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The chemical potentials of multicomponent fluids are derived in terms of the pair correlation functions
for arbitrary number of components, interaction potentials, and dimensionality. The formally exact result is
particularized to hard-sphere mixtures with zero or positive nonadditivity. As a simple application, the chemical
potentials of three-dimensional additive hard-sphere mixtures are derived from the Percus-Yevick theory and the
associated equation of state is obtained. This Percus-Yevick chemical-route equation of state is shown to be more
accurate than the virial equation of state. An interpolation between the chemical-potential and compressibility
routes exhibits a better performance than the well-known Boublik-Mansoori-Carnahan-Starling-Leland equation

of state.
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I. INTRODUCTION

It is well known that in a fluid made of particles inter-
acting via a pair-wise potential, the most relevant statistical-
mechanical quantity in equilibrium is the pair correlation
function, or radial distribution function (RDF), g(r) [1,2].
It is defined as the average number density at a distance
r from a certain reference particle, relative to the global
density. Apart from accounting for the structural correlation
properties of the fluid, the RDF g(r) allows one to obtain
a number of thermodynamic quantities {i;} by means of
elegant formulas. Since those thermodynamic quantities are
connected by differential relations, one would expect to get
the same macroscopic description, i.e., the same free energy A,
regardless of the specific route g(r) — ; — A followed [3].
However, this is not necessarily the case when an approximate
RDF is used as a starting point, what results in the well-known
thermodynamic inconsistency problem [1].

To be more specific, let us assume an s-component system
made of N =) _| N, particles (N, being the number of
particles of species «) enclosed in a d-dimensional volume
V. The total number density is p = N/V and the partial
number densities are p, = No/V = x40, Xo = Ny/N being
the mole fractions. The pair interaction potential, not neces-
sarily isotropic, between two particles of species @ and y is
®ay (r) = ¢y o(—r). In terms of the pair correlation function of
species o and y, gq, (T), it is possible to express the pressure
p as [2]

z="C= ——Zxaxy/drgay(r)rquW(r), (1.1)

where Z is the compressibility factor and 8 = 1/kgT (kp
and T being the Boltzmann constant and the temperature,
respectively). Analogously, the internal energy per particle
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u = U/N can be expressed as

_d  Bp
Bu = > + > 2 Nty dr g4y (O)da, (r).  (1.2)

ay
Equations (1.1) and (1.2) are the virial (or pressure) and energy
routes to thermodynamics, respectively. The free energy A =
Na (where a is the free energy per particle) can be (partially)
obtained [3] either from Eq. (1.1) or from Eq. (1.2) by inversion
of the thermodynamic relations

7 <8,8a)
=ol=—)
P/ p.ix)

(5)
u=|—— .
B/ pixa)

Apart from the virial and energy routes, a popular route is
the compressibility one. It reads

_ pZ ~_
= < op ) =D Vg, (+h)g,
Bix)  ay

(1.3)

(1.4)

(1.5)

where the element ﬁay of the matrix h is proportional to the
zero wavenumber limit of the Fourier transform of the total
correlation function f4, (r) = gq, (r) — 1, namely

ﬁw = P /XXy /drhay (r).

Combination of Eqs. (1.3) and (1.5) allows one to get the free
energy from the RDF via the compressibility route.

Equations (1.3) and (1.4) are related to the derivatives of
the free energy per particle a with respect to the total number
density and to the temperature, respectively, but they ignore the
composition-dependence of a. In fact, the partial derivatives
of a with respect to the partial number densities are related to
the chemical potentials:

apa
My = ) .
,Ov ﬁa{pa#v}

While in Eq. (1.3) the free energy per particle a is seen
as a function of the total number density p and the s — 1

(1.6)

1.7
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independent mole fractions {x;,x3,...,x,—1}, in Eq. (1.7) a
is seen as a function of the s partial densities {p1,02, - ..,0s}
Adopting the former point of view, Eq. (1.7) can be rewritten
as

s—1
d d
/Lv:<%) +Z(8a> (5av_xa)~ (]8)
P ) Btxal am1 N0 B (k)

o

This allows us to get the useful identity

apa
va,uv =\ 5 .
v B.{xa}

o (1.9)
Recognizing that [d(pa)/dplg () =a + p/p is the Gibbs
free energy per particle, Eq. (1.9) is not but the fundamental
equation of thermodynamics [4].

Cross partial derivatives of the free energy should be
independent of the order of derivation, which yields the
following Maxwell relations involving the chemical potential:

(%5°),.,= ()
B /1o 300 / 8 ()

Bk, pZ
V(ﬂu) Z_(P ) RECRE)
aV B,(N} 9py Blpaz)
2B, dpxr'
), (), o
BLAN) P ) g puse)

(), =)
30u / g4pysa) v/ g1pyu)

In Egs. (1.11) and (1.12), the replacement p, — N,/ V must
be done in order to express the chemical potential as a function
of {N,}and V.

The interesting question is, how can one obtain the chemical
potential x, (and hence the free energy) from the knowledge
of the RDF? This question has been addressed in several
textbooks [5,6] and classical papers [7,8], but the most general
formula (valid for any dimensionality, interaction potential,
and coupling protocol) seems not to have been derived
yet. The first aim of this paper is the derivation of that
chemical-potential route to thermodynamics [see Eq. (2.23)
below]. The second goal is the application of the route to
a mixture of (additive) hard spheres (HS) in the context of
the Percus-Yevick (PY) approximation [see Eq. (5.4) below].
This extends to multicomponent systems, the work recently
reported in Ref. [9].

This paper is organized as follows. The formal derivation
of the chemical-potential route is carried out in Sec. II.
As a simple test, it is checked in Sec. III that the use
of the exact pair correlation function to first order in den-
sity provides the exact second and third virial coefficients.
Section IV is devoted to the specialization of the chemical-
potential route to d-dimensional HS mixtures with zero or
positive nonadditivity. In the three-dimensional case, the
knowledge of the contact values of the radial distribution
function for additive HS mixtures in the scaled-particle theory
(SPT) and PY approximations is exploited to obtain the
chemical potential. It is observed that, while the SPT yields a
result thermodynamically consistent with the virial route, this

(1.10)

(1.13)
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is not the case of the PY result. Finally, the paper ends with
some concluding remarks in Sec. VI.

II. THE CHEMICAL-POTENTIAL ROUTE

As stated before, we consider an s-component mixture with
Ny (@ =1,...,s) particles of species @ and N =Y _| N,
total number of particles in a volume V. We will employ the
short-hand notations N = {Ny, ..., Ny}, ¥ = {r,...,ry},
and dr¥ =dr;---dry, r; being the spatial coordinates of
particle i. If we denote by ®n(r") the total potential energy,
the (canonical-ensemble) configurational probability density
is [2,5]

ON(B.V)

pn(Y) = —poNG) @.1)

where

OnB.V)=VV / drV PO (2.2)

is the configurational integral. The average number of pairs of
particles (per unit volume) of species o and y located at r,
and r,,, respectively, is

nay(ra»ry): /drN pN(rN)Z(Sei,aaéj,y
i#]j

x 8(r; —re)d(r; —r,), 2.3)

where €; denotes the species particle i belongs to. We define the
pair correlation function as gey (Xe,Ty) = Nay (Xe, Ty )/ P Py -
Inserting Eq. (2.1) into Eq. (2.3), one obtains

y—(N=2)

On(B.V)

X 8(r1 - ra)g(rZ - ry)s

gay(raar;/) = dr" eiﬁq)N(rN)

2.4)

where, without loss of generality, particles i = 1 and j =2
are assumed to belong to species « and y, respectively.

Contact with thermodynamics is made through the free
energy Ay of the system:

AN(B,V) = —kpT In 2N(B,V), 2.5
where the partition function Zy factorizes as
ZN(B,V) = ZN(B,V)ON(B, V), (2.6)
. yN
zid == 2.
N(ﬂ5v) Ha Na!AZN" ( 7)

being the ideal-gas partition function. In Eq. (2.7), Ay =
h/s2rmyukpT (where h is the Planck constant and m, is
the mass of a particle of species «) is the thermal de Broglie
wavelength.

Let us now focus on a given species v. The associated
chemical potential is

dAN(B.V) id
, = —— 2 =l 2.8
N, Wy, + (2.8)
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where
id
Buid = _w =In(p,A%), (2.9)
d1n On(B,V) ON(B.V)
ex _ — . 2.10
P, oN, "oy 0

In the second line of Eq. (2.10) we have taken into account
that N, > 1, and it is understood that the subscript N + 1
means {Ni,...,N, +1,...,N;}. Obviously, On+1(B8,V) is
given by Eq. (2.2) with the replacements N — N + 1 and
N — N + 1. Moreover, without loss of generality, we will
assign the label i = 0 to the extra particle of species v, so that
drV*! = drodrV.

Now we assume that the potential energy is pair-wise
additive, namely

N—-1 N
ONEM) =D Y e, (i), @.11)
i=1 j=i+l1
N
O (V) = " e, (o)) + ONY), (212)
j=1

where ¢g, (ro,r,) = @q, (r, — ry) is the interaction potential
of two particles of species o and y .

In order to establish a relationship between the chemical
potential and the pair correlation functions, it is convenient to
introduce a coupling parameter & such thatits value 0 < & < 1
controls the strength of the interaction of particle i = 0 to the
rest of particles. A similar charging process was employed by
Onsager in a different context [10]. It is also closely related to
the so-called Widom insertion method [11].

In our specific problem, the interaction potential between
particles i =0 and j > 1 is q)‘(}i), (ro,r;), with the boundary
conditions '

¢ (ro.r)) = { (2.13)

0,
(va](I'(),I'/)

The associated total potential energy and configuration integral
are

N
o8, (V) =Y "0 (rp.r)) + On(Y),  (2.14)
j=1

0% (B.V) = v*“V“)/arrN+1 e PORLE (0 15)

Note that Egs. (2.14) and (2.15) (with 0 < & < 1) define
a system of N + 1 particles and s + 1 species, one of the
species being made by the single particle i = 0. Only in the
limits & = 0 and & = 1 does one recover a number of species
s. Analogously to Eq. (2.4), the pair correlation function of
particle i = 0 and any particle of species « is

y-(N=D ©
gl()i)(rvara) = Q(E) (,3 V) /drN+] e_ﬁq)N-*-l(rNH)
N+1 ’

X 8(rg —r,)8(r; —ry). (2.16)
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Obviously,
N —
o), @Vt = iﬁirl(r)fm) g ;(1) (2.17)
OB = o0, o1 @19
® _ L £=0
gua(r\nra) - qu(l'v,l'a), S — 1 (2.19)

Assuming that the potentials ¢¢) are differentiable with
respect to &, the second line of Eq. (2.10) can be rewritten as

1
Buy = —/ dz L1 0L (B V). (2.20)
0 0§

Now, from Egs. (2.14) and (2.15) we obtain

&)

Z (S)(I'(),l'j)

SA [arv et

x ag¢<f>(ro,rl)

where, again, particle j =1 is assumed (without loss of
generality) to belong to species «. Making use of Eq. (2.16),

5100, =L Zpa / dr, fdra 2&r, 1)

X O ¢§i)(ru Ta). (2.22)
Combination of Egs. (2.20) and (2.22) yields the desired result

@) (p
=2 / &t [argn ™ o)

where we have taken into account the translational invariance
property ¢)(r,,ry) = ¢€)(r, —r,). In terms of the cavity

function y$&)(r) = gfji)(r)eﬂm)(’), Eq. (2.23) becomes

=-%n [ e [ars® "

Equation (2.23) or, equivalently, Eq. (2.24) constitutes the
chemical-potential route to thermodynamics. It expresses the
chemical potential of species v in an s-component mixture
(the “solvent”) in terms of the pair correlations of an (s + 1)-
component mixture where the extra component consists of a
single particle (the “solute”) whose interaction with the rest
of the particles is controlled by a coupling parameter &, which
switches from & = 0O (the solute does not feel the presence of
the solvent particles) to £ = 1 (the solute is indistinguishable
from a solvent particle of species v). The result is independent
of the number of species s, the dimensionality of the system d,
the pair interaction functions ¢, (r) (which can be isotropic or
not), and the protocol ¢(§ )(r) followed to go from ¢fg} r)=0
to ¢{)(r) = ¢a(r). If the exact g&)(r) is employed, one gets
the exact chemical potential u, (and, hence, the exact free
energy A) regardless of the protocol. This is illustrated in
Sec. III at the level of the third virial coefficient. On the other

=

2.21)

9e—BoLE(®)
(2.24)
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hand, if an approximate function g)(r) is used instead, not
only the resulting approximate free energy will be different
from the one derived from any of the other routes (e.g., virial,
energy, and compressibility), but it will, in general, depend on
the choice of the protocol. Thus, the chemical-potential route
adds an extra source of thermodynamic inconsistency.

III. LOW-DENSITY REGIME

The aim of this section is to exploit Eq. (2.24) when the
pair correlation function is truncated to first order in density.
First, let us rewrite Eq. (2.24) as

1
1/ d§ Zpafdrv/dra yl(;i)(rv’ra)

3.

By = -V~

X a&f@)(rwra)
where f&)(r,,r,) = e POLOED | s the Mayer function

[2,5].
To first order in density,

y]()i)(ru,l'a) =1+ Zpy/dry vy (rvvry)fya(ryvra)

+ O(p?),

where f)q(r, 1) = e P9ty r) _ 1 Insertion into Eq. (3.1)

yields
Vﬁlzpa/dru/dra Soa(ry,Te)

1
—y! f de I + O(p?),
0

(3.2)

(3.3)

where we have called

1(5) — Zp py/drU/dra/dr,, @)(rv,ry)fya(ry,ra)

X Bgf@)(rv,ra). 34

Exchanging o <> y and r, <> r, in the summation and the
integral, [ lfé ) can be rewritten as

1
1® = EZpapyfdrV/dra/dry fra(ry . re)

x %[ 8@, r) fExy.r))]. (3.5)

Therefore, Eq. (3.3) becomes

1
- Z ;Oafva - 5 Z putpygvoty + O(,O3), (36)
o o,y
where

.ﬂa_/ﬁrﬁan (3.7)
Gray = /dr/dr’ Fra(® =) fo(®) fi, ('), (3.8)

and the translational invariance property has been applied
again. Note that both F,, and G,q, are invariant under any
permutation of indices. This guarantees that Eq. (1.13) is
verified.
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Equations (3.6)—(3.8) show that, as expected, the specific
protocol does not play any role in the final result. From
Eq. (1.7) we finally get

1 1
Bpa™ = _5 Z )Outpy]:ay - 6 Z papypvgayv + 0(104)'
oy

o, y,v

3.9

Making use of Eq. (1.3) it is straightforward to get
Z =1+ Byp + B3p? + O(0%), (3.10)

where the second and third virial coefficients are
1
B, = —szaxy}'ay, (3.11)
ay
1

By=—z > XaXy Xy Gayy- (3.12)

oY,V

As expected, these are the exact expressions [2].

IV. HARD-SPHERE MIXTURES

Let us now particularize the chemical-potential route (2.24)
to HS mixtures. In that case,

PO = O — 0y, @.1)

where r = [r|, ©(x) is Heaviside’s step function, and o, is the
range of the infinitely repulsive interaction between particles
of species @ and y.

We now need to introduce the extra particle i = O (the
solute) coupled to the remaining N particles through a
coupling parameter 0 < & < 1 via the set of interaction
potentials ¢)(r). According to Eq. (2.13), exp[—B¢(r)] =
1 and exp[— ,nggfx)(r)] = O(r — 0,4), but otherwise a certain
freedom to fix the protocol ¢)(r) exists. The most natural
choice is a HS form, i.e.,

PO Z (r — 09), 4.2)
with 0! = 0 and o) = 0,4 Therefore,
§e—Bh @) 3o ®)
eT = —5(r —o®) = 4.3)

so that Eq. (2.24) becomes
ﬂﬁ=M%Zm/dm%ﬁM%%@@
> 0

where we have taken into account that the integral of dr over
all orientations is d2%vr¢='dr, vy = (/4)4?)T(1 +d/2)
being the volume of a d-dimensional sphere of unit diameter.
Note that in Eq. (4.4) the integration variable has changed from
€ to 08 and we have simplified the notation as o5} — o,

and y@ ) — Yoo This change avoids the need to specify the
&-dependence of o%).

Equation (4.4) applies to any choice of the set {0y, }.
Henceforth, we will assume the condition o, > %(O’a +0oy),
where o, and o, are the diameters of particles of species
o and y, respectively. This implies that the HS mixture is
either additive or has a positive nonadditivity. In such a case,
Eq. (4.4) can be further simplified. To that end, it is convenient
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to decompose Sus*

,BM —,B,MeXI‘i‘,BMeXH

into two pieces,
4.5)

where

st =2t Y / dos o You(ow). (46)

Bt =d2"va ) pa / A0 0y Y0u(00). (47)
o 20

In the first contribution, the condition op, < %oa implies that

the solute can lie “inside” a particle of species . This makes

the contribution B! very easy to evaluate. First, by reversing

the steps leading from Eq. (2.10) to Eq. (4.4), one can write

OnN(B,V)
Bus =1In ——————
0% (V)

where &) denotes the common value of the coupling parameter
£ at which o) = oy, takes the value o, for all a. According
to Egs. (2.14), (2.15), and (4.2),

(N§0+)1(/3 V)= V—(N+1)/drN e—ﬂCDN(FN)

N
x/dro H®<|r0 —
j=1

Next, thanks to the condition o, > %(oo, + o0,), we note that
in Eq. (4.9) the spatial regions excluded to particle i = 0 by
the remaining particles j = 1, ..., N do not overlap, so that

N
/dro H@ (|ro —rj| - zaé
j=1
ol is the total packing fraction of the

where n =vg ), Pu
solvent system. Thus, Eq. (4.9) reduces to QS?:I(,B,V) =

ON(B,V)(1 — n) and, therefore, /3;1,‘”‘1 —In(1 — 7).
Taking all of this into account, we finally get

ex _ _ d
pusr = —tnt =)+ a2’ Yo [

70

(4.8)

1
| — Eoej> . (4.9
,) =V —p), 4.10)

Ova

d—1
dUOa Oy YOu (00a)~

@.11)

V. APPLICATION TO HARD-SPHERE MIXTURES IN THE
PY AND SPT APPROXIMATIONS

In this section, we apply Eq. (4.11) to the derivation of
the chemical potential of a three-dimensional additive HS
fluid mixture, i.e., 0y, = %(aa + 0y), as resulting from the
PY and SPT approximations. Given an s-component mixture,
the corresponding contact values are

1 3

©u)) n 040y, My
Yay(Oay) = =
4 4 I—n 2(1 - 71)2 UayMS

+ 772 (UaUyM2>2
q s
(1r- 77)3 UotyMS

s

—_ n

M, = E X0y s
a=l1

(5.1
where

(5.2)
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and the parameter g takes the values ¢ =0 and ¢ = %
for the PY [12] and SPT [7,8,13-16] theories, respec-
tively. The more accurate Boublik-Grundke-Henderson-Lee-
Levesque (BGHLL) [17-19] expression corresponds to the
intermediate value g = %

Now, in order to apply Eq. (4.11), we assume that a solute
particle i = 0 is introduced in such a way that it interacts with
a particle of species « through a HS potential of range o,
the contact value of the corresponding cavity function being
y()a(oo(x) In principle, we are free to choose oy, within the
interval 1 500 < 00¢ < 0. On the other hand, if we want to
make use of the approximation Eq. (5.1), we need to make the
solute particle interact additively with the rest of the particles in
the system. This is achieved by assuming that the solute particle
is a sphere of diameter oy within the range 0 < oy < o, and
00« = (09 + 0%). In that case, Eq. (4.11) becomes

,Bluix =—In(1 —n) + — Zxa / doy U()ZayOa(UOOt),

(5.3)

where yg,(00y) is simply given by Eq. (5.1) with o, — oo.
After simple algebra, Eq. (5.3) yields
3n M

ex 1 1 _ __r -
B, = —In(l —m) + 5 0 M

M 3 M
X{gu+[|+ n 2]3

2(1 —n) M;
1 ) 4qn* M3 o
M, 1—nM;  3(1—n)? M2

(5.4)

Equation (5.4) shows that Bu* is an explicit function of
o, and depends on the diameters of all the species and on the
partial densities through n, M, M5, and M3, or equivalently,
through ¢, = Y, peo) = pM, with n = 0-3. In terms of the
latter quantities, Eq. (5.4) becomes

B = —In(1 — ) + 22 v+[” d

21— 21—n
n? é‘z i| 2 |:£ o T 18
8 (1—n)p? 61—n 12(1—n)?
713 ;“2

3
97 - )3] o, (5.5)
where one must take into account that 7 = % ¢3. The next step
would be to derive the excess free energy per particle, a®*, from
application of Eq. (1.7). Nevertheless, it turns out that the free
energy associated with Eq. (5.4) or (5.5) is not well defined in
the multicomponent case unless g = %. This is because from
Eq. (5.5) we get

(%m) B <8ﬂua>
8pa {py#a] 8pv [p)/#v}
3 3 4
5 o) (1 - ?q) . (56

= TR me ool (o, —
whereas Eq. (1.7) implies the (Maxwell) symmetry relation
Eq. (1.13). Therefore, except in the one-component case
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(0q = 0y), L, /0Py F# Oy /00, unless g = ?T' Therefore, the
PY prescription Eq. (5.1) (with ¢ = 0), when inserted into
the chemical-potential route Eq. (4.11), gives an expression
for the chemical potential of the mixture that is not strictly
consistent with a well-defined free energy. On the other hand,
this difficulty can be circumvented by using Eq. (1.9) instead
of Eq. (1.7) to obtain [d(Bpa™)/dp],,,- Integration over
density (with the integration constant fixed by the condition
lim,_,oa® = 0) then yields

. 3n MM 3 M;
pa* = —In(1 — ) + ——— TR
I—n M (I =n)* Mj

N <1 B 4_q> 3M; |:6—9n+2n2 61n(1 — n)}

3)2M3 (-2 n 1

(5.7)

If now the chemical potential is obtained from Eq. (5.7) via
Eq. (1.7), the result differs from Eq. (5.4) unless ¢ = %, namely

afBpa™ 4q\ IM?
(), o (-2
101) ﬂa{pa#w} 2M3

[6—9174—2172 ln(l—n)}
6
(1 —n)? n
M
x <c7U 7 %) (5.8)

Of course, although (dpa™/dp,)g puin) # u¥, one has
DX (0pa®™[3pu)p 19, = >, Xy, so that Eq. (5.7) is
recovered from both alternative expressions for the chemical
potential via Eq. (1.9). Obviously, the right-hand side of
Eq. (5.8) satisfies the symmetry condition 32 pa™/dp,dp, =
9% pa™ /3p,dp..

The equation of state corresponding to the free energy
Eq. (5.7) is obtained from Eq. (1.3) as

7 1 N 3n MM, 3n? @
Pl—n (—n? Ms  (1—n)P M}
_(1 B 4_q) 3M23 [6— 157 + 115? 6ln(l —n)i|
3 oMl (d-n)p n 1

(5.9)

where we have taken into account that the ideal-gas contribu-
tion is lim,_,o Z = 1. In Eq. (5.9), the subscript 1 has been
introduced to emphasize that this equation of state has been
derived from the chemical-potential route.

Let us contrast Eq. (5.9) with the equation of state obtained
from the virial route, Eq. (1.1). In the case of a (three-
dimensional) HS fluid, Eq. (1.1) becomes

4
Z=1+ ﬁ’i 3 Xy 02, Yay (0uy)- (5.10)
ay
Insertion of Eq. (5.1) gives
1 3n, MM 3 M3
Z, = 4 n . 1 n - _22
I—n (A-n° M; (I —n) Mj
4
x[l—(l—?q) n], (5.11)
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where the subscript v refers to the use of the virial route.
Comparison between Eqs. (5.9) and (5.11) shows that the
chemical-potential and virial routes coincide in the SPT (g =
%) but not in the PY (¢ = 0) or BGHLL (¢ = %) approaches.
Interestingly enough, the SPT equation of state coincides with
that derived from the PY solution [12] via the compressibility
route Eq. (1.5).

To summarize, the three PY equations of state as obtained
from the chemical-potential, virial, and compressibility routes
are

Zoy- = Z,(q =0), (5.12)
Zpy-y = Zy(q = 0), (5.13)
Zoy-c =Zy(q=13), (5.14)

respectively.

The celebrated Boublik-Mansoori-Carnahan-Starling-
Leland (BMCSL) equation [17,20] is obtained as an
interpolation between the PY-v and the PY-c equations of
state with respective weights % and %, ie.,

1 2
ZgmesL = 3Zpy-v + 5Zpy-c

=Z(¢=73).

(5.15)

FIG. 1. (Color online) Plot of the compressibility factor Z as a
function of the mole fraction x; for a binary mixture with a packing
fraction n = 0.49 and a size ratio 0, /oy = 0.6 (top panel) or 0, /0y =
0.3 (bottom panel). The symbols are computer simulation values [22],
while the lines stand for (from top to bottom) Egs. (5.14), (5.16) with
o = 0.37, (5.15), (5.12), and (5.13), respectively.
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Having a third PY equation of state, Eq. (5.12), it seems natural
to construct an alternative interpolation formula as

Zpy-pe = aZpy-; + (1 — o) Zpy-. (5.16)

In the one-component case [9], values of the interpolation pa-
rameter o« =~ 0.4 were seen to provide a better equation of state
than the standard Carnahan-Starling equation [21]. In particu-
lar, the values o = % and o = 17—8 were explicitly considered.
In order to assess the performance of Egs. (5.12)—(5.16)
against computer simulations for binary mixtures, we have
chosen the highest packing fraction (n = 0.49) and the
two largest size disparities (0,/01 = 0.6 and o0,/07 = 0.3)
considered in Ref. [22]. The simulation and theoretical results
are displayed in Fig. 1. It is observed that, as expected,
Zpy-, underestimates the simulation values, while Zpy-,
overestimates them. The chemical-potential route Zpy-, lies
below the simulation data, but it exhibits a better behavior than
the virial route Zpy-,. The weighted average between Zpy-,
and Zpy-, made in the construction of the BMCSL equation
of state Eq. (5.15) does a very good job. A slightly better
agreement is obtained from the weighted average between
Zpy-, and Zpy-. [cf. Eq. (5.16)] with o = % or o = % (not
shown), but a value o = 0.37 provides especially accurate

results.

VI. CONCLUSIONS

In this paper we have revisited the problem on the derivation
of the chemical potential of a fluid system at equilibrium from
the knowledge of the pair correlation functions. The result,
Eq. (2.23) or (2.24), applies to a mixture with any number of
components and generic interaction potentials ¢, (r) between
particles of species o and y. The obtention of the chemical
potential of species v relies on the formal introduction of an
extra particle (the solute) coupled to the rest of the particles of
the system (the solvent) via a series of interaction potentials
#¢)(r), which depend on a certain charging parameter & in
such a way that at £ = 0 the solute ignores the presence
of the solvent particle, while at £ = 1 the solute becomes
indistinguishable from a solvent particle of species v [see
Eq. (2.13)]. The choice of the protocol leading from ¢¢)(r) =
Oaté = 0to ¢8)(r) = ¢ye(r) at & = 1 remains arbitrary.

In contrast to the other three conventional routes to
thermodynamics [see Egs. (1.1), (1.2), and (1.5)], which only
need the pair correlation functions of the solvent system,
the chemical-potential route requires the solute-solvent pair
correlation functions for every value of the coupling parameter
&. This implies that, even in the one-component case, this
fourth route makes use of the pair correlation function of a
binary mixture, albeit one of the species (the solute) is present
with a vanishing concentration. This inherent multicomponent
character of the chemical-potential route can in principle
hamper its practical implementation.

As is well known, thermodynamic quantities obtained
from a common approximate pair correlation function via
independent routes are not necessarily consistent. In particular,
the thermodynamic relations (1.10)—(1.12) can be violated
when the left-hand sides are evaluated from Eq. (2.23) and
the right-hand sides are evaluated from Egs. (1.2), (1.1),
and (1.5), respectively. Moreover, the chemical-potential route
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introduces extra sources of possible thermodynamic inconsis-
tencies. First, in the case of a mixture, the symmetry condition
(1.13) may not be fulfilled. This is a consequence of the fact
that, in contrast to the energy, virial, and compressibility routes,
where global quantities are obtained, the chemical-potential
route provides a quantity for each separate component of the
mixture. On the other hand, Eq. (1.13) is trivially satisfied
by one-component systems. A second source of inconsistency
is much subtler. As said before, the chemical-potential route
implies to load a new particle into the system by means
of a coupling parameter £ and it is not guaranteed that the
final result will be independent of the protocol followed in
the loading process, as it should be. From that point of
view, given an approximate theory, this route is expected
to provide a whole class of results, rather than a unique
one, even for one-component systems. This protocol-related
thermodynamic inconsistency is indeed observed in the PY
solution of Baxter’s sticky-hard-sphere model [23], as will be
extensively analyzed in a forthcoming paper [24].

The general scheme has been particularized to the prototype
HS fluid mixture. In this case, since the interaction potential
¢ay (r) depends on a single parameter oy, it is possible to
eliminate the coupling parameter & in favor of the solute-
solvent interaction range oy, thus avoiding the protocol
problem alluded to above. The result, given by Eq. (4.4),
is valid for any HS mixture, both additive and nonadditive.
Further progress can be made if o, > %(oa +0,),1.e.,if the
HS mixture is either additive or has a positive nonadditivity.
In such a case, the evaluation of the contribution to the
chemical potential when 0 < 0py < %Ua amounts to the trivial
computation of the volume accessible to a point particle in a
sea of nonoverlapping solvent spheres.

As a practical implementation of the chemical-potential
route, we have considered the SPT and PY approximations
for three-dimensional additive HS mixtures. The SPT result is
consistent with the symmetry condition Eq. (1.13), while the
PY result is not. This represents a neat example showing that
the internal consistency condition Eq. (1.13) is not guaranteed
by an approximate RDF. Moreover, the SPT chemical potential
is consistent with the SPT virial equation of state (which
coincides with the PY compressibility equation of state), but
the PY chemical potential yields an equation of state that
differs from the PY virial equation. In fact, the former turns
out to be more accurate than the latter, as comparison with
computer simulations reveals. Interestingly, an interpolation
between the PY compressibility and chemical-potential routes
provides slightly better results than the conventional interpo-
lation between the PY compressibility and virial routes giving
rise to the BMCSL equation of state.
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