin the effectivemediumapprox- within the EMA [4].
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Althoughin the theoreticalcalculationsthetimeis 1 0 i i~i iiiti ii iii I I II iii

consideredas a continuousvariable, it is advanta-
geousto usein the simulationsa discretetime step 2

[7,81. In thiscase,thevelocitycomponentscantake 1 0
just the values0 or ±1. Also, in orderto reducethe
statisticalerrors,the discreteVACF is computedas 1

[7]
(4)

wherev0 is the velocity of the particleat t= 0, and
&v~is the differencebetweenthe actualvelocity at .~

t= n andthe velocity theparticlewouldhaveat that 1 0
time if it movedin an ideal latticewithout defects.
The angularbracketsdenoteaverageoverboth the 1 o~ ~u I ii I it ‘U

trajectoriesandthelatticerealizations.Oncethe ‘b,, 0.01 01 1 10 100
are known, it is straightforwardto obtain the con-
tinuousVACF ~( t). Fig. I. Log—log plotof theVACF versustimefor a concentration

For eachconcentration,we havegenerated1320 c=0.2.Thedotswith errorbarsarethesimulationdataandthecirclesrepresenttheEMA results.Thesolidhneis theexactshort-
squarelatticesof size700 x 700 with randomlydis- timebehavior,givenby eq.(1). Thebrokenline is theEMA long-
tributedmissingbonds.In eachlatticerealizationthe timebehavior,givenby eq.(2).

motion of 500 independentwalkers has beenfol-
lowed during 1200 time steps.By usingthe invari- 1 ______________________________

anceundertime translation,eachvalueof b~,up to 1 0 I ~ I I uillu I 11111111 I 111111

n=200 has been obtained by averaging over
N= 660x 106 singlevalues.Thestatisticalerrorshave 1 ~2

beenestimatedby first evaluatingthe standardde-
viation

4Ni ~( t) of theaveragescorrespondingto 22
samplesof N

1 = 30x 106 valueseach. Then, by as- 1 0
sumingthat the error decreasesasN — 1/2 we get
L~N’i(t)=~Ni b(t)/\/ñ. The exact values of the ‘1 ~‘
first few discreteCIA, canbe obtainedfrom eq. (1)
and the relation between~ and ~( t). We have :
comparedthe simulationvalueswith the exactones 1 b~
andfound that in all casesthe deviationis lessthan
0.01%for ~ andlessthan0.1%for ~ and~ Be— 1 I ~ , I II huH 11111111 I

sides,thesedeviationsarewithin theestimatederror o.o1 0.1 1 1 0 1 00
bars. t

The results obtainedin the simulation and the Fig. 2. Sameasfig. i, but forc=0.3.

EMA predictionsforc= 0.2 andc= 0.3are shownin
figs. 1 and2, respectively.Also, the exactshort-time simulationdataandthe EMA predictionsbecomes
behaviorgiven by eq. (1) andthe EMA long-time about20%at t= 20 forc= 0.2,andat t= 30forc= 0.3.
behavior,eq. (2), areplotted.Thecomparisonshows This result deservessomecomments.In principle,
that the EMA is quitea goodapproximationin both sincethe EMA is exactin the low densitylimit, one
casesup to timesof the orderof 10.Notice that this could expectthe agreementfor c= 0.2 to extendto
range extendsfar beyondthe region correctly de- largertimesthanfor c= 0.3. On theotherhand,figs.
scribedby theexactshort-timebehavior.Fortimes 1 and2 show that the time regionwherethe differ-
largerthan ~ 10, thediscrepanciesgrowratherfast. encesbetweenthe simulationdataandthe EMA re-
More precisely,the relativedifferencebetweenthe suits becomerelevantcoincidesapproximatelywith
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the regionwherethe latter are accuratelydescribed fastastimeincreases.TheEMA predictsa long-time
by thelong-timebehaviorgivenby eq. (2). In other decaythat is essentiallyexponential[4], but its cx-
words,the EMA seemsto becorrectup to the onset plicit expressionis notknown.Therefore,we cannot
of its long time tail, but not beyond.This is consis- checkwhetherin thiscasethe asymptoticregionco-
tentwith the fact that the agreementregion of the incidesagain with the region of discrepancy.The
EMA withthesimulationis largerfor c=0.3thanfor most intriguing featureof fig. 3 is the apparental-
c=0.2, sincetheEMA predicts[41thatthe long-time gebraictail, which is characteristicof concentrations
region appearslater as the concentrationincreases c< 0.5, exhibitedby the simulationdata.Thisseems
towardsc0= 0.5. to indicatethat the systemhasnot yet reachedthe

Although the simulationdatado not reachtimes asymptoticlongtimebehavior.Thisisconsistentwith
long enough to clearly identify the asymptoticbe- the following physical argument.Considerthe pic-
haviorof ~( t), it seemsevidentthat this is notcor- ture of the lattice below thresholdas composedof
rectly describedby the EMA, at leastat a quantita- finite “islands” with a sizedistribution that is ex-
tive level. If oneassumesa t

2-tail, this oneseems ponentiallycut off. Fromfig. 2 of ref. [10] wehave
to appearlater thanpredictedby the EMA. In ad- estimatedan averagesizeof islands<Ne> 10 for
dition, the trendof the simulation points,indicates c= 0.7, while in our simulationthemeansquaredis-
thattheamplitudeof thetail is ratherlargerthanthe placementis <r2 (1)> ~ 0.7for t= 150.It follows that
onegivenby eq. (2). If the simulationpointsin figs. the times reachedin the simulation are not long
1 and2 arefitted to a law ofthe form ~(t) ~ an
exponentcloseto the EMA valuea= 2 is obtained
forc=0.2, while a smallerexponentis measuredfor O.15S~rI I I I I I I I

c= 0.3. Thisapparentlynon-universalbehaviorofthe -

exponenta wasfirst observedin a Lorentz gasby :
Alder andAlley [9]. 0.15 ~—EMA . c=0.2

A similarcomparisonfor c = 0.7, thatcorresponds
to a situationbelowthreshold,is presentedin fig. 3.
Again,thereis quitea goodagreementforshortand I
intermediatetimes, whereassignificant discrepan-
ciesappearfor long times. A relativedeviationof . .

about20% is observedat t=35, andit growsvery

~ 0.1—EMA c=a3
1 0 I I I 111111 I I I 111111 I I III III I I I 111111 I
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0o oi~III 11111 1 11111111 I 11111111 III 11111 I Fig. 4. SimulationvaluesofthediffusioncoefficientD(t) for the

U. I 1 1~0 I 0 U threeconcentrationsconsidered.The arrowsindicatethe loca-
I tionsoftheEMA staticdiffusioncoefficientDEMA(on), for c= 0.2

Fig. 3. Sameasfig. I, but for c=0.7. and0.3.
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enoughfor the randomwalkerto fully realizeof the benoticedthat theagreementoftheVACF isa much
finite sizeof a typical island. strongertestthan thatof thediffusion coefficientor

Finally, the time-dependentdiffusion coefficient the meansquaredisplacement.
definedas
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