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Abstract

The construction of kinetic models for a practical description of hard sphere dynamics in
fluid, amorphous solid, and crystal phases is outlined. The models are constructed to apply for
both elastic and dissipative collisions. As an illustration, the Navier—Stokes hydrodynamics and
transport coefficients are calculated for rapid flow granular media.
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1. Introduction

Perhaps the most fundamental and complete description of dynamical phenomena
is that given by the Boltzmann kinetic equation. It is based on nonequilibrium sta-
tistical mechanics and applications near equilibrium are in excellent agreement with
experiments, for a wide range of simple atomic gases. Applications to states far from
equilibrium have occurred primarily in the past 20 years with development of Monte
Carlo simulation techniques [1] and analytic studies of closely related kinetic models
[2]. The kinetic models are constructed by replacing the Boltzmann collision oper-
ator by a mathematically simpler form, constrained to preserve the most important
physical properties of the Boltzmann operator. In many cases exact solutions to the
latter can be obtained and their comparison with Monte Carlo simulations of the
Boltzmann equation show qualitative and even semi-quantitative agreement far from
equilibrium [3].

The Boltzmann equation is restricted to low density, and therefore cannot be applied
to many interesting phenomena that occur at higher densities: dense fluid transport far
from equilibrium, short wavelength structural dynamics, kinetics of freezing, crystal
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elasticity and transport, kinetics of metastable and amorphous states. However, the
revised Enskog kinetic theory (RET) provides an appropriate and unique basis for
such investigations at high densities [4]. This kinetic theory is restricted to a system of
hard spheres, but otherwise has the following remarkable features: asymptotically exact
at short times, no a priori limitations on density/space scales, quantitative description of
fluid-phase dynamic structure S(k, w), exact fluid and crystal stationary states with an
H-theorem. Recently, the RET has been extended to the case of inelastic hard spheres
as model for granular flow [5]. As with the Boltzmann equation its complexity has
limited applications to states near equilibrium. Both Monte Carlo techniques [6,7] and
kinetic models [5,8,9] have been developed for the RET during the past year, with the
potential for applications to the wide range of nonequilibrium phenomena mentioned
above. The objective here is to provide an overview of the kinetic model construction
and to illustrate its use with an application to transport properties of granular flow.
A variant of the kinetic model in Refs. [8,5] with greater quantitative accuracy is
presented and used in this calculation.

The RET kinetic equation for the one-particle distribution function, f(r,v,t), is de-
fined by [4.5]

<%+v|.V.)f(rl,vl,t):JE[rl,v1|f(t)]’ )

where Jr is the Enskog collision operator,

Jelr, o] f(1)] = o / dv, / dé (6 - g)(6 - g) {a 2 f P ry.vy — .0}, 05, 1)
— [, +a.0,0,0)} . (2)

Here, fP)(ry,r2,01,00,8) = ylr, r2|n()] f(r1,01,8) f(r2,02,1), 0 is the hard sphere diam-
eter, 6 =g4d, ¢ being a unit vector, @ is the Heaviside step function, and g =v, — v,.
The primes on the velocities denote the initial values {v},v}} that lead to {v;,v,} fol-
lowing a binary collision, vj =v; — {(1 + o~ ')(6 - )6, vy =1, + 3(1 + 2 ' )(é - g)é.
The parameter a is the coefficient of restitution with 0 < #<1, and having the value
unity for elastic spheres. Finally, y[r,¥ + a|n(¢)] is the equilibrium pair correlation
function at contact as a functional of the nonequilibrium density field n(r, ) defined
by n(r,t)= [ dvf(r,v,t). In principle, x[n] is a functional of n that can be determined
exactly in terms of the equilibrium free energy functional for an inhomogeneous state
[10], for which practical approximations are currently available. As a consequence of
this dependence of y[n] on n, Je[f] is a highly non-linear functional of f. This is an
essential feature of the RET that is necessary to admit the broken symmetry crystal
phase. Both fluid and crystal equilibrium stationary solutions for « =1 are Maxwellian
velocity distributions, with a local density determined from Eq. (1) which reduces to

Vinnd(r)= — az/dtf'&x[r,r+d\ns]ns(r+a). (3)
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This can be recognized as the exact first BBGKY hierarchy equation for a stationary
state.

The conservation equations for mass, momentum, and energy follow directly from
Eq. (1). By multiplying with 1, mv;, and mv?/2 and integrating over v,

Dn+nV-U=0, “)
DU + (mn)~'9P; =0, (5)
2
DT + —(PygUi + Vg + (1 — o’ )w) =0, (6)
3nk3

where D, =0, + U - V, T(r,t) is the temperature, and U(r,t) is the flow velocity.
The term (1 — «?)w represents energy dissipation in the case of dissipative collisions;
its explicit form can be found in [5]. The pressure tensor P;(r,t) and the heat flux
¢(r,t) have both “kinetic” and “collisional transfer” contributions, i.e. P,-,-=P,-j~‘ + P
and ¢ =q* + ¢°. The kinetic contributions are given by

gjf(r,t)z%5,~,+/dv1)i,(V)f(r,v,t), gr, )= /de(V)f(r,v,t), (7)

where B=(ksT)', Dyy(V) = m(ViV; — 1¥28;), S(V)=(mV? = 5/2B)V, and V =
v — U. The divergences of the collisional transfer parts are related to moments of the
collision operator,

PSR = — / domVJlr, 0| F(1)]. ®)

V-qo(r,t)= —/dngQJE[r,vlf(t)] — P(r, )0 Ur, 1) — (1 — o) w. (9)

The explicit forms for ¢°(r,¢) and Pj(r,t) can be obtained directly from these defini-
tions and (2) [5,8] but will not be given here. These equations provide the basis for
discussion of transport both near and far from equilibrium, and will be imposed as
essential constraints on the construction of any acceptable kinetic model for the RET.

2. Kinetic models

A kinetic model for the RET is obtained by replacing the collision operator,
Je[r, v f(®)], by a simpler, more tractable form while retaining the most important
qualitative features of the RET. The primary constraints imposed on the kinetic model
are (1) the exact stationary solutions for both fluid and crystal phases in the case of
a=1, Eq. (3), and (2) the exact conservation laws (4)—(6), including the collisional
transfer contributions to the fluxes. As indicated above, the conservation laws follow
from moments of the kinetic equation using polynomials constructed from {1,v,v%}.
To describe this feature of the kinetic equation a projection operator # is defined by

Pg(v) = ()P (0¥ &7 ' 9) (10)
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where n¢,(v) is the local equilibrium distribution,

32
fr@)=n¢,(v)=n (g—g) exp(—pmV?/2). (1)

The scalar product is defined by (&) = [ dv ¢(0)E*(v){(v), and {y,} is the set of
orthonormal functions,

12
Yo = {1,(m[3)'/2 v, @) (%ﬁvz - %)} . (12)

The conservation laws now may be understood as the projection of the kinetic equa-
tion into the subspace defined by £. Accordingly, the RET collision operator is then
decomposed into two parts, Jg[f]1=PJe[f] + (1 — 2MEe[f]. The conservation laws
require that any kinetic model for Jg[f] must retain the contribution £Jg[f]. The
additional requirement of the exact stationary equilibrium solutions imposes only the
condition that the second term vanishes at equilibrium. The simplest choice of a kinetic
model then would appear to be

Jelf1 = PILf]1 = (N = PWf =PI f1-v(f - 17), (13)

where v=v(r,t) is an average local collision frequency, and use has been made of
the property Z f = f, in the second equality. This is the kinetic model proposed in
Ref. [8]. The term #Jg[f] vanishes in the low-density limit and this kinetic model
reduces for o =1 to the familiar Bhatnagar-Gross—Krook (BGK) kinetic model for the
Boltzmann equation [11].

While the kinetic model defined by (13) satisfies the constraints of exact conser-
vation laws and stationary solutions, the transport coefficients calculated from it are
only semi-quantitative. A more quantitative model can be obtained by improving the
approximation to (1 — 2)Jg[f]. Following a suggestion by Lutsko [9], it is noted
that (1 — 2)Jgf] does not vanish for f = f, as in the approximation above (except
for homogeneous temperature and velocity, as required for the stationary solutions).
Therefore, this contribution is isolated and the above approximation is applied only
to the remainder: (1 — 2)Je[f] — (1 — Z)Je[f+] — v(f — f7). This provides an im-
proved representation of the collision operator, but at the price of complicating its
velocity dependence considerably. Further analysis shows that only the projections of
(1 — #)Jelf7] onto the two functions D;;(¥) and S(V) contribute to the transport
coeflicients. Thus, a simple velocity dependence is restored by keeping only this part
of (1 — 2)Jelfr], an approximation that is exact to first order in the hydrodynamic
gradients at @ = 1. The resulting kinetic model is given by

0
(E +v- V) S==vf = f)+PIelf]+ BSfADijA;; + S - B]. (14)
with

2 2
p=2r / a0 S(VVIELf/]. (15)

Ay = % /dvDij(V)JE[f/] )
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The second term on the right-hand side of (14) can be expressed in terms of the exact
collisional transfer contributions to the fluxes,

PIelf] = ﬁf/ (mﬂVz— 1) (V- ¢+ PoU + (1 — o )w]

a7\ 3
—ﬁfVaPC 16
n £ribilyy . (16)

The difference between this model and the low-density BGK model are terms on the
right-hand side of (14) that are polynomials in the velocity of degree 3, with coefficients
that are known functionals of f. This implies that the velocity dependence of the
distribution function can be determined whenever the low-density BGK model can be
solved. In addition to the exact conservation laws and stationary states, this model also
predicts the same density dependence for the transport coefficients (shear viscosity,
bulk viscosity, and thermal conductivity) as that obtained from the RET in the case of
o=1. The case o < 1 is considered in the next section.

It is instructive to rewrite this equation using the conservation laws and the substi-
tution, f = fr + 41, to obtain

(% +(1-2)v-V+ V> Af =—=BfeDy(V)(0:U; — 4y)

—BfeS(V) (VInT - B) . (17)

Interestingly, Eq. (17) shows no explicit dependence on the dissipation parameter «.
However, this equation only determines 4 f as a functional of the hydrodynamic fields.
This functional then can be used to calculate the fluxes as functionals of the fields.
Finally, the resulting expressions for the fluxes together with the conservation laws
provide hydrodynamic equations for the fields. This decoupling of the problem into the
solution to a simple equation for the velocity dependence, and equations for the fields
is a primary simplifying feature of the kinetic models.

3. Application to granular flow

In this section the kinetic model is applied to obtain expressions for the pressure
tensor and heat flux to first order in the spatial gradients of the hydrodynamic fields.
In addition, the associated transport coefficients are determined as explicit functions
of the dissipation parameter « and the density. To do so, the distribution function is
assumed to have an expansion in the spatial gradients,

f=fO pgr® (18)

where ¢ is a formal “uniformity” parameter (set equal to unity at the end). Use of
this expansion in the definitions for the fluxes and the dissipation function w gives a
corresponding expansion for these quantities. Finally, use of these in the hydrodynamic
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equations leads to an identification of the time derivatives of the fields as an expansion
in the gradients, 3, =3a® + &" + ... This is the usual Chapman—Enskog method
for solving kinetic equations and is discussed in detail in Refs. [12,13]. The problem
is more complex here than for the case a =1 since the reference state about which
gradients are considered is not stationary, and the terms from 850) are not zero. To see
this, assume that 4,; and B are of first order in the gradients (as is verified below).
Then to zeroth order in the gradients the kinetic model, Eqgs. (14) and (16), becomes

W0 r0= w0 1=ty (”’Tﬁ v: - 1) (1= ot w®, (19)
n
where w'® =w[ (O], The conservation equations to this order become

On=0, &U=0, &'T=—-_-"-(1-2W. (20)

3nk3

It is straightforward to verify now that the solution to (19) is f‘© = f,. This is the
same result as for a fluid with elastic collisions. It is somewhat surprising since the
time derivative of the temperature is no longer zero as in the elastic collisions case.
As a consequence, the corresponding solution to the RET to zeroth order in the gra-
dients is complex and has not been determined to date. The simplified form of the
kinetic model leads to the local equilibrium distribution as a non-trivial exact result.
Monte Carlo simulations of the RET for the homogeneous cooling state confirm that
this is a very good approximation [14].

Since the zeroth-order solution is the local equilibrium distribution, the first-order
solution can be obtained directly from (17). The term (1 — 2)v- V£ is of second
order and does not contribute. Also, direct evaluation of (15) to first order in the
gradients gives

Ay =AU+ QU — 36,V -U),  Bi=Bro;InT + B,d,Inn, (21)

with the coefficients

A=—(1+a)smn* gl -2 -a)], (22)
Br = —(1 + a)imn™ge[1 — 3(1 + 2a) (1 — )], (23)
B, =a(l - az)%nn*ge(l + %nan Ing.), (24)

where g, is the pair correlation function at contact for a homogeneous fluid and
n* =na*. The equation for /1 becomes

(00 + vV =—p£:D(V)( - 24) U

—BfS(V)-[(1 —Br)VInT — B,V Inn] . (25)
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It follows from fluid symmetry that the pressure tensor and heat flux have the forms
Pj= pdy —n(0:U + GU; — 30,V - U) = 6,V - U, (26)
g= —AVT —uVn, (27)

where p is the hydrostatic pressure, # is the shear viscosity, x is the bulk viscosity,
4 is the thermal conductivity, and u is a transport coefficient that is non-vanishing
only for a < 1. Each of these terms has contributions from the kinetic and collisional
transfer parts of the fluxes defined by Eqgs. (7)—(9). Equations for the kinetic parts
of the pressure tensor and heat flux are obtained directly by integrating (25) after
multiplication with D;;(¥') and S(V'). The collisional transfer contributions to the fluxes
are calculated using the Chapman-Enskog solution for f(!) in their defining functionals.
Since the latter are the same as for the RET, the calculation follows exactly that of
Appendix D in Ref. [12] for the Enskog equation, vis-a-vis changes in the Chapman—
Enskog form for ‘). The analysis is straightforward, leading to the explicit results

p=nf'[1+ 1 +a)an*g.], (28)
n=n[1+ (1 +a) Fan*g] + ix, 29)
A=2F[1 4+ (1 + ) dan* g1 + (3ks/2m)xc, (30)
p= 0+ (1 +0) 3n*gel, (31)
= (1+0) §n’a*ge(nm/p)2 . (32)

The superscript & denotes the contributions from the kinetic parts of the fluxes,

2
k—___ = —
"= a1 -2 (33)
K Skg _
2= ampra =2y LB G4
- > _ _ by na i P

Use has been made of the properties w(® oc 732 and vox T'"/2, as follows from dimen-
sional analysis for hard spheres. The coefficients b =28(1 — «*)w'®)/3nv, 4, By, and
B, are independent of T. These results differ from those obtained in Ref. [5] using
the simple model (13) only by the density and a dependence of the kinetic parts of
the transport coeflicients arising from A4, By, and B,. As an illustration, Fig. 1 shows
the density dependence of the transport coefficients obtained at « = 0.7 relative to their
values at a =1 (u has been normalized to TA/n since it vanishes at «=1). The trans-
port coefficients are positive over the entire range of densities for 0 < a <1, except for
u which can become negative at the unphysical values of x~0 and for densities near
crystallization. In these calculations we have chosen v=1&\/mno?g.(m)~"/? which as-
sures the correct Enskog viscosity for a=1. This leads to the value b= %(1 — o?).
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Fig. 1. Density dependence of the reduced transport coefficients A(rn, a)/A(n, 1) (—), n(n, 2)/n(n, 1) (- = =),
and au(n,2)/TA(n, 1) (---), at x=0.7.

Also, the pair correlation function at contact has been approximated by the Camahan—
Starling form g, — (1 — 57n*)/(1 — tnn*).

4. Discussion

The RET kinetic equation for hard spheres has the potential to describe a wide
range of dynamical phenomena over the full range of fluid and crystal densities, for
phenomena at all wavelengths near and far from equilibrium. This generality is com-
promised by the practical difficulties confronted in solving the equation for a particular
application. Newly developed Monte Carlo simulation methods [5,6] provide a means
to explore the content of this kinetic theory in qualitatively different directions than
have been considered before. Here, we have described a method of kinetic modeling
with the same potential for new applications and exploration. The form of the kinetic
models is such that explicit solution for the velocity dependence of the distribution
function is often possible as a functional of the five hydrodynamic fields. The latter
obey self-consistent non-linear integral equations obtained from the kinetic model, still
difficult to solve in general, but considerably more accessible to analytic and numerical
approximation.

The example provided here for a system of hard spheres with inelastic collisions
is non-trivial since even the reference homogeneous cooling state is not known for
the RET. This makes even the determination of properties near equilibrium difficult,
such as evaluation of transport coefficients. The kinetic model described here gives
the same transport properties as the RET (in the usual first Sonine approximation) for
elastic spheres and allows their determination for inelastic spheres with no additional
difficulty. These results yield a “Navier—Stokes” level formulation of a hydrodynamic
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description of idealized granular flow suitable for comparison with both Monte Carlo
and molecular dynamics simulations. For example, the critical wave vectors for long
wavelength instabilities can be described over the entire density-a parameter space.
Also, the conditions for the existence and dominance of a hydrodynamic description
can be determined from an analysis of the spectrum of microscopic excitations as
well. A more complete description of the kinetic model, applications to shear flow and
granular flow, and comparisons with Monte Carlo simulations will be given elsewhere.
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