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Entropy-driven phase transitions

• In hard-sphere systems the internal 
energy is independent of density. 

• Therefore, phase transitions are entropy-
driven and the relevant thermodynamic 
parameter is not temperature but density.
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Examples

• Fluid t crystal freezing transition in hard 
spheres. The loss in entropy associated with 
nonuniformity is compensated at sufficiently large 
densities (η>0.49) by the gain associated with a 
larger free-volume per particle. 

• Isotropic t nematic transition in a system of 
thin hard rods. The loss in orientational entropy 
can be compensated (at large enough densities) by 
the gain in translational entropy.
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Binary mixture of hard spheres

σ1 σ2



Thermodynamics 2005 (Sesimbra, April 6-8 2005) 5

σ22=σ2

σ11=σ1

Additive
spheres

σ12=½(σ1+ σ2)
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Non-additive hard spheres

σ12>½(σ1+σ2)

Positive non-additivity

σ12<½(σ1+σ2)

Negative non-additivity
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Demixing transition in positively 
non-additive mixtures

• Even in symmetric mixtures (σ1=σ2), phase separation can 
occur due to entropic effects (homo-coordination).
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Demixing transition in additive
mixtures

• Osmotic depletion: If the size ratio γhσ2/σ1 is small 
enough, the small spheres can induce an effective 
attraction between the large spheres.
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• Demixing in additive mixtures is a 
very elusive effect.

• If demixing exists, it is possibly 
metastable with respect to the freezing 
transition. 
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Can demixing occur in asymmetric
mixtures with negative non-additivity?

• Two competing effects:
1. Size asymmetry (γhσ2/σ1^1) favors phase

separation (osmotic depletion).
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Can demixing occur in asymmetric
mixtures with negative nonadditivity?

• Two competing effects:
2. Negative non-additivity [σ12<½(σ1+σ2)] favors

mixing (hetero-coordination).
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Our strategy: infinitely many 
dimensions (d t∞)

• H. L. Frisch and J. Percus, High dimensionality as 
an organizing device for classical fluids, Phys. 
Rev. E 60, 2942 (1999):
“[In high spatial dimensionality], fluctuations are 
reduced by high effective coordination number, 
so, e.g., interfaces tend to be even sharper, and one 
generally expects clean caricatures of any 
thermodynamic phenomenology that indeed 
extends to higher dimensionality.”
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Relevant quantities
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High-dimensionality limit (d t∞)
The second virial approximation becomes exact
[Frisch, Rivier, and D. Wyler, PRL 54, 2061 (1985); Carmesin, Frisch, 
and Percus, JSP 63, 791 (1991)]
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Scaling
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Simple algebra yields the critical point

irrelevant essential
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Critical point as a 
function of the 
(scaled) size 
asymmetry and 
non-additivity
parameters
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Threshold curve and loci

No phase separation
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Coexistence curves (binodals)
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Are the densities consistent with the
second-virial approximation?

• Yes:
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Does demixing occur within the
stable fluid region?

Colot & Baus’s 
conjecture (1986)

Simple free volume
theory for the solid

• Possibly yes:
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Conclusions (I)

• In the high-dimensionality limit, a binary 
hard-sphere mixture can phase separate, 
even for negative non-additivities, provided 
the non-additivity parameter ∆ and the size 
ratio γ are such that 

• In the demixing region, the density and 
pressure scale as
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Conclusions (II) 

• It is plausible that the phase separation preempts 
the freezing transition.

• The main effects at work (competition between 
osmotic depletion and hetero-coordination) are 
also present in three-dimensional systems.

• The limit d t ∞ allows one to derive exact results 
and get a caricature or toy model to highlight 
features already present in real systems.
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Effective one-
component fluid
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Thanks!
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