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ABSTRACT

The diffusion transport coefficients of a binary granular suspension where one of the components is present in tracer concentration are
determined from the (inelastic) Enskog kinetic equation. The effect of the interstitial gas on the solid particles is accounted for in the kinetic
equation through two different terms: (i) a viscous drag force proportional to the particle velocity and (ii) stochastic Langevin-like term
defined in terms of the background temperature. The transport coefficients are obtained as the solutions of a set of coupled linear integral
equations recently derived for binary granular suspensions with arbitrary concentration [G�omez Gonz�alez et al., “Enskog kinetic theory for
multicomponent granular suspensions,” Phys. Rev. E 101, 012904 (2020)]. To achieve analytical expressions for the diffusion coefficients,
which can be sufficiently accurate for highly inelastic collisions and/or disparate values of the mass and diameter rations, the above integral
equations are approximately solved by considering the so-called second Sonine approximation (two terms in the Sonine polynomial expan-
sion of the distribution function). The theoretical results for the tracer diffusion coefficient D0 (coefficient connecting the mass flux with the
gradient of density of tracer particles) are compared with those obtained by numerically solving the Enskog equation by means of the direct
simulation Monte Carlo method. Although the first-Sonine approximation to D0 yields, in general, a good agreement with simulation results,
we show that the second-Sonine approximation leads to an improvement over the first-Sonine correction, especially when the tracer particles
are much lighter than the granular gas. The expressions derived here for the diffusion coefficients are also used for two different applications.
First, the stability of the homogeneous steady state is discussed. Second, segregation induced by a thermal gradient is studied. As expected,
the results show that the corresponding phase diagrams for segregation clearly differ from those found in previous works when the effect of
gas phase on grains is neglected.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0164179

I. INTRODUCTION

The understanding of transport processes occurring in a granular
suspension (granular particles immersed in a fluid, like air or water) is
still a challenging open problem. This is essentially due to the fact that
the corresponding granular flow is a multiphase process involving
quite different spatial and temporal scales. The problem is much more
difficult when one considers multicomponent gas–solid flows (i.e.,
when grains have different masses and sizes), in particular when one
intends to describe the granular suspension in terms of a set of coupled
kinetic equations for each one of the one-particle velocity distributions
of different phases.

Thus, because of the complexity embodied in the description of
multicomponent granular suspensions, a coarse-grained approach is
usually adopted where the influence of the background (interstitial)
fluid on grains is accounted for through an effective fluid–solid
force.1–4 This assumption holds true under the condition that the con-
centration of granular particles is sufficiently low, ensuring that the
interstitial gas remains unaffected by the presence of the solid particles.
In simpler terms, the interstitial gas is treated as a thermostat at a con-
stant temperature. In some works,2,5,6 the gas–solid force is simply
proportional to the relative mean flow velocity between the solid and
gas phases. A more sophisticated model7 accounts for the thermal
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fluctuations arising from the fluid and incorporates a stochastic
Langevin-like term defined in terms of the (known) temperature of
the interstitial gas. The stochastic term takes into account the energy
transferred to grains due to their “interactions” with the background
particles. In this paper, we adopt the latter model, which is incorpo-
rated in the corresponding kinetic equation via a Fokker–Plack term.
Consistent with other studies,8–16 our analysis is limited to the regime
of low Reynolds numbers (Stokes flow). In this regime, the inertia of
the fluid is negligible compared to its viscous forces. Consequently, the
virtual mass force resulting from the difference in accelerations of par-
ticle and fluid is not considered. This force could be important when
the solid/gas particle mass ratio is close to unity. However, as recently
showed,17 the transport coefficients derived by explicitly considering
the (elastic) collisions between grains and the molecular gas particles
reduce to that using the Fokker–Planck effective model in the
Brownian limit. This occurs when the solid particles are much heavier
than that of the molecular gas. Therefore, the results reported in this
paper are expected to apply for to situations where the solid/gas parti-
cle mass ratio is large.

The Navier–Stokes transport coefficients of a binary granular sus-
pension have been recently obtained18 in the context of the (inelastic)
Enskog kinetic equation. As in Refs. 7 and 19, a coarse-grained
description has been also adopted and hence, the influence of the
interstitial gas on solid particles is via a viscous drag force plus a sto-
chastic Langevin-like term. The Enskog equation has been solved by
means of the Chapman–Enskog method20 where, in contrast to other
perturbation schemes,5,21,22 the Knudsen number (which measures the
strength of the spatial variations of the hydrodynamic fields on the
scale of the mean free path) and not the degree of inelasticity has been
used as the only relevant perturbation parameter. As a consequence,
although the results reported in Ref. 18 are limited to the
Navier–Stokes order (first order in spatial gradients), they go beyond
the weak dissipation limit and hence can be in principle applicable to a
wide range of coefficients of restitution. In addition, they take into
account the nonequipartition of granular energy and can be easily
extended to any number of components. In this context, the kinetic
theory exposed in Ref. 18 extends the theory developed by Garz�o
et al.23,24 for dry (no gas phase) granular mixtures to gas–solid flows. It
is important to note that the theoretical results for the shear viscosity
coefficient of a binary granular mixture obtained in Refs. 23 and 24
from the Chapman–Enskog solution has been recently shown25,26 to
compare much better with computer simulations than those obtained
by assumingMaxwellian distributions for each species.27

As occurs for elastic20 and inelastic23,24 collisions, the explicit
forms of the kinetic contributions to the Navier–Stokes transport coef-
ficients displayed in Ref. 18 requires to solve a set of coupled linear
integral equations. The usual way of obtaining these kinetic contribu-
tions consists of approximating the solutions to these integral equa-
tions by Maxwellian distributions (defined at different partial
temperatures) corrected by truncated Sonine polynomial expansions.
For the sake of simplicity, the leading Sonine polynomial (the so-
called first Sonine approximation) is retained in most of the works.
However, although the results obtained from this approximation for
dry granular mixtures compare, in general, quite well with simulations
for not too large values of the coefficients of restitution,26,28,29 they
exhibit significant discrepancies with computer simulations for strong
inelasticity and/or disparate values of the mass and diameter

ratios.30,31 These differences can be mitigated in part if one retains
second-order terms in the Sonine polynomial expansion (second
Sonine approximation). Thus, it is important to assess the degree of
accuracy of at least the two first Sonine solutions for dense binary
granular suspensions via a comparison of the corresponding theoreti-
cal results with appropriate computer simulations.

Needless to say, the determination of the Navier–Stokes transport
coefficients for gas-solid flows beyond the first Sonine approximation
is a quite cumbersome problem. These technical difficulties increase
considerably when one studies multicomponent systems due in partic-
ular, to the coupling among the different integral equations obeying
the transport coefficients. Thus, in order to gain some insight, one
considers simple situations where explicit results can be in principle
attainable. Here, we consider the so-called tracer limit, namely, a gran-
ular binary suspension where the concentration of one of the species
(of mass m0 and diameter r0) is much smaller than the other one (of
mass m and diameter r). As usual, in the tracer limit, one can assume
that (i) the state of the excess component is not perturbed by the pres-
ence of the tracer particles and (ii) one can also neglect the collisions
among tracer particles in its kinetic equation. In these conditions,
while the distribution function f of the granular fluid obeys a nonlinear
(closed) Enskog equation, the distribution f0 of the tracer species veri-
fies the (linear) Enskog–Lorentz equation. The influence of the inter-
stitial gas in both kinetic equations on the distributions f and f0 is
accounted for by means of Fokker–Planck terms with different coeffi-
cients of friction c and c0, respectively.

In the tracer limit, the stress tensor and the heat flux of the binary
granular suspension (granular gas plus tracers) are the same as those
for the monodisperse granular suspension. The expressions of these
fluxes were already determined in Ref. 19. Consequently, the mass
transport of tracer particles j0 is the relevant flux of the problem. The
constitutive equation of j0 to Navier–Stokes order is given by G�omez
Gonz�alez et al.,18

jð1Þ0 ¼ �
m2

0

q
D0rn0 �

mm0

q
Drn� q

T
DTrT � DUDU; (1)

where q ¼ mn is the total mass density, n is the number density of the
gas particles, n0 is the number density of tracer particles, T is the gran-
ular temperature, and DU ¼ U� Ug , with U and Ug being the mean
flow velocities of the granular and the interstitial gas, respectively. In
Eq. (1), D0 is the tracer diffusion coefficient, D is the mutual diffusion
coefficient, DT is the thermal diffusion coefficient, and DU is the veloc-
ity diffusion coefficient. One of the main goals of the present paper is
to obtain the diffusion transport coefficients D0, D, DT, and DU up to
the second Sonine approximation in terms of the coefficients of resti-
tution for the tracer-grain (a0) and grain-grain (a) collisions, the
masses and diameters, the solid volume fraction / occupied by the
granular gas, and the background temperature Tex. The expression of
the coefficient D0 has been obtained in a previous work32 where a
complete study of the mean square displacement of an intruder in a
granular suspension has been carried out.

To check the accuracy of both Sonine approximations, the theo-
retical predictions for the tracer diffusion coefficient D0 are compared
with numerical solutions of the Enskog equation obtained from the
direct simulation Monte Carlo (DSMC) method.33 As in previous
papers,28,30–32 the coefficient D0 is computed from the Einstein for-
mula connecting the tracer diffusion coefficient with the mean square
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displacement of intruders in a granular suspension in a homogeneous
steady state. Here, to complement the simulations performed in Ref.
32 (which were carried out for mixtures with a ¼ a0), we consider sit-
uations where both coefficients of restitution are different (a 6¼ a0).
Comparison between theory and simulations shows an excellent
agreement, especially in the case of the second Sonine approximation
for systems with high degree of inelasticity and/or very disparate mass
and diameter ratios.

The knowledge of the complete set of diffusion coefficients opens
up the possibility of applying our results to specific problems. As a first
application, we perform a linear stability analysis of the homogeneous
steady state of the mixture. This study is important by itself and also
because this state plays the role of the reference state in the
Chapman–Enskog expansion. Since the linearized hydrodynamic
equations associated with the hydrodynamic fields of the granular gas
(n, U, and T) are decoupled from the tracer density n0, the stability
analysis (involving dþ 3 differential equations) is quite simple since a
previous study19 has shown that the dþ 2 equations corresponding to
the fields n, U, and T are linearly stable. The fact that the coefficient D0

is positive implies automatically the stability of the homogeneous
steady state of the system (tracer plus granular gas). As a second appli-
cation, thermal diffusion segregation of an intruder immersed in a
granular suspension is analyzed. A segregation criterion showing the
transition between the well-known Brazil-nut effect (BNE) and the
reverse Brazil-nut effect (RBNE) by varying the parameters of the sys-
tem is derived. The present study complements a previous analysis
recently carried in the low-density regime.34 As expected, our results
show that the form of the phase-diagrams for the BNE/RBNE transi-
tion depends sensitively on the presence of the interstitial gas.

The plan of the paper is as follows. In Sec. II, the Enskog kinetic
equation for the granular suspension is introduced and the homoge-
neous steady state is analyzed. Section III deals with the
Enskog–Lorentz kinetic equation for the tracer particles immersed in a
granular suspension. We study first the corresponding homogeneous
steady state for intruders where it is shown that their partial tempera-
ture is different from that of the granular gas. The set of integral equa-
tions obeying the diffusion transport coefficients is displayed in Sec.
IV while the first and second Sonine approximations to these coeffi-
cients are obtained in Sec. V. These coefficients are explicitly deter-
mined in terms of both the granular and the background
temperatures, the volume fraction, the coefficients of restitution, and
the masses and diameters of the mixture. Some technical details of the
calculations are offered in four appendixes. The dependence of the dif-
fusion coefficients on the parameter space is illustrated in Sec. VI
where the theoretical predictions of the coefficient D0 are also com-
pared with Monte Carlo simulations. The stability analysis of the
homogeneous steady state is carried out in Sec. VI while the thermal
diffusion segregation is studied in Sec. VIII. We close the paper in Sec.
VII with a brief discussion of the results reported in this work.

II. GRANULAR SUSPENSION

Let us consider a set of solid particles of mass m and diameter r
with collision rules according to the smooth hard sphere model. In
this case, collisions among solid particles are inelastic and are charac-
terized by a positive constant coefficient of normal restitution a � 1,
where a¼ 1 corresponds to elastic collisions (ordinary gases). We
assume that grains are immersed in a molecular gas of viscosity gg.

The system is subjected to the action of the gravitational field, and
hence, each particle feels the action of the force mg, where g is the
gravity acceleration.

As said in Sec. I, we adopt here a coarse-grained description and
the influence of the interstitial gas on solid particles is via an instanta-
neous fluid force. For low Reynolds numbers, this force is composed of
two independent terms. The first term accounts for the friction of grains
on the surrounding molecular gas and hence, it is proportional to the
particle velocity v (viscous drag force). The second term tries to model
the energy gained by the solid particles due to their “collisions” with the
more energetic particles of the gas phase.35 Both terms are represented
in the Enskog equation by a Fokker–Planck collision operator.36

According to this way of modeling a granular suspension, at
moderate densities, the one-particle velocity distribution function of
solid particles f ðr; v; tÞ obeys the Enskog kinetic equation,19

@f
@t
þ v � rf � cDU � @f

@v
þ g � @f

@v
� c

@

@v
� Vf � c

Tex

m
@2f
@v2

¼ J r; vjf ðtÞ; f ðtÞ½ �; (2)

where Tex is the background temperature, DU ¼ U� Ug ; Ug being
the mean fluid velocity of the gas phase and

Uðr; tÞ ¼ 1
nðr; tÞ

ð
dv vf ðr; v; tÞ (3)

is the mean particle velocity. In addition, the Enskog collision operator
J½r; vjf ; f � is

J r1; v1jf ðtÞ; f ðtÞ½ � ¼ rd�1
ð

dv2

ð
dr̂ Hðr̂ � g12Þðr̂ � g12Þ

�
h
a�2v r1; r1 � rð Þf ðr1; v001 ; tÞf ðr1 � r; v002 ; tÞ

�v r1; r1 þ rð Þf ðr1; v1; tÞf ðr1 þ r; v2; tÞ
i
;

(4)

where d is the dimensionality of the system (d¼ 2 for disks and d¼ 3
for spheres), r ¼ rr̂; r̂ being a unit vector, H is the Heaviside step
function, and g12 ¼ v1 � v2. The double primes on the velocities in
the Enskog operator (4) denote the initial values fv001 ; v002g that lead to
fv1; v2g following a binary collision:

v001 ¼ v1 �
1
2

1þ a�1ð Þðr̂ � g12Þr̂; (5)

v002 ¼ v2 þ
1
2

1þ a�1ð Þðr̂ � g12Þr̂: (6)

In addition, v½r; r6rjnðtÞ� is the equilibrium pair correlation function
at contact as a functional of the nonequilibrium density field nðr; tÞ
defined by

nðr; tÞ ¼
ð

dv f ðr; v; tÞ: (7)

Apart from n and U, the other relevant hydrodynamic field is the
granular temperature Tðr; tÞ defined as

Tðr; tÞ ¼ m
dnðr; tÞ

ð
dv V2f ðr; v; tÞ; (8)

where V ¼ v � U is the peculiar velocity.
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It is important to note that the Enskog equation (2) still assumes
the validity of the molecular chaos assumption. This means that we
neglect correlations between the pre-collisional velocities of colliding
particles. However, spatial correlations between those particles are
taken into consideration through the pair correlation function v.
Therefore, it is imperative to evaluate the reliability of the Enskog
equation through computer simulations. The theoretical results have
shown good agreement with molecular dynamics simulations for all a
at densities nr3 � 0:25 and for moderately high densities at
a � 0:9.37–40 Within the scope of this paper, moderately dense systems
refer to those that meet the above requirements.41

As in previous works,18,19 the drift (or friction) coefficient c is
assumed to be a scalar quantity for the sake of simplicity. It is propor-
tional to the gas viscosity gg. Given that in the dilute regime, every par-
ticle is only subjected to its respective Stokes drag force, then for hard
spheres (d¼ 3) c is defined as

c � cSt ¼
3prgg

m
: (9)

For moderate densities and very low Reynolds numbers, c can be writ-
ten as

c ¼ cStRð/Þ; (10)

where Rð/Þ is a function of the solid volume fraction,

/ ¼ pd=2

2d�1dC
d
2

� � nrd: (11)

The calculations performed along this paper are extended to systems
with a general dimensionality d. Nonetheless, in order to obtain
explicit results, it is necessary to know the form of the function Rð/Þ.
The density dependence of the dimensionless function R can be
inferred from computer simulations. It should be noted that the avail-
able literature primarily offers simulations exclusively for three-
dimensional systems (d¼ 3). We are not aware of any expression in
the granular literature of R for hard disks (two-dimensional systems
d¼ 2) or hard rods (one-dimensional systems d¼ 1). Based on the
current state of knowledge, a good approximation for R is given by
Van der Hoef et al.,42 Beestra et al.,43 and Yin and S. Sundaresan,44

Rð/Þ ¼ 10/
ð1� /Þ þ 1� /ð Þ3 1þ 1:5

ffiffiffiffi
/

p� �
: (12)

A more sophisticated model incorporates a parameter in R that
mimics lubrication forces between two approaching particles.1,19,45

However, this model only applies in principle for monocomponent
granular gases. Given our intention to study granular mixtures in
which one species is present in tracer concentration, the selection
of Rð/Þ is made to ensure the recovery of the same drift coefficient
c for intruders and grains when the particles are mechanically
identical. We expect our findings to exhibit weak dependence on
the choice of R.

The macroscopic balance equations for the granular suspension
are obtained when one multiplies the Enskog equation (11) by
f1;mv;mv2g and integrates over velocity. After some algebra, one
achieves the balance equations,

Dtnþ nr � U ¼ 0; (13)

DtUþ q�1r � P ¼ g� cDU; (14)

DtT þ
2

dn
r � qþ P : rUð Þ ¼ 2c Tex � Tð Þ � f T: (15)

In the above equations, Dt ¼ @t þ U � r is the material derivative.
The cooling rate f is proportional to 1� a2 and is due to dissipative
collisions. The pressure tensor Pðr; tÞ and the heat flux qðr; tÞ have
both kinetic and collisional transfer contributions, i.e., P ¼ Pk þ Pc

and q ¼ qk þ qc. The microscopic expressions of f, P, and q in
terms of f can be found in Ref. 18. They will be omitted here for
brevity.

A. Homogeneous steady state

Let us assume that the granular suspension is in a homogeneous
steady state. In this state, U ¼ Ug ; rn ¼ rT ¼ 0; @tn ¼ @tT ¼ 0,
and hence, there is an exact balance between the cooling effects (com-
ing from the viscous friction and the inelasticity of collisions) and the
energy gained by grains due to their interaction with particles of
the bath. The balance equation (15) for the granular temperature T
reads as

2c Tex � Tð Þ ¼ Tf: (16)

For elastic collisions (a¼ 1), f¼ 0, and T ¼ Tex, as expected.
Moreover, it is quite simple to show that the Maxwellian distribution
at the temperature Tex is a solution of the Enskog equation (2) This is
a consequence of the fluctuation-dissipation theorem.46 For inelastic
collisions (a 6¼ 1), it follows from dimensional analysis that f ðvÞ has
the scaling form,

f ðvÞ ¼ np�d=2v�d
th uðcÞ; (17)

where vth ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2T=m

p
is the thermal velocity of the granular gas and

c � v=vth. The exact form of the scaling distribution u is not known
to date. On the other hand, previous calculations19 has shown that the
fourth-cumulant (measuring the deviation of f from its Maxwellian
form) is, in general, very small. Thus, a good estimate for the tempera-
ture T can be made by approximating f by the Maxwellian
distribution,

fMðvÞ ¼ n
m
2pT

� �d=2

exp �mv2

2T

� �
: (18)

In this case, the cooling rate f is

f ¼
ffiffiffi
2
p

pðd�1Þ=2

dC
d
2

� � vð1� a2Þ�; (19)

where

� ¼ nrd�1
ffiffiffiffiffiffi
2T
m

r
(20)

is an effective collision frequency. Equation (16) can be more explicitly
written when one takes into account Eq. (19) for f. In dimensionless
form, Eq. (16) can be rewritten as

2kh�1=2 h�1 � 1ð Þ ¼ f�; (21)
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where h � T=Tex; f� ¼ f=�, and

k ¼
ffiffiffi
2
p

pd=2

2ddC
d
2

� �
/

Rð/Þffiffiffiffiffiffiffi
T�ex

p : (22)

In Eq. (22), the (reduced) bath temperature T�ex � Tex=ðmr2c2StÞ.
Equation (21) is a cubic equation for the (reduced) temperature h. It
physical solution gives h in terms of the density /, the (reduced) back-
ground temperature T�ex, and the coefficient of restitution a. It must
satisfy the requirement h¼ 1 for a¼ 1 and any value of / and T�ex. In
contrast, for inelastic collisions, h < 1 since the granular temperature
is smaller than that of the interstitial gas. More explicitly, the physical
solution to Eq. (21) is given by G�omez Gonz�alez et al.,32

h ¼ N1=3 þ N�1=3 � 1
� �2

9e2
; (23)

where e ¼ f�=2k and

N ¼ 3
ffiffiffi
3
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

27e4 � 4e2
p

þ 27e2 � 2
2

: (24)

For elastic collisions (a¼ 1), e! 0, and Eq. (22) yields h! 1 as
expected.

III. TRACER PARTICLES IMMERSED IN A GRANULAR
SUSPENSION

Let us suppose now that a few tracer or intruder particles of mass
m0 and diameter r0 are added to the granular suspension. Since the
concentration of the tracer particles is negligible, their presence does
not have any effect on the state of the granular suspension. This
implies that the velocity distribution function f ðvÞ of the granular par-
ticles still obeys the (nonlinear) Enskog equation (2) In addition, the
balance equations for the macroscopic flow velocity U and tempera-
ture T for the multicomponent granular suspension composed of the
(monocomponent) granular suspension plus the tracer particles are
the same as those for the granular suspension, namely they are given
by Eqs. (14) and (15), respectively. Under these conditions, the velocity
distribution function f0ðr; v; tÞ of the tracer species satisfies the linear
Enskog–Lorentz kinetic equation,

@f0
@t
þ v � rf0 � c0DU �

@f0
@v
þ g � @f0

@v
� c0

@

@v
� Vf0

� c0
Tex

m0

@2f0
@v2
¼ J0 r; vjf0ðtÞ; f ðtÞ½ �; (25)

where the Enskog–Lorentz collision operator J0½vjf0ðtÞ; f ðtÞ� is

J0 r1; v1jf0ðtÞ; f ðtÞ½ � ¼ �rd�1
ð

dv2

ð
dr̂ Hðr̂ � g12Þðr̂ � g12Þ

�
	
a�20 v0 r1; r1 � �rð Þf0ðr1; v001 ; tÞf ðr1 � �r; v002 ; tÞ

�v0 r1; r1 þ �rð Þf0 r1; v1; tð Þf r1 þ �r; v2; tð Þ


:

(26)

Here, �r ¼ �rr̂, �r ¼ ðr0 þ rÞ=2; a0 � 1 is the (positive) coefficient of
restitution for tracer-gas collisions, and v0 is the pair correlation func-
tion for tracer-gas pairs at contact. The relationship between the pre-
collisional velocities v001; v

00
2

� �
and the postcollisional velocities

v1; v2f g is

v001 ¼ v1 �M 1þ a�10

� �
ðr̂ � g12Þr̂; (27)

v002 ¼ v2 þM0 1þ a�10

� �
ðr̂ � g12Þr̂; (28)

where M ¼ m=ðmþm0Þ and M0 ¼ m0=ðmþm0Þ. To summarize
and clarify, a collision diagram along with the forces acting on the
grains can be seen in Fig. 1.

The number density for the tracer particles is defined as

n0ðr; tÞ ¼
ð

dv f0ðr; v; tÞ: (29)

The tracer or intruder may freely lose or gain momentum and energy
in its interactions with the particles of the granular gas. This means
that these quantities are not invariants of the collision operator
J0½vjf0; f �. Only the number density n0 is conserved; its continuity
equation is directly obtained from the Enskog–Lorentz equation (15),

Dtn0 þ n0r � Uþ
r � j0

m0
¼ 0; (30)

where

j0ðr; tÞ ¼ m0

ð
dv V f0ðr; v; tÞ (31)

is the mass flux for the tracer particles relative to the mean local flow
U of the granular gas. Apart from n0, an interesting quantity at a
kinetic level is the local temperature of the intruder T0. It is defined as

T0ðr; tÞ ¼ m0

dn0ðr; tÞ

ð
dv V2f0ðr; v; tÞ: (32)

The partial temperature T0 measures the mean kinetic energy of the
intruders; it is, in general, different from that of the granular gas
(T 6¼ T0).

The friction coefficient c0 takes into account the “interaction”
between the tracer particles and the background molecular gas. As the
coefficient c, it can be written as c0 ¼ c0;StR0ð/Þ where for hard
spheres (d¼ 3)

c0;St ¼
3pr0gg

m0
¼ r0m

rm0
cSt: (33)

FIG. 1. A sketch representation of a collision between a particle of species i and a
particle of species j together with the drag and stochastic gas–solid forces acting
on these particles.
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As in the case of the function R, one must chose an specific form of R0

to get explicit results. Computer simulations42–44 indicate that a reli-
able choice for the function R0 is

R0 ¼ 1þ R� 1ð Þ a
r0

r
þ ð1� aÞ r

2
0

r2

 �
; (34)

where

að/Þ ¼ 1� 2:660/þ 9:096/2 � 11:338/3: (35)

Note that for mechanically equivalent particles, R0 ¼ R as expected. It
must be remarked that our results apply for any specific choice of the
functions R and R0.

A. Homogeneous steady state

As in the case of the granular gas, the study of the homogeneous
steady state for the tracer particles is a crucial step since this state plays
the role of the reference state in the Chapman–Enskog perturbative
method.20 In the absence of spatial gradients, the Enskog–Lorentz
equation (25) becomes

�c0
@

@v
� Vf0 � c0

Tex

m0

@2f0
@v2
¼ J0 f0ðtÞ; f ðtÞ½ �; (36)

where use has been made of the identity U ¼ Ug for homogeneous
states. The equation for the (steady) partial temperature T0 can be eas-
ily obtained from Eq. (36) as

2c0 Tex � T0ð Þ ¼ T0f0; (37)

where

f0 ¼ �
1

dn0T0

ð
dv m0v

2 J0 f0; f½ � (38)

is the partial cooling rate characterizing the rate of energy dissipated
by tracer-grain collisions. As in the case of the granular suspension, for
elastic collisions (a0 ¼ a ¼ 1), f0 ¼ 0; Tex ¼ T0, and the Maxwellian
distribution is an exact solution of Eq. (36). Again, for inelastic colli-
sions (a 6¼ 1), the solution is not known to date. However, since the
corresponding cumulant associated with the distribution f0ðvÞ is, in
general, very small,47 an accurate estimate of f0 is obtained from the
Maxwellian distribution defined at the partial temperature T0, i.e.,

f0;MðvÞ ¼ n0
m0

2pT0

� �d=2

exp �mv2

2T0

� �
: (39)

In this approximation,

f0 ¼
4pðd�1Þ=2

dC
d
2

� � vð0Þ0 M
�r
r

� �d�1 1þ b
b

� �1=2

ð1þ a0Þ

� 1� 1
2

Mð1þ bÞð1þ a0Þ
 �

�; (40)

where vð0Þ0 is the tracer-gas pair correlation at zeroth-order and

b ¼ m0T
mT0

(41)

is the ratio between the mean square velocities of intruders and grains.

In dimensionless form, Eq. (37) reads as

2k0h
�1=2 h�1 � s0

� �
¼ f�0s0; (42)

where s0 ¼ T0=T is the temperature ratio, f�0 ¼ f0=�, and

k0 ¼
r0m
rm0

R0

R
k: (43)

We recall that k is defined by Eq. (22). When intruder and granular
gas particles are mechanically equivalent (m¼m0, r ¼ r0, and
a ¼ a0), k ¼ k0; f� ¼ f�0, T¼T0, and hence, energy equipartition
applies. However, in the general case (namely, when collisions are
inelastic and intruder and grains are mechanically different), the solu-
tion to the cubic equation (42) provides the temperature ratio s0 in
terms of the parameter space of the system. As in the free cooling case,
there is a breakdown of the energy equipartition (s0 6¼ 1) as expected.

IV. DIFFUSION TRANSPORT COEFFICIENTS

The diffusion transport coefficients associated with the mass flux
j0 of intruders can be obtained by solving the Enskog–Lorentz equa-
tion (25) by means of the Chapman–Enskog method20 conveniently
adapted to account for the inelastic character of collisions.41 This long
and hard task has been recently carried out in Ref. 18 up to first-order
in spatial gradients and arbitrary concentration. Using those results,
we consider here the tracer limit (x0 � n0=n! 0) of the linear inte-
gral equations obeying the corresponding diffusion transport
coefficients.

The first-order contribution jð1Þ0 to the mass flux is given by Eq.
(1) where the diffusion transport coefficients DT, D0, D, and DU are
defined, respectively, as

DT ¼ �m0

qd

ð
dv V �A0 Vð Þ; (44)

D0 ¼ �
q

m0n0d

ð
dvV �B0 Vð Þ; (45)

D ¼ � 1
d

ð
dvV � C0 Vð Þ; (46)

and

DU ¼ �m0

d

ð
dvV � E0 Vð Þ: (47)

For arbitrary concentration x0, the quantities A0ðVÞ, B0ðVÞ, C0ðVÞ,
and E0ðVÞ are the solutions of the set of coupled linear integral equa-
tions given by Eqs. (73), (74), and (77), respectively, of Ref. 18. In
order to write this set of integral equations in the limit x0 ! 0, one
has to take into account that while in the tracer limit D0 is independent
of x0, the coefficients D, DT, and DU are proportional to x0. This
dependence must be then self-consistently confirmed. This means that
A0 / x0; C0 / x0, and E0 / x0. Thus, in the tracer limit (x0 ! 0),
the set of coupled linear integral equations for the unknownsA0ðVÞ,
B0ðVÞ, C0ðVÞ, and E0ðVÞ are

� 2ch�1 þ 1
2
fð0Þ

� �
A0 � c0

@

@V
� VA0ð Þ � c0

Tex

m0

@2A0

@v2

� Jð0Þ0 A0; f ð0Þ
h i

¼ A0 þ Jð0Þ0 f ð0Þ0 ;A
h i

; (48)
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�c0
@

@V
� VB0ð Þ � c0

Tex

m0

@2B0

@v2
� Jð0Þ0 B0; f ð0Þ

h i
¼ B0; (49)

�c0
@

@V
� VC0ð Þ � c0

Tex

m0

@2C0
@v2
� Jð0Þ0 C0; f ð0Þ

h i

¼ C0 þ Jð0Þ0 f ð0Þ0 ;C
h i

þ n
@fð0Þ

@n
� 2nc h�1 � 1ð Þ @ ln c

@n

 �
A0; (50)

�c0
@

@V
� VE0ð Þ � c0

Tex

m0

@2E0
@v2
� Jð0Þ0 E0; f ð0Þ

h i
¼ E0: (51)

In the integral equations (48)–(51), fð0Þ is the zeroth-order approxima-
tion to the cooling rate f, and Jð0Þ0 ½X;Y � is the operator,

Jð0Þ0 v1jX;Y½ � ¼ vð0Þ0 �rd�1
ð

dv2

ð
dr̂ Hðr̂ � g12Þðr̂ � g12Þ

� a�20 XðV001ÞYðV002Þ � XðV1ÞYðV2Þ
	 


; (52)

where vð0Þ0 is the intruder-gas pair correlation function at zeroth order.
The inhomogeneous terms appearing in Eqs. (48)–(51) are given by

A0 Vð Þ ¼ �VT
@f ð0Þ0

@T
� p

q
@f ð0Þ0

@V
�K0 T

@f ð0Þ

@T

 �
; (53)

B0 Vð Þ ¼ �Vn0
@f ð0Þ0

@n0
; (54)

C0 Vð Þ ¼ �Vn
@f ð0Þ0

@n
�m�1

@p
@n
@f ð0Þ0

@V
� ð1þ xÞ�d

vð0Þ0 T

� @l0

@/

� �
T;n0

K0 f ð0Þ
h i

; (55)

E0ðVÞ ¼ c0 � cð Þ
@f ð0Þ0

@V
: (56)

In Eqs. (53)–(56),

p ¼ nT 1þ 2d�2vð0Þ/ð1þ aÞ
h i

(57)

is the pressure, x � r0=r is the size ratio, l0 is the chemical potential
of the intruder, and the operatorK0½X� is defined as

K0 X½ � ¼ �rdvð0Þ0

ð
dv2

ð
dr̂ Hðr̂ � g12Þðr̂ � g12Þr̂

� a�20 f ð0Þ0 ðV001ÞXðV002Þ þ f ð0Þ0 ðV1ÞXðV2Þ
h i

: (58)

In addition, upon writing Eq. (55), we have neglected the non-
Gaussian corrections to f ð0Þ and f ð0Þ0 , have taken into account that
I121 / x0 ! 0 and have used the explicit form of I122 given by Garz�o
et al.23 and Garz�o,41

I122 ¼
dC

d
2

� �
pd=2T�rdvð0Þ0

@l0

@n

� �
T;n0

� 2� n
@ ln vð0Þ0
@n

: (59)

The explicit expressions of the quantities Iij‘ for a binary mixture can
be found in the Appendix A of Chap. 5 of Ref. 41.

Note that in Eqs. (48), (50), and (51), the quantities A0ðVÞ and
C0ðVÞ associated with the tracer particles are coupled with their corre-
sponding counterparts AðVÞ and CðVÞ of the host granular gas. A

direct consequence of this coupling is that the mass flux jð1Þ0 inherits
terms coming from the autonomous host integral equations (those
proportional to the spatial gradients rn and rT). The expressions of
A and C up to the second Sonine approximation are displayed in
Appendix A.

V. SECOND SONINE POLYNOMIAL APPROXIMATION

As for ordinary (elastic) mixtures,20 the integral equations
(48)–(51) are solved by expanding the unknownsA0; B0; C0, and E0
in a complete set of orthogonal polynomials with a Gaussian measure.
In kinetic theory, one employs the Sonine (or generalized Laguerre)
polynomials. On the other hand, for practical purposes, to achieve
explicit results one has to resort to some kind of truncation in the
series expansion. Usually, the leading term in the above series expan-
sion is retained. In this paper, as said in Sec. I, to provide accurate
results for the diffusion transport coefficients for quite inelastic sys-
tems and/or mixtures with quite disparate masses and diameters, we
will consider two terms in the series expansion. This approximation is
referred to as the second Sonine approximation. In this case, the quan-
titiesA0; B0; C0, and E0 are given by

A0ðVÞ ! �f0;MðVÞ
q

n0T0
VDT þ a0S0ðVÞ

 �
; (60)

B0ðVÞ ! �f0;MðVÞ
m2

0

qT0
VD0 þ b0S0ðVÞ

 �
; (61)

C0ðVÞ ! �f0;MðVÞ
m0

n0T0
VDþ c0S0ðVÞ

 �
; (62)

E0 ! �f0;MðVÞ
1

n0T0
VDU þ e0S0ðVÞ

 �
; (63)

where

S0ðVÞ ¼
1
2

m0V2 � d þ 2
2

T0

� �
V; (64)

and f0;MðVÞ is the Maxwellian distribution (39) with the change
v ! V. While the diffusion coefficients are defined by Eqs. (44)–(47),
the second Sonine coefficients a0, b0, c0, and e0 are defined as

a0 ¼ �
2

dðd þ 2Þ
m0

n0T3
0

ð
dv S0ðVÞ �A0ðVÞ; (65)

b0 ¼ �
2

dðd þ 2Þ
m0

n0T3
0

ð
dv S0ðVÞ �B0ðVÞ; (66)

c0 ¼ �
2

dðd þ 2Þ
m0

n0T3
0

ð
dv S0ðVÞ � C0ðVÞ; (67)

e0 ¼ �
2

dðd þ 2Þ
m0

n0T3
0

ð
dv S0ðVÞ � E0ðVÞ: (68)

The transport coefficients D0, D, DT and DU as well as the second
Sonine coefficients a0, b0, c0 and e0 are determined by substitution of
Eqs. (60)–(63) into the integral equations (48)–(51), multiplication of
these equations by m0V and by S0ðVÞ, and integration over velocity.
Some technical details on these calculations are given in Appendix B.

To provide the final expressions, it is convenient to write them in
dimensionless form. Let us introduce the reduced transport
coefficients,
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DT� ¼ q�
n0T

DT ; D�0 ¼
m2

0�

qT
D0; (69)

D� ¼ m0�

n0T
D; D�U ¼ q�10 DU ; (70)

where q0 ¼ m0n0 is the mass density of the intruders and � is defined
by Eq. (20).

According to the results exposed in Appendix B, the first Sonine
approximations DT�½1�; D�0½1�; D�½1�, and D�U ½1� can be written as

DT� 1½ � ¼ X�1

��1 � 2c�h�1 � 1
2
f� þ c�0

; (71)

D�0 1½ � ¼
s0

��1 þ c�0
; (72)

D� 1½ � ¼ Y�1
��1 þ c�0

; (73)

D�U 1½ � ¼ c�0 � c�

��1 þ c�0
: (74)

In Eqs. (71)–(74), X�1 ; a� ¼ �T2a; Y�1 , and c� ¼ �nTc are given by
Eqs. (B17), (A5), (B28), and (A6), respectively. The dimensionless
cooling rate f� ¼ fð0Þ=� is defined by Eq. (19) while the expressions of
the (reduced) collision frequencies ��i ¼ �i=� are displayed in
Appendixes C. The forms of the second Sonine approximations
DT�½2�; D�0½2�; D�½2�, and D�U ½2� are given by Eqs. (B19), (B22), (B24),
and (B30), respectively.

In the low-density limit (/! 0), the first Sonine approximations
to the diffusion coefficients reduce to

DT� 1½ � ¼ s0 þ hDh;0 �m0=m

��1 � 2c�h�1 � 1
2
f� þ c�0

; (75)

D�0 1½ � ¼
s0

��1 þ c�0
; (76)

D� 1½ � ¼ f�DT� 1½ � �m0=m
��1 þ c�0

; (77)

where ��1 is given by Eq. (C1) with vð0Þ0 ¼ 1 while Eq. (D3) gives the
derivative Dh;0 � @s0=@h. This derivative arises from the fact that the
zeroth-order distribution f ð0Þ0 depends not only on hydrodynamic quan-
tities but, in addition, on the partial temperature s0. Therefore, when per-
forming the Chapman–Enskog expansion around f ð0Þ0 , there are
contributions to the transport coefficients coming from the derivatives of
the kinetic quantities in the vicinity of the steady state. These contribu-
tions can be seen as a measure of the departure of the perturbed time-
dependent state from the steady reference state. The derivatives of s0 can
be found in Appendixes D. The expressions (75)–(77) are consistent with
those obtained in a previous work34 from the Boltzmann equation.48

It is quite apparent that, in general, the first and second Sonine
approximations to the diffusion transport coefficients have a complex
dependence on the coefficients of restitution, the mass and diameter
ratios, the solid volume fraction, and the background temperature.
Thus, before studying this dependence, it is quite instructive to con-
sider some special limits.

In the limiting case of mechanically equivalent particles (m0 ¼ m;
r0 ¼ r; a0 ¼ a; c ¼ c0), as expected, one gets DT�½2� ¼ D�U ½2�
¼ 0; D�0½2� ¼ �D�½2� and so,

jð1Þ0 ¼ �
nT
�

D�0 2½ �rx0: (78)

The expression of D�0½2� for arbitrary d and finite / is still a very long
expression. In the particular case of a dilute (/ ¼ 0), suspension of
hard spheres (d¼ 3), D�0½2� is

D�0 2½ � ¼
98þ a 47þ 3a0ð4a� 13Þ½ � þ 90

ffiffiffi
2
pffiffiffi
p
p c�

4
ffiffiffiffiffi
2p
p

3
ð1þ aÞ2 50þ að4a� 25Þ½ � þ c� ð1þ aÞ 218þ 3að4a� 17Þ½ � þ 90

ffiffiffi
2
pffiffiffi
p
p c�

( ) : (79)

Apart from D�0½2�, the first Sonine approximation D�0½1� reaches the simple form,

D�0 1½ � ¼
1

2
ffiffiffiffiffi
2p
p

3
ð1þ aÞ þ c�

: (80)

In the case of elastic collisions (a ¼ a0 ¼ 1) but mechanically different particles, s0 ¼ h ¼ 1 and the tracer diffusion coefficient for a three-
dimensional dilute system reads as

D�0 2½ � ¼
D�0 1½ �

1� 1þ 3
2
lM�1=20 ð1þ xÞ�2c�0

� �
30l2 þ 16þ 45ffiffiffi

p
p M�2M�1=20 ð1þ xÞ�2c�0

� �
lþ 13

� �" #�1 ; (81)

where l � m0=m is the mass ratio and
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D�0 1½ � ¼
2
ffiffiffi
p
p

3
l�1M1=2

0 ð1þ xÞ2 þ c�0

 ��1
: (82)

Here, x � r0=r is the diameter ratio. When c� ¼ c�0 ¼ 0, the expres-
sion (81) agrees with the one derived many years ago for a gas mixture
of elastic hard spheres.49,50 All these results show the self-consistency
of the present results with those reported in previous works in some
limiting cases.

VI. SOME ILLUSTRATIVE SYSTEMS AND COMPARISON
WITH COMPUTER SIMULATIONS

The expressions derived in Sec. IV for the (reduced) diffusion
coefficients depend on many parameters: d;m0=m; r0=r; a; a0;f
/;T�exg. This complexity appears in the elastic limit as well, except for
the dependence on the coefficients of restitution a and a0. Thus, as we
have done in previous papers,30,31 we normalize the transport coeffi-
cients with respect to their values for elastic collisions (a ¼ a0 ¼ 1).
This will show us more clearly the impact of inelasticity in collisions
on the diffusion transport coefficients. Also, for the sake of simplicity,
we consider the physical case of hard spheres (d¼ 3) and in some
plots we take a common coefficient of restitution a ¼ a0. This reduces
the parameter space of the system to five independent quantities:

m0=m;r0=r; a;/;T�ex
� �

.
In order to get the explicit dependence of the transport coeffi-

cients on the above parameters one has to give the forms of the pair
correlation functions vð0Þ and vð0Þ0 for a three-dimensional system. In
this case, a good approximation for vð0Þ is provided by the
Carnahan–Starling form,51

vð0Þ ¼
1� 1

2
/

ð1� /Þ3
; (83)

while the intruder-gas pair correlation function is given by Boubl�ık52

vð0Þ0 ¼
1

1� /
þ 3

x
1þ x

/

ð1� /Þ2
þ 2

x2

ð1þ xÞ2
/2

ð1� /Þ3
: (84)

The expression for the chemical potential of the intruder consistent
with the approximation (84) is Ref. 53,

l0

T
¼ C3 þ ln n0 � ln ð1� /Þ þ 3x

/
1� /

þ3x2 ln ð1� /Þ þ /ð2� /Þ
ð1� /Þ2

" #

�x3 2 ln ð1� /Þ þ /ð1� 6/þ 3/2Þ
ð1� /Þ3

" #
; (85)

where C3 is a constant.
Figures 2–5 show the dependence of the diffusion transport coef-

ficients on inelasticity for two different systems. As said before, each
transport coefficient has been reduced with respect to its elastic value
consistently obtained in each approximation. The dashed and solid
lines refer to the first and second Sonine approximations, respectively.
We observe first that, in general, both Sonine approximations yield
quite similar results even for strong inelasticity and quite disparate val-
ues of the mass and/or diameter ratios. These results clearly differ

from those reported in the case of dry (no gas phase) granular mix-
tures [see, for instance, Figs. 1–3 of Ref. 30 for the same mixture
parameters] where both Sonine approximations lead to quite different
results in the range of large inelasticity when the tracer particles are
lighter than the particles of the granular gas. This means that the
Sonine polynomial expansion exhibits a better convergence for granu-
lar suspensions than in the dry granular case.

With respect to the influence of inelasticity on diffusion coeffi-
cients, we observe that the impact of a on the diffusion transport coef-
ficients is in general relevant (since their forms differ clearly from their
elastic counterparts), although less important than in the dry granular

FIG. 2. Plot of reduced tracer diffusion coefficient D0ðaÞ=D0ð1Þ as a function of the
(common) coefficient of restitution a for the systems ðm0=m ¼ 4; r0=r ¼ 2Þ (a)
and ðm0=m ¼ 0:5;r0=r ¼ 0:8Þ (b) in the case of a three-dimensional gas with
/ ¼ 0:1 and T�ex ¼ 0:1. The solid lines correspond to the second Sonine approxi-
mation while the dashed lines refer to the first Sonine approximation. Here, D0ð1Þ
is the elastic value of the tracer diffusion coefficient consistently obtained in each
approximation.

FIG. 3. Plot of reduced mutual diffusion coefficient DðaÞ=Dð1Þ as a function of the
(common) coefficient of restitution a for the systems ðm0=m ¼ 4; r0=r ¼ 2Þ (a)
and ðm0=m ¼ 0:5;r0=r ¼ 0:8Þ (b) in the case of a three-dimensional gas with
/ ¼ 0:1 and T�ex ¼ 0:1. The solid lines correspond to the second Sonine approxi-
mation while the dashed lines refer to the first Sonine approximation. Here, D(1) is
the elastic value of the tracer diffusion coefficient consistently obtained in each
approximation.
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case. The comparison of Figs. 2–4 with Figs. 1–3 of Ref. 30 reveals
important differences for diffusion between the results obtained with
and without the gas-phase. Thus, while the (scaled) tracer diffusion
coefficient D0ðaÞ=D0ð1Þ exhibits in some cases a non-monotonic
dependence on inelasticity for gas-solid flows, this reduced coefficient
increases with decreasing a in the dry granular limit. In addition, Fig.
2 also shows the tiny dependence of D0ðaÞ=D0ð1Þ on both the mass
and diameter ratios. In the case of the (scaled) coefficients DðaÞ=Dð1Þ
and DTðaÞ=DTð1Þ, qualitative differences between the predictions
with and without the gas phase are observed for large mass and/or

diameter ratios. At a more quantitative level, we find that the effect of
a on those coefficients is more significant in dry granular mixtures.
The reduced velocity diffusion coefficient DUðaÞ=DUð1Þ is not present
in the dry case. Figure 5 shows, in general, a weak influence of inelas-
ticity on this coefficient.

There are several competing effects involved in the mechanisms
in the diffusion of tracer particles in a granular suspension. On the one
hand, the collisional effects are accounted for in the cooling rate f�

and the (reduced) collision frequencies ��i . On the other hand, the
influence of the interstitial gas on mass transport appears through the
(reduced) friction coefficients c� and c�0, which forms also depend on
the volume fraction /, the mass and diameter ratios, and the (reduced)
background temperature T�ex. Given the size of the parameter space of
the problem (six independent parameters), it is generally difficult to
predict which effect (collisions between grains or interstitial gas)
dominates.

In summary, as already noted in previous papers on granular
mixtures,18 the diffusion transport coefficients for a binary granular
suspension where one of the species is present in tracer concentration
differ in general significantly from those obtained for dry granular
mixtures.23,24,30 These differences between both systems increase with
increasing inelasticity in some cases, and depending on the cases, the
influence of both mass and diameter ratios can be important.

A. Tracer diffusion coefficient: DSMC results

It is quite apparent that the accuracy of the Sonine approxima-
tions must be assessed via a comparison with computer simulation
results. Here, as in a previous work,32 we have numerically solved the
Enskog equation by means of the DSMC method33 for the tracer par-
ticles immersed in a granular suspension in the homogeneous steady
state. In this situation, DU ¼ 0; rn ¼ rT ¼ 0, and hence, Eq. (30)
yields

@x0
@t
¼ 2d

m0D0

q
r2x0; (86)

where use has been made of the constitutive equation (1). Equation
(86) is a standard diffusion equation with the time-independent diffu-
sion coefficient m0D0=q. It follows that the mean square displacement
of the tracer particles after a time interval t is Ref. 54,

@

@t
hjrðtÞ � rð0Þj2i ¼ 2d

m0D0

q
: (87)

Here, jrðtÞ � rð0Þj is the distance traveled by the tracer particles from
t¼ 0 until time t. Equation (87) is the Einstein formula relating the
tracer diffusion coefficient D0 with the mean square displacement. The
relation (87) is also employed in Monte Carlo simulations to obtain
the coefficient D0.

Since we want to numerically solve the Enskog–Lorentz kinetic
equation (25) under steady conditions, we slightly adapt the method
proposed by Montanero and Garz�o55 oriented to model freely cooling
granular mixtures. The main changes to be taken into account are
three: (i) the intruders are in tracer concentration, and so we do not
need to account for collisions among intruder particles themselves; (ii)
if a granular-intruder collision is accepted, only the velocities of the
intruders are updated; and (iii) to account for the action of the intersti-
tial fluid on grains we update the velocity vk of every single grain of

FIG. 5. Plot of reduced velocity diffusion coefficient DUðaÞ=DUð1Þ as a function of
the (common) coefficient of restitution a for the systems ðl ¼ 4;x ¼ 2Þ (a) and
ðl ¼ 0:5;x ¼ 0:8Þ (b) in the case of a three-dimensional gas with / ¼ 0:1 and
T�ex ¼ 0:1. The solid lines correspond to the second Sonine approximation
while the dashed lines refer to the first Sonine approximation. Here, DUð1Þ is the
elastic value of the velocity diffusion coefficient consistently obtained in each
approximation.

FIG. 4. Plot of reduced thermal diffusion coefficient DT ðaÞ=DT ð1Þ as a function of
the (common) coefficient of restitution a for the systems ðl ¼ 4;x ¼ 2Þ (a) and
ðl ¼ 0:5;x ¼ 0:8Þ (b) in the case of a three-dimensional gas with / ¼ 0:1 and
T�ex ¼ 0:1. The solid lines correspond to the second Sonine approximation
while the dashed lines refer to the first Sonine approximation. Here, DT ð1Þ is the
elastic value of the thermal diffusion coefficient consistently obtained in each
approximation.
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species i (intruder or granular particles) after each time step dt accord-
ing to the rule:56

vk ! e�cidtvk þ
6ciTexdt

mi

� �1=2

uk: (88)

Here, uk is a random vector of zero mean and unit variance. The
Fokker–Planck equation is recovered when the time step dt is much
shorter than the mean free time between collisions.56

To complement the simulation results displayed in Ref. 32 that
were obtained considering a common coefficient of restitution a ¼ a0,
we simulate here systems where a 6¼ a0. Moreover, to assess the influ-
ence of a0 in the tracer diffusion coefficient D0, the same mixtures as
in Sec. VC of Ref. 32 are studied. However, we consider denser sus-
pensions (/ ¼ 0:2) to enlarge the difference between the first and sec-
ond Sonine approximations to D0.

Figure 6 depicts the temperature ratio T0=T vs the coefficient of
restitution a0 for d¼ 3, a ¼ 0:9; T�ex ¼ 1, and / ¼ 0:2. Two different
mixtures with the samemass density (m=r3 ¼ m0=r3

0) are considered.
As in the case of a common coefficient of restitution, we find a small
influence of the mechanical properties (masses and sizes) on T0=T
when the mass densities are equal. However, we observe an enhance
breakdown of energy equipartition when a 6¼ a0, as expected. This
occurs because T0 	 T when a0 	 a since the loss of energy is compa-
rable in both species. Using similar arguments to those presented in
Sec. VI B of Ref. 32, we conclude that for moderately dense suspen-
sions, the action of the external bath is accentuated when x increases
and/or l decreases. Although a combined effect of both masses and
sizes is observed, we can conclude that the influence of the diameter
ratio x on the breakdown of energy equipartition is more relevant
than the one caused by the mass ratio l. This is due to the action of
the interstitial gas resulting from gas-solid collisions, whose depen-
dence on particle size (c0;St / r0=r) can be inferred from the change
of an effective surface, which overcomes the inertial forces determined
by particle masses. For this reason, the bath thermalizes the larger spe-
cies more effectively causing its temperature to rise and therefore, the

curve (a) of Fig. 6 (x > 1) appears above the curve (b) of Fig. 6
(x < 1). Furthermore, we note that a departure from energy equipar-
tition occurs when a0 ¼ 1. In contrast to Fig. 4 of Ref. 32, where
Tex ¼ T0 ¼ T for a0 ¼ 1, here we still observe energy dissipation
since a 6¼ 1. Specifically, the loss of kinetic energy when a0 ¼ 1
(a ¼ 0:9) is greater for grains than for intruders, resulting in T0 > T .
Figure 6 also highlights an excellent agreement between theory and
DSMC results, ensuring the reliability of the Maxwellian approxima-
tions (18) and (39) taken for the distribution functions.

We now consider two different mixtures in Fig. 7. In contrast to
the prior case depicted in Fig. 6, the systems under consideration pos-
sess different mass densities, accentuating the disparity between the
temperature ratios. Similar to the observations made in Fig. 6, we note
that for larger intruders, the thermalization of the temperature by the
bath occurs more efficiently. Thus, the action of the bath facilitates the
classification of diverse mixtures based on their mechanical properties
and deviation from energy equipartition. For moderate mass densities
(l 	 x), the curves exhibited in both Figs. 6 and 7 display a bottom-
to-top ordering as the value of x increases. We can also analyze the
temperature ratio T0=T in the specific case in which a ¼ a0 ¼ 0:9.
While energy equipartition practically holds for the system considered
in Fig. 6, a more noticeable breakdown appears in Fig. 7. This result
has been previously discussed in Ref. 32 and is due in part to the
mechanical differences between the mixtures. We can conclude again
that the theoretical results perfectly reproduce the DSMC simulations,
as demonstrated in Fig. 7.

Finally, the accuracy of the first and second Sonine approxima-
tions to the tracer diffusion coefficient D0 is evaluated by performing
DSMC simulations. The ratio D0ða0Þ=D0ð1Þ is plotted in Figs. 8 and 9
as a function of the intruder-grain coefficient of restitution a0
(a 6¼ a0). Here, D0ð1Þ denotes the tracer diffusion coefficient value
when a0 ¼ 1. Initially, it is observed that the tracer diffusion coeffi-
cient D0 exhibits minimal sensitivity to the mechanical properties of
the particles when the mass densities are equal. However, in Fig. 9, sig-
nificant qualitative differences in the behavior of D0 for the two

FIG. 7. Plot of the temperature ratio T0=T as a function of the intruder-grain coeffi-
cient of restitution a0 for the systems (l¼ 10, x¼ 5) (a) and (l ¼ 0:5; x ¼ 0:5)
(b) in the case of a three-dimensional gas with a ¼ 0:9; / ¼ 0:2, and T�ex ¼ 1.
The solid lines correspond to the theoretical results whereas the symbols refer to
DSMC results.

FIG. 6. Plot of the temperature ratio T0=T as a function of the intruder-grain coeffi-
cient of restitution a0 for the systems (l¼ 8, x¼ 2) (a) and (l ¼ 0:5;
x ¼ 0:51=3) (b) in the case of a three-dimensional gas with a ¼ 0:9; / ¼ 0:2,
and T�ex ¼ 1. The solid lines correspond to the theoretical results whereas the sym-
bols refer to DSMC results.
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mixtures are evident. It is also quite apparent that a non-monotonic
trend in the a0-dependence of D0 is consistently observed in both
cases. Furthermore, a deliberate selection of a density value of / ¼ 0:2
and a reduced background temperature of T�ex ¼ 1 allows for a larger
discrepancy between both Sonine approximations, enabling a clearer
assessment of their accuracy through simulations. As seen in the dry
granular case when a ¼ a0, the convergence between both Sonine
approximations is practically achieved when the intruders possess
both greater mass and size compared to the grains. Although notice-
able deviations are observed as x and l decrease, these discrepancies
are smaller than those observed in the dry granular case.41 The distinc-
tions between the Sonine approximations are used to evaluate their
accuracy in comparison to simulations. Thus, Figs. 8 and 9 provide
clear evidence that the second Sonine approximation for the ratio
D0ða0Þ=D0ð1Þ improves the theoretical predictions of the first Sonine
approximation, yielding excellent agreement with the simulation
results.

VII. STABILITY ANALYSIS OF THE HOMOGENEOUS
STEADY STATE

The knowledge of the diffusion transport coefficients along with
the Navier–Stokes transport coefficients of the granular suspension
opens up the possibility of solving the hydrodynamic equations for the
densities n0 and n, the flow velocity U, and the granular temperature T
for states near to the homogeneous steady state. This solution will give
us information on the linear stability of the above homogeneous state.
The linearized hydrodynamic equations are obtained when one substi-
tutes the constitutive equations for the mass flux, pressure tensor, and
heat flux into Eqs. (13)–(15), and (30). These equations are given by

Dtn0 þ n0r � U ¼ r �
m0

q
D0rn0 þ

m0

q
Drnþ q

m0T
DTrT

� �
;

(89)

Dtnþ nr � U ¼ 0; (90)

DtUi þ q�1@ip ¼ q�1@j


g @iUj þ @jUi �

2
d

dijr � U
� �

þ gbdijr � U
�
� cDU; (91)

ðDt þ 2c 1� h�1ð Þ þ fð0ÞÞT

¼ 2
dn
r � jrT þ lrnð Þ

þ 2
dn


g @iUj þ @jUi �

2
d

dijr � U
� �

þ gbdijr � U
�
@iUj � TfUr � U�

2
dn

pr � U: (92)

Here, g and gb are the shear and bulk viscosities, respectively, j is the
thermal conductivity, l is the diffusive heat conductivity, and fU is the
first-order contribution to the cooling rate. All these quantities have
been determined in Ref. 19 as functions of the coefficient of restitution
a, the volume fraction /, and the background temperature Tex.

In the homogeneous steady state, the hydrodynamic fields take
the homogeneous steady values n0;s � const:; ns � const:; Ts

� const:, and Ug ¼ U � 0. The subscript s means that the quantities
are evaluated in the steady state. For small spatial gradients, we assume
that the deviations dybðr; tÞ ¼ ybðr; tÞ � yb;s are small, where
dybðr; tÞ denotes the deviations of the hydrodynamic fields

yb; b ¼ 1;…; d þ 3
� �

¼ n0; n;U;Tf g from their values in the
homogeneous steady state. Moreover, as usual we also suppose that
the interstitial fluid is not perturbed and hence, Ug ¼ U ¼ 0.

It is quite apparent that the hydrodynamic equations (90)–(92)
for n, U, and T are decoupled from Eq. (89) for n0. This is a conse-
quence of the tracer limit. Equations (90)–(92) were already solved
in the Fourier space in Ref. 19 showing that this set of equations is
linearly stable. This means that the corresponding perturbations

FIG. 9. Plot of the reduced tracer diffusion coefficient D0ða0Þ=D0ð1Þ as a function
of the intruder-grain coefficient of restitution a0 for the systems (l¼ 10, x¼ 5) (a)
and (l ¼ 0:5; x ¼ 0:5) (b) in the case of a three-dimensional gas with
a ¼ 0:9; / ¼ 0:2, and T�ex ¼ 1. Solid and dashed lines are for the second and
first Sonine approximations, respectively, whereas the symbols refer to DSMC
results. Here, D0ð1Þ is the value of the tracer diffusion coefficient consistently
obtained in each approximation when a0 ¼ 1.

FIG. 8. Plot of the reduced tracer diffusion coefficient D0ða0Þ=D0ð1Þ as a function
of the intruder-grain coefficient of restitution a0 for the systems (l¼ 8, x¼ 2) (a)
and (l ¼ 0:5; x ¼ 0:51=3) (b) in the case of a three-dimensional gas with
a ¼ 0:9; / ¼ 0:2, and T�ex ¼ 1. Solid and dashed lines are for the second and
first Sonine approximations, respectively, whereas the symbols refer to DSMC
results. Here, D0ð1Þ is the value of the tracer diffusion coefficient consistently
obtained in each approximation when a0 ¼ 1.
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(dn, dU, dT) tend to zero for sufficiently long times. In this case, Eq.
(89) becomes an autonomous differential equation for dn0. To solve it,
as in Ref. 19, we introduce the following space and time variables:

t0 ¼ 1
2

nsr
d�1

ffiffiffiffiffi
Ts

m

r
t; r0 ¼ 1

2
nsr

d�1r: (93)

The dimensionless timescale t0 measures the average number of colli-
sions per particle in the time interval between 0 and t. The unit length
r0 is proportional to the mean free path of solid particles. Moreover,

q0;kðsÞ ¼
dn0;kðsÞ

n0;s
(94)

denotes the Fourier transformed dimensionless tracer density where

dn0;kðsÞ ¼
ð

dr0e�ik�r0dn0ðr0; sÞ: (95)

Note that here the wave vector k is dimensionless. In terms of the
above dimensionless variables, q0;kðsÞ verifies the equation,

@

@t0
q0;k ¼ �

1

2
ffiffiffi
2
p m

m0
D�0k2q0;k; (96)

whose solution is

q0;kðt0Þ ¼ q0;kð0Þ exp � 1

2
ffiffiffi
2
p m

m0
D�0k2t0

� �
: (97)

The first Sonine approximation to D�0 given by Eq. (72) clearly shows
that D�0½1� is always positive. As expected, a careful analysis of the
dependence of the second Sonine approximation D�0½2� on the param-
eter space of the system also shows that D�0½2� > 0. As a consequence,
q0;k tends to zero for t0 ! 1 and hence, the homogeneous steady
state for the system (tracer plus granular suspension) is linearly stable.

VIII. THERMAL DIFFUSION SEGREGATION

Another nice and interesting application of the results derived in
Secs. IV and V is the study of thermal diffusion segregation of an
intruder in a granular suspension. The understanding of the physical
mechanisms involved in segregation and mixing of dissimilar grains is
likely one of the most challenging problems in granular mixtures. In
addition, the problem is relevant not only from a fundamental point
of view but also from a more practical perspective. Needless to say,
segregation has been widely studied in recent years for dry granular
mixtures. Among the different segregation problems, the so-called
Brazil-nut effect (BNE) is perhaps one of the most famous examples of
(size) segregation in vertically vibrated mixtures. In the Brazil-nut
effect, a relatively large particle (intruder) tends to climb to the top of
the sample against gravity.57–59 On the other hand, another different
experimental works60,61 have observed the reverse buoyancy effect: the
so-called reverse Brazil-nut effect (RBNE) where the intruder may also
sink to the bottom of the sample under certain conditions. Several the-
oretical30,62–69 and computational70–74 works have attempted to
explain the segregation induced by the presence of a thermal gradient
(thermal diffusion segregation) and/or the gravitational force. All these
results refer to situations where the effect of the interstitial gas (bath)
on the dynamics of tracer particles has been neglected. Our objective

here is to assess the influence of the background gas on the segregation
criterion.

Thermal diffusion is the transport of matter caused by the presence
of a thermal gradient. As a result of the motion of the species of the mix-
ture, a steady state is finally achieved where the remixing effect of ordinary
diffusion is balanced by the segregation effect arising from thermal diffu-
sion.75 The amount of segregation parallel to the thermal gradient may be
characterized by the so-called thermal diffusion factor K. This quantity is
defined in an inhomogeneous non-convecting (U ¼ Ug ¼ 0) steady
state with zero mass flux (jð1Þ0 ¼ 0) through the relation,

�K
@ lnT
@z
¼ @

@z
ln

n0

n

� �
; (98)

where only gradients along the z axis have been assumed for the sake
of simplicity. Let us assume that the tracer is larger than the particles
of the granular gas (r0 > r) and also that gravity and the thermal gra-
dient point in parallel directions (i.e., the bottom plate is hotter than
the top plate, @z lnT < 0, see Fig. 10). If the temperature gradient is
sufficiently small, one can assume that K is practically constant over
the relevant ranges of composition and temperature of the system.
Thus, according to Eq. (98), when K > 0 the intruders (or tracer par-
ticles) tend to rise with respect to the particles of the granular gas (i.e.,,
@z ln ðn0=nÞ > 0) and hence, the intruder particles tend to accumulate
near the cold plate (BNE). On the other hand, when K < 0 the
intruders tend to fall with respect to the particles of the granular gas
(i.e.,, @z ln ðn0=nÞ < 0) and so, the intruder particles tend to accumu-
late near the hot plate (RBNE).

Let us determine the thermal diffusion factor. The mass flux jð1Þ0;z
of tracer particles is given by Eq. (1) with DU ¼ 0. Since jð1Þ0;z ¼ 0 in
the steady state and U ¼ Ug ¼ 0, then the momentum balance equa-
tion (14) yields @zp ¼ �qg. In the dimensionless form, this relation
can be written as

p� þ p� þ /
@p�

@/

� �
@z ln n
@z lnT

¼ �g�; (99)

where p� ¼ p=ðnTÞ and g� ¼ qg=n@zT < 0 is a dimensionless
parameter measuring the gravity relative to the thermal gradient. The

FIG. 10. Illustration of the behavior of the gas–solid system. The small circles in the
diagram represent granular particles, while the large circles depict intruders. All of
them are immersed in a sea of molecular particles (very small particles).
Specifically, the BNE (RBNE) effect occurs when the intruder rises (falls) to the top
(bottom) plate of the system.
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condition jð1Þ0;z ¼ 0 along with Eq. (99) allows one to express the factor
K in terms of the (dimensionless) diffusion coefficients D�0; D�, and
DT� as

K ¼ nDT� � D�0 þ D�ð Þ g� þ p�ð Þ
nD�0

; (100)

where n ¼ p� þ /@/p�. The dependence of K on the parameters of
the system can be obtained when one substitutes the expressions of
the (reduced) pressure p� [Eq. (57)] and the (reduced) diffusion trans-
ports coefficients into Eq. (100). Since we have seen that the first
Sonine approximation to these coefficients is quite accurate in the
complete range of values of the coefficients of restitution, we will con-
sider henceforth those expressions for the sake of simplicity. In this
approximation, the coefficients DT�; D�0, and D� are given by Eqs.
(B9), (B21), and (B23), respectively.

As expected, it is quite apparent from Eq. (100) that the influence
of the parameter space of the system on the sign of K is quite complex,
given the large number of parameters involved. On the other hand,
since Eq. (B21) clearly shows that D�0 > 0, then the condition K¼ 0
yields the relation,

nDT� ¼ D�0 þ D�
� �

g� þ p�ð Þ: (101)

Equation (101) gives the curves delineating the regimes between the
segregation toward the cold and the hot wall (BNE/RBNE transition).
However, the explicit dependence of the segregation criterion (101) on
the parameter space is still cumbersome even if one employs the first
Sonine solution to the diffusion transport coefficients. For this reason,
to disentangle the different competing mechanisms appearing in the
segregation problem, it is first convenient to consider some simple sit-
uations where a more simple criterion may be offered.

A. Mechanically equivalent particles

In this limit case (m0 ¼ m; r0 ¼ r; a ¼ a0; c ¼ c0), s0 ¼ 1
and according to Eqs. (B9), (B21), and (B23), DT� ¼ 0 and
D�0 ¼ �D� ¼ ð��1 þ c�Þ�1. Thus, Eq. (101) holds for any value of the
coefficients of restitution, masses, diameters, and volume fraction. In
this case, as expected, no segregation is possible.

B. Low density limit

Let us consider a binary granular suspension in the low-density
regime (/! 0) and in the absence of gravity (g� ¼ 0). In this regime,
p� ¼ 1, n¼ 1, and the diffusion coefficients are given by Eqs.
(75)–(77). According to these expressions, the segregation criterion
(101) yields

s0 � lð Þ ��1 � 2c�h�1 � 1
2
f� þ c�0

� �
¼ ��1 þ c�0 � f�
� �

s0 þ hDh;0 � lð Þ: (102)

The segregation criterion (102) is still quite a complex relation in com-
parison with the one obtained in the absence of gas phase (dry limit)
where K¼ 0 when l ¼ s0.

67,71 For elastic collisions, f� ¼ 0; h
¼ s0 ¼ 1 and hence, Eq. (102) becomes

1� lð Þ ��1 � 2c� þ c�0
� �

¼ ��1 þ c�0
� �

Dh;0: (103)

As for inelastic collisions, Eq. (103) clearly differs from the one derived
many years ago for molecular mixtures of hard spheres75 where the
line separating the segregation toward the cold or hot wall is simply
l¼ 1 in the first Sonine approximation.

In the case that the inhomogeneities in both the temperature and
the mixture volume fraction are neglected (@zT ! 0) but gravity is
different from zero, then jg�j ! 1 (thermalized systems). In this
case, the segregation dynamics of the intruders is essentially driven by
the gravitational force. This situation (gravity dominates the tempera-
ture gradient) can be achieved in the shaken or sheared systems
employed in numerical simulations and physical experiments.61,76–78

Under these conditions (jg�j ! 1), the criterion (102) leads to
D�0 þ D� ¼ 0. In the low-density limit, one gets

s0 � l ¼ s0 þ hDh;0 � l

��1 � 2c�h�1 � 1
2 f� þ c�0

f�: (104)

For elastic collisions, f� ¼ 0 and Eq. (104) reduces to 1� l ¼ 0, as
expected.

C. Dense granular suspensions

1. Absence of gravity (jg�jfi 0)

Let us now study the segregation dynamics for moderately dense
systems. We analyze first situations where the influence of gravity can
be neglected (jg�j ! 0). In this particular scenario, the determination
of the segregation criterion is exclusively governed by the temperature
gradient.

Let us consider first a three dimensional dry molecular mixture
(a ¼ a0 ¼ 1) at moderate densities (/ ¼ 0:2); this is illustrated by the
dashed line of Fig. 11. In this case, the particles of the molecular fluid
(“grains”) that are close to the hot plate move faster. When tracer par-
ticles are introduced, they undergo substantial velocity changes upon
colliding with the grains as they approach to the hot plate. As the size
of the intruder particles increases (keeping the mass ratio m0=m fixed),

FIG. 11. Plot of the marginal segregation curve (K¼ 0) for d¼ 3, a ¼ a0
¼ 1; / ¼ 0:2; T�ex ¼ 0:1, and jg�j ! 0. The solid line corresponds to the segre-
gation criterion for molecular suspensions while the dashed line refers to the one
derived for molecular mixtures (no gas phase). The points below the curve corre-
spond to K < 0 (RBNE), while the points above the curve correspond to K > 0
(BNE).
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collisions between grains and intruders become more frequent due to
the larger effective surface area of the intruders. Consequently, these
collisions cause the intruders to rebound and migrate back to the
colder side of the system (RBNE). On the other hand, if we increase
the mass ratio m0=m (keeping the size ratio r0=r ¼ fixed), the inertia
of the massive particle leads it to retain its initial trajectory upon colli-
sion. Consequently, a greater number of collisions is required to mod-
ify the trajectory of the intruder. The application of a thermal gradient
implicitly induces a gradient in particle density (@zn > 0) because the
grains experience a higher frequency of collisions in the hot plate,
resulting in a lower density compared to the cold plate. As a conse-
quence of this density gradient, collisions between the intruder and
grains increase in the cold plate, impeding the progress of the massive
particle and causing it to migrate toward the hotter zone (BNE).

When the mixture is immersed in an interstitial gas, we observe
that the RBNE zone is expanded, as depicted in the solid line of Fig.
11. This phenomenon can be understood by considering the argu-
ments previously discussed in Sec. VI. First, the presence of the inter-
stitial gas facilitates the thermalization of the temperatures T and T0,
leading to an equipartition of the kinetic energy (T ¼ T0 ¼ Tex).
Thus, when grains are located in the hotter (colder) region, the inter-
stitial gas tends to decrease (increase) its mean kinetic energy to estab-
lish thermal equilibrium. This effect is more pronounced when larger
particles are present, as their increased surface amplifies the action of
the interstitial gas (c0;St / r0=r). When larger intruders are located in
the hotter region, the interstitial gas undergoes a faster temperature
decrease compared to that of the gas particles. This leads to an
increased disparity in the mean velocities between grains and
intruders. This discrepancy enables the grains to more effectively mod-
ify the trajectory of the intruders, causing them to move back toward
the colder zone. As a result, the cooling effect caused by the presence
of the bath combines with the size effect observed in a dry gas and the
region where the RBNE effect occurs expands. Conversely, when the
intruders are heavier than the grains, the influence of the interstitial
gas on intruders is weakened (c0;St / ðm0=mÞ�1), thereby accentuat-
ing the inertial effects observed in the dry case. This explains the
reduction of the BNE region for suspensions when smaller size ratios
are considered.

The effects of the inelasticity in collisions on segregation are illus-
trated in Fig. 12 in the case of the common coefficient of restitution
a ¼ a0 ¼ 0:8. Notably, in contrast to the elastic case (depicted in the
dashed line of Fig. 11), we observe a pronounced enhancement of the
RBNE for dry granular mixtures; this enhancement is more significant
within the region where the intruders exhibit larger sizes. The inelastic
nature of collisions leads to a consequent loss of kinetic energy and a
decrease in temperature. Given the higher collision frequency in the
hot plate, the dissipative nature of these collisions becomes more pro-
nounced. This phenomenon bears similarity to the thermalizing influ-
ence exerted by the interstitial gas on particles located in the hotter
zone. Consequently, when considering larger intruders, the BNE/
RBNE diagram in a dry granular gas exhibits a closer resemblance to
the corresponding diagram observed in a granular suspension.
Interestingly, we find that the RBNE zone exhibits a reduction in size
as the degree of inelasticity increases in the case of granular suspen-
sions (solid line of Fig. 12). This is attributed to the bath’s ability to
lower the temperature of the intruder particles near the hot plate,
which in turn reduces their collision frequency. As a result, it becomes

more challenging for the tracer particles to undergo collisions that
result in rebound and subsequent return to the colder plate.

2. Thermalized systems (›zT fi 0)

We now consider the situation where the segregation dynamics is
essentially driven by the gravitational force. In this case, jg�j ! 1
and hence, the temperature gradient can be neglected (@zT ! 0). This
condition can be achieved in experimental setups and numerical simu-
lations involving shaken or sheared systems.61,77–80 Consequently, it is
worthwhile to explore the influence of the interstitial gas on the segre-
gation criterion in this particular case. Figures 13 and 14 show the
marginal segregation curve for the same systems as depicted in Figs.
11 and 12. As apparent from Figs. 13 and 14, we observe that the
impact of the gravitational force on segregation is much more

FIG. 12. Plot of the marginal segregation curve (K¼ 0) for d¼ 3, a ¼ a0 ¼ 0:8;
/ ¼ 0:2; T�ex ¼ 0:1, and jg�j ! 0. The solid line corresponds to the segregation
criterion for granular suspensions while the dashed line refers to the one derived
for dry granular mixtures. The points below the curve correspond to K < 0
(RBNE), while the points above the curve correspond to K > 0 (BNE).

FIG. 13. Plot of the marginal segregation curve (K¼ 0) for d¼ 3, a ¼ a0 ¼ 1;
/ ¼ 0:2; T�ex ¼ 0:1, and jg�j ! 1. The solid line corresponds to the segregation
criterion for granular suspensions while the dashed line refers to the one derived
for dry granular mixtures. The points below the curve correspond to K > 0 (BNE),
while the points above the curve correspond to K < 0 (RBNE).
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important than that of the interstitial gas. In fact, both curves (with
and without gas phase) practically collapse in a common curve.
Furthermore, similar to granular mixtures driven by a stochastic exter-
nal force (see Figs. 4 and 6 of Ref. 69), we see that the presence of grav-
ity completely reverses the RBNE/BNE transition found in the phase
diagrams in the absence of gravity. Regarding the effect of inelasticity
in collisions, our results clearly indicate that this effect is also negligi-
ble, even less significant than that observed in a driven granular
mixtures.69

Therefore, to provide an explanation for BNE/RBNE transition,
we focus on the influence of gravity rather than dissipative dynamics
or the force exerted by the interstitial gas. Evidently, when the intruder
particles are heavier, they accumulate at the bottom of the container,
leading to the observation of the RBNE effect. This explains the left
region of Figs. 13 and 14. Conversely, as the size ratio r0=r increases,
the tracer particles suffer more collisions per time. The main conse-
quence of these collisions is the existence of a “buoyancy” effect on the
intruder, resulting from the pressure exerted by the sea of granular
particles in the colder region. As a consequence, the intruder is lifted
against gravity, and the BNE effect is observed.

3. General case

Finally, we consider the general case where the effect of the tem-
perature gradient is comparable to that of gravity. To illustrate it, Fig.
15 shows the marginal segregation curve for jg�j ¼ 1, a (common)
coefficient of restitution a ¼ a0 ¼ 0:7; T�ex ¼ 0:1, and two values of
the volume fraction /: 0.1 and 0.2. We observe that the effect of grav-
ity in the segregation dynamics overcomes that of the temperature gra-
dient, as seen from the reversion in the RBNE/BNE transition
(compare Figs. 11 and 12 with Fig. 15). This finding is consistent with
the previous results obtained for dry granular mixtures.69 We also see
that the effect of the interstitial gas is to enhance the BNE effect, since
the buoyancy increases with the diameter ratios r0=r. With regard to
density, an increase in shaking strength mimics the effect of decreasing
the volume fraction / in the BNE/RBNE transition.64,65 Figure 15 also

illustrates that the BNE effect is intensified as density increases (or
shaking strength is reduced). This behavior was observed in driven
granular mixtures69 and we see that is also applicable to both dry gran-
ular mixtures and suspensions.

IX. DISCUSSION

In this paper, the Enskog–Lorentz kinetic equation has been con-
sidered as the starting point to obtain the diffusion transport coeffi-
cients of a binary granular suspension where one of the species is
present in tracer concentration. As in previous works,18 the influence
of the interstitial gas on grains has been accounted for via a drag force
plus a stochastic Langevin term defined in terms of the (known) back-
ground temperature Tex. For the arbitrary concentration, the corre-
sponding set of kinetic equations for the binary mixture were solved in
a previous work18 by means of the Chapman–Enskog method20 up to
the first order in spatial gradients. From this solution, the
Navier–Stokes transport coefficients of the mixture are given in terms
of the solutions of a set of coupled linear integral equations. In particu-
lar, in the case of the mass flux, there are four relevant diffusion trans-
port coefficients obeying integral equations that are usually solved by
considering only the leading term in a Sonine polynomial expansion.
Due to the technical difficulties embodied in the general problem, we
have considered here the tracer limit for the sake of simplicity. In this
limit, to solve the corresponding integral equations, we have retained
in the Sonine polynomial expansion terms up to the second order and,
hence, we have explicitly determined the first and second Sonine
approximations to the diffusion coefficients as functions of the param-
eter space of the system.

It should be noted that the accuracy of the Sonine approximation
may be questionable under the conditions of strong dissipation and/or
quite disparate size or mass ratios. However, our results have shown a
relatively quite rapid convergence between both Sonine approxima-
tions in comparison with the dry (no gas phase) granular limit. In this
context, we can conclude that the presence of the interstitial gas tends
to enhance the convergence of the Sonine polynomial series
expansion.

FIG. 15. Plot of the marginal segregation curve (K¼ 0) for d¼ 3, a ¼ a0 ¼ 0:7;
T�ex ¼ 0:1; jg�j ¼ 1, and two values of /. The solid line corresponds to the segre-
gation criterion for granular suspensions while the dashed line refers to the one
derived for dry granular mixtures. The points below the curve correspond to K > 0
(BNE), while the points above the curve correspond to K < 0 (RBNE).

FIG. 14. Plot of the marginal segregation curve (K¼ 0) for d¼ 3, a ¼ a0 ¼ 0:8;
/ ¼ 0:2; T�ex ¼ 0:1, and jg�j ! 1. The solid line corresponds to the segregation
criterion for granular suspensions while the dashed line refers to the one derived
for dry granular mixtures. The points below the curve correspond to K > 0 (BNE),
while the points above the curve correspond to K < 0 (RBNE).
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To assess the reliability of the Sonine approximations considered
in this paper, theoretical results have been compared against DSMC
simulations. First, a remarkable agreement is found between the theo-
retical predictions for the temperature ratio T0=T (which has been
obtained by approximating the zeroth-order distributions by their
Maxwellian forms) and the DSMC simulations. Additionally, by
employing the Einstein formula for the mean square displacement of
intruders moving in a granular suspension, the tracer diffusion coeffi-
cient D0 has been computationally determined. In order to extend the
study recently done in Ref. 32 for the evaluation of D0 when a ¼ a0,
we have performed in this paper simulations when both coefficients of
restitution are different (a 6¼ a0). It is confirmed first that the
(reduced) coefficient D0ða0Þ=D0ð1Þ [D0ð1Þ being the tracer diffusion
coefficient for elastic collisions] exhibits a non-monotonic dependence
on a0. Furthermore, intentional selection of mixture parameters
reveals stronger disparities between the results obtained from the sec-
ond and first Sonine approximations for significantly small mass and
size ratios. Nevertheless, these discrepancies remain smoother than
those have been observed in the dry granular case.30,31 As expected
from previous works,32 although the theoretical predictions of the first
Sonine approximation agree relatively well with simulations, we find
that the results of the second Sonine approximation agree perfectly
with the DSMC simulations. Thus, the second Sonine approximation
corrects the small discrepancies observed between the first Sonine
solution and simulations, indicating an improved convergence of the
solution.

The knowledge of the diffusion coefficients allow us to perform a
linear stability analysis of the homogeneous steady state of the suspen-
sion. This analysis is relatively simple since the hydrodynamic equa-
tions for n, U, and T are decoupled from that for n0. Moreover, given
that a previous19 linear stability analysis had shown that the hydrody-
namic equations obeying the fields n, U, and T are linearly stable, the
hydrodynamic equation for n0 becomes an autonomous differential
equation. We can at this point obtain the time evolution of the Fourier
transform to the (dimensionless) tracer density. Since both the first
(D�0½1�) and second (D�0½2�) (reduced) Sonine approximations are
always positive, any perturbation in the tracer density tends to vanish
over sufficiently long times. As a consequence, the homogeneous
steady state of the system (tracer plus granular suspension) has been
shown to be linearly stable.

As a second application, segregation induced by a thermal
gradient and/or gravity has been also studied. The main target has
been to assess the impact of the interstitial gas on the phase dia-
grams previously obtained in the absence of the gas phase.81 In the
absence of gravity, our results (see Figs. 11 and 12) show that the
effect of the gas phase on segregation is in general significant for
large mass and/or diameter ratios. The main effect of the sur-
rounding gas is to increase the size of the RBNE region (intruders
attempt to accumulate near the hot plate) with respect to the one
observed in the absence of the gas phase. On the other hand, in the
situations where segregation is mainly driven by gravity (namely,
when thermal gradient can be neglected) the phase diagrams with
and without gas phase are practically identical (see Figs. 13 and
14). In addition, as for dry granular mixtures, the influence of
inelasticity of collisions on segregation is very tiny since the corre-
sponding marginal segregation curve for elastic collisions collapses
practically with the one obtained for inelastic collisions.

As extensively discussed in this paper, the obtained results are
contingent upon various approximations and assumptions. Initially,
our calculations have been constrained to low Reynolds numbers, con-
sistent with the framework of Stokes’ law. Additionally, we have
accounted for a similar influence on the dynamics of grains coming
from gas-solid forces and collisional effects, as indicated by the Stokes
number. Consequently, our study encompasses neither Brownian par-
ticles (lack of collisions) nor a dry granular gas (without an interstitial
gas). Given these limitations, the key question arises regarding the
existence of natural systems satisfying both conditions, which can be
replicated in laboratory settings. In a previous work32 where the
authors of the present paper are involved, Sec. VII aims to address the
above query within a simplified framework that incorporates several
dimensionless parameters for monodisperse granular suspensions.
These dimensionless parameters comprise the Reynolds number Re,
Stokes number St, dimensionless Stokes friction coefficient
cSt=� � c�=R, and the reduced background temperature T�ex. It is
demonstrated that the resulting values used to describe a suspension
of gold grains immersed in a hydrogen molecular gas fall within the
previously discussed values for the relevant quantities in our model.
Specifically, it becomes evident that the influence of collisions on diffu-
sion coefficients is not negligible for many of the situations where the
present suspension model applies. More details on this issue can be
found in Sec. VII of Ref. 32.

In this work, we have used the Chapman–Enskog method20 con-
veniently adapted to dissipative dynamics as a reliable procedure to
obtain the diffusion transport properties of intruders immersed in a
granular suspension. Our calculations have been restricted to the
Navier–Stokes domain (i.e., low Knudsen numbers). In the
Navier–Stokes hydrodynamics regime, according to the Curie princi-
ple,82 shear stress cannot modify the mass flux due to the constraint
imposed by linear transport coupling, which exclusively occurs
between irreducible tensors sharing the same rank and parity. On the
other hand, it is worth investigating tracer diffusion coefficients in a
binary suspension where the excess component (granular gas) is
strongly sheared. In this particular scenario, the state of uniform shear
flow serves as the reference state for the Chapman–Enskog expansion.
In this situation, due to the anisotropy induced by the shear flow,
second-rank tensors are required to describe the diffusion process
instead of the conventional scalar coefficients. In the case of dry granu-
lar mixtures, at given values of the coefficients of restitution, these ten-
sors have been shown83 to exhibit a nonlinear dependence on the
shear rate and, thus, on the inertial number I.84 We want to study the
shear-rate dependence of the diffusion coefficients when the dynamics
of solid particles are influenced by the presence of an interstitial gas.
Further investigation in this direction is planned for the near future.

The results reported in this paper have been derived for a suspen-
sion model where the effect of the background gas on the dynamics of
grains has been accounted for via a fluid-solid force (coarse-grained
description). It would be of interest to revisit the tracer diffusion prob-
lem by considering a coarse-grained model in which fluid–solid inter-
actions are governed not only by the drag force (Stokes drag force) but
also by the Archimedes force (gas pressure gradient). Furthermore, as
an alternative perspective, a collisional model that explicitly accounts
for the collisions between grains and particles of the surrounding
molecular gas could be implemented. This sort of suspension model
has been recently proposed17 and the results derived from this
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collisional model has been shown to reduce to those obtained from the
coarse-grained approach19 when the grains are much heavier than the
particles of the background gas. We expect a similar conclusion in
the tracer diffusion problem analyzed in the present paper. Last but
not least, it would also be desirable to carry on computer simulations
to assess the reliability of the phase diagrams obtained here for thermal
diffusion segregation of intruders. We plan to make some progresses
along these lines in the near future.
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APPENDIX A: THE SECOND SONINE COEFFICIENTS a
AND c OF THE GRANULAR GAS

The first-order velocity distribution function f ð1Þ of the granu-
lar gas has the following form:19

f ð1Þ ¼ A � rT þ C � rnþD : rUþ Er � U: (A1)

To evaluate the diffusion transport coefficients of the tracer par-
ticles, only the quantities A and C are needed. Both quantities van-
ish in the first Sonine approximation. In the second Sonine
approximation,A and C are given, respectively, by

AðVÞ ! �fMðVÞa SðVÞ; CðVÞ ! �fMðVÞc SðVÞ; (A2)

where the Maxwellian distribution fMðVÞ is defined by Eq. (18)
with the replacement v ! V and SðVÞ is

SðVÞ ¼ 1
2

mV2 � d þ 2
2

T

� �
V: (A3)

The coefficients a and c are related to the kinetic contributions to
the thermal conductivity jk and the diffusive heat conductivity lk.
They are defined as

a; cf g ¼
2

d þ 2
m

nT3
jk;lkf g: (A4)

Up to the second Sonine approximation, the coefficients a and c
are19

a ¼ 1
�T2

1þ 3
2d�3

d þ 2
vð0Þ/ 1þ að Þ2 2a� 1ð Þ

��j þ c� � 3
2
f�

; (A5)

c ¼ 1
�nT

��j þ 3c�
� ��1(a�

"
f� 1þ /

@ ln vð0Þ

@/

 !

�2 h�1 � 1ð Þc�/ @ lnR
@/

#
þ 3

2d�2

d þ 2ð Þ v
ð0Þ/ 1þ að Þ

� 1þ 1
2
/
@ ln vð0Þ

@/

 !
aða� 1Þ

)
: (A6)

In Eqs. (A5) and (A6), vð0Þ is the pair correlation at zeroth order,
c� ¼ c=� ¼ kh�1=2; a� ¼ �T2a, and

��j ¼
8ffiffiffi

2
p
ðd þ 2Þ

pðd�1Þ=2

C
d
2

� � 1þ a
d

vð0Þ
d � 1
2
þ 3
16
ðd þ 8Þð1� aÞ

 �
:

(A7)

It must be recalled again that Eqs. (A5)–(A7) have been displayed
neglecting the non-Gaussian corrections to the zeroth-order distri-
bution function f ð0Þ. As said along the paper, the effect of these con-
tributions on the Sonine coefficients a and c are significant only for
quite extreme values of inelasticity.19

APPENDIX B: SONINE APPROXIMATIONS
TO THE DIFFUSION TRANSPORT COEFFICIENTS

In this appendix, we determine the first and second Sonine
approximations to the diffusion transport coefficients D0, D, DT,
and DU. These coefficients are given in terms of the solutions of the
set of integral equations (48)–(51) where the inhomogeneous terms
A0; B0; C0, and E0 are defined by Eqs. (53)–(56), respectively. Up
to the second Sonine approximation, the functionsA0; B0; C0, and
E0 are approximated by Eqs. (60)–(63), respectively, whileA and C
are defined by Eq. (A2). Let us evaluate each transport coefficient
separately.

1. Thermal diffusion coefficient DT

We consider first the thermal diffusion coefficient DT. To get
it, we substitute A and A0 by their Sonine approximations and
then, multiply the integral equation (48) by m0V and integrate over
velocity. After some algebra, one gets

�1 � 2ch�1 � 1
2
fð0Þ þ c0

� �
DT þ n0Tð0Þ20

q
�2a0 ¼ Z1; (B1)

where
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Z1 ¼ �
n0Tð0Þ20

q
�3aþ n0Tð0Þ0

q
þ n0T

q
hDh;0 �

pq0

q2

þm0

dq

ð
dVV �K0 T

@f ð0Þ

@T

 �
: (B2)

Here, Dh;0 ¼ @s0=@h; s0 ¼ Tð0Þ0 =T , and we have introduced the col-
lision frequencies,

�1 ¼ �
1

dn0Tð0Þ0

ð
dv m0V � Jð0Þ0 f0;MV; f ð0Þ

h i
; (B3)

�2 ¼ �
1

dn0Tð0Þ20

ð
dv m0V � Jð0Þ0 f0;MS0; f ð0Þ

h i
; (B4)

�3 ¼ �
1

dn0Tð0Þ20

ð
dv m0V � Jð0Þ0 f ð0Þ0 ; fMS

h i
: (B5)

In Eqs. (B1) and (B2), fð0Þ and Tð0Þ0 are the zeroth-order con-
tributions to the cooling rate f and the partial temperature T0,
respectively. In the Maxwellian approximation, the cooling rate

fð0Þ is defined by Eq. (19) and Tð0Þ0 is given by the physical solu-
tion to Eq. (42). Upon obtaining (B2), use has been made of the
result, ð

dVm0V � A0 ¼ �dn0Tð0Þ0 � dn0ThDh;0 þ
dp
q

q0

�
ð

dv m0V �K0 T
@f ð0Þ

@T

 �
: (B6)

The collision integral of Eq. (B6) involving the operator K0

can be computed when one replaces the distribution function f ð0Þ

by its Maxwellian form (39) In this approximation, one has the
identity,

T
@f ð0Þ

@T
¼ � 1

2
@

@V
� Vf ð0Þ; (B7)

and hence, one obtains the result24

ð
dvm0V �K0 T

@f ð0Þ

@T

 �
¼ 2d�1dn0

�r
r

� �d

vð0Þ0 /M0ð1þ a0Þ: (B8)

If only the first Sonine correction is retained in Eq. (B1)
(which means a0 ¼ a ¼ 0), then the (reduced) first Sonine
approximation D�T ½1� ¼ ðm�=x0TÞDT ½1� to the thermal diffusion
coefficient is

D�T 1½ � ¼ � ��1 � 2c�h�1 � 1
2
f� þ c�0

� ��1

� m0

m
p� � s0 � hDh;0 � 2d�1 �r

r

� �d

vð0Þ0 M0/ð1þ a0Þ

" #
;

(B9)

where ��i ¼ �i=� and p� ¼ p=ðnTÞ is given by Eq. (57).
To close the evaluation of DT up to the second Sonine approxi-

mation, we multiply now Eq. (48) by S0ðVÞ and integrates over v.
After a tedious algebra, one achieves the result

�4 þ 3c0 � 2ch�1 � 1
2
fð0Þ

� �
a0

þ q

n0Tð0Þ20

�5 þ 2c0 1� 1
d þ 2

Tex

Tð0Þ0

 !" #
DT ¼ Z2; (B10)

where

Z2 ¼ ��6aþ 1

Tð0Þ0

þ 2
dðd þ 2Þ

m0

n0Tð0Þ30

ð
dVS0 �K0 T

@f ð0Þ

@T

 �
;

(B11)

�4 ¼ �
2

dðd þ 2Þ
m0

n0Tð0Þ30

ð
dv S0 � Jð0Þ0 f0;MS0; f ð0Þ

h i
; (B12)

�5 ¼ �
2

dðd þ 2Þ
m0

n0Tð0Þ20

ð
dv S0 � Jð0Þ0 f0;MV; f ð0Þ

h i
; (B13)

�6 ¼ �
2

dðd þ 2Þ
m0

n0Tð0Þ30

ð
dv S0 � Jð0Þ0 f ð0Þ0 ; fMS

h i
: (B14)

As before, if one replaces f ð0Þ0 by f0;M, the collision
integral involving the operator K0 in Eq. (B11) is given by
Garz�o et al.24

ð
dv S0ðVÞ �K0 T

@f ð0ÞÞ
@T
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¼ d

4
n0

M0T2

m
ð1þ xÞdvð0Þ0 /ð1þ a0Þ

�
�

Ms0
M0

	
ðd þ 2ÞðM2

0 � 1Þ

þð2d � 5� 9a0ÞM0M

þ ðd � 1þ 3a0 þ 6a20ÞM2�

þ 6M2ð1þ a0Þ2
�
: (B15)

The (reduced) thermal diffusion coefficient DT� is defined in
Eq. (69). Thus, in reduced units and by using matrix notation, Eqs.
(B1) and (B10) can be rewritten as

��1 � 2c�h�1 � 1
2
f� þ c�0 s20�

�
2

��5 þ 2c�0ð1� ðhs0Þ�1Þ
s20

��4 þ 3c�0 � 2c�h�1 � 1
2
f�

0
BBB@

1
CCCA DT�

a�0

 !

¼
X�1 � s20�

�
3a�

X�2 � ��6a�

 !
: (B16)

Here, a�0 ¼ T2�a0; a� ¼ T2�a, and

X�1 ¼ s0 þ hDh;0 �
pm0

qT
þ 1
2
ð1þ xÞdM0v

ð0Þ
0 /ð1þ a0Þ; (B17)

X�2 ¼
1
s0
þ 2

dðd þ 2Þ
m0T

n0Tð0Þ30

ð
dVS0 �K0 T

@f ð0Þ

@T
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: (B18)

The second Sonine approximation DT�½2� to DT� can be
obtained from Eq. (B16), and the result is

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 35, 083318 (2023); doi: 10.1063/5.0164179 35, 083318-19

Published under an exclusive license by AIP Publishing

 18 August 2023 15:38:57

pubs.aip.org/aip/phf


DT� 2½ � ¼
3c�0 þ ��4 �

1
2
f� � 2c�h�1

� �
ða��3s20 � X�1 Þ � ��2s20ða���6 � X�2 Þ

��2ð��5 þ 2c�0ð1� ðs0hÞ
�1Þ � c�0 þ ��1 �

1
2
f� � 2c�h�1

� �
3c�0 þ ��4 � 1

2 f
� � 2c�h�1

� � : (B19)

To obtain the dependence of DT�½1� and DT�½2� on the parameter space of the system, it still remains to determine the (reduced) collision frequen-
cies ��i . Explicit expressions of them have been achieved in previous works24,31,41 when the distributions f ð0Þ and f ð0Þ0 are replaced by their
Maxwellian approximations fM and f0;M , respectively. These expressions will be provided in the Appendix C for the sake of completeness.

The determination of the first and second Sonine approximations of the diffusion coefficients D0 and D follows similar steps as those
made for DT. Below, only the final expressions will be provided.

2. Tracer diffusion coefficient D0

The (reduced) tracer diffusion coefficient D�0 is defined by Eq. (69). It obeys the matrix equation,

��1 þ c�0 s20�
�
2

��5 þ 2c�0ð1� ðhs0Þ�1Þ
s20

��4 þ 3c�0

0
B@

1
CA D�0

b�0

� �
¼ s0

0

� �
; (B20)

where b�0 ¼ T�b0. Thus, the first D�0½1� and second D�0½2� Sonine approximations to D�0 read, respectively, as

D�0 1½ � ¼
s0

��1 þ c�0
; (B21)

D�0 2½ � ¼
ð3c�0 þ ��4Þs0

ðc�0 þ ��1Þð3c�0 þ ��4Þ � ��2ð��5 þ 2c�0ð1� ðs0hÞ
�1ÞÞ

: (B22)

3. Mutual diffusion coefficient D

The (reduced) diffusion coefficient D� is defined in Eq. (70). After some calculations, the first D�½1� and second D�½2� Sonine approxi-
mations to D� can be written, respectively, as

D� 1½ � ¼ ð��1 þ c�0Þ
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("
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)
; (B23)

D� 2½ � ¼ ð3c�0 þ ��4Þðc���3s20 � Y�1 Þ � ��2s20ðc���6 � Y�2 Þ
��2ð��5 þ 2c�0ð1� ðs0hÞ

�1ÞÞ � ðc�0 þ ��1Þð3c�0 þ ��4Þ
: (B24)

In Eq. (B24), the dimensionless quantities Y�1 and Y�2 are given by

Y�1 ¼ f� 1þ /
@ ln vð0Þ

@/

 !
� 2 h�1 � 1ð Þc�/ @ lnR

@/

" #
DT� 2½ �

þ/D/;0 �
m0

m
p� þ /

@p�

@/

� �
þ 1
2

M0/ð1þ a0Þ
1þ b

b

� �
@

@/
l0

T

� �
T;n0

; (B25)

Y�2 ¼ f� 1þ /
@ ln vð0Þ

@/

 !
� 2 h�1 � 1ð Þc�/ @ lnR

@/

" #
a�0 þ s�20 /D/;0 þ

1
2ðd þ 2Þ

M2

M0
/ð1þ a0Þ

@

@/
l0

T

� �
T;n0

�
n
ðd þ 8ÞM2

0 þ ð7þ 2d � 9a0ÞM0M þ ð2þ d þ 3a20 � 3a0ÞM2
	 


b

þ3M2ð1þ a0Þ2b3 þ ðd þ 2ÞM2
0 þ ð2d � 5� 9a0ÞM0M þ ðd � 1þ 3a0 þ 6a20ÞM2

	 

b2

�ðd þ 2Þbð1þ bÞ
o
; (B26)

where

a�0 ¼
s�20 ��5 þ 2c�0ð1� ðs0hÞ

�1Þ
h i

X�1 � a��3s20
� �

� c�0 þ ��1 �
f�

2
� 2c�h�1

� �
X�2 � a���6ð Þ

��2 �
�
5 þ 2c�0ð1� ðs0hÞ

�1Þ
	 


� c�0 þ ��1 �
1
2
f� � 2c�h�1

� �
3c�0 þ ��4 �

1
2
f� � 2c�h�1

� � : (B27)
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4. Velocity diffusion coefficient DU

The (reduced) velocity diffusion coefficient D�U is defined by Eq. (70). It obeys the matrix equation,

��1 þ c�0 s20�
�
2

��5 þ 2c�0ð1� ðhs0Þ�1Þ
s20

��4 þ 3c�0

0
B@

1
CA D�U

e�0

� �
¼ c�0 � c�

0

� �
; (B28)

where e�0 ¼ ðT2=m0Þe0. The first D�U ½1� and second D�U ½2� Sonine approximations to D�U are given, respectively, by

D�U 1½ � ¼ c�0 � c�

��1 þ c�0
; (B29)

D�U 2½ � ¼ ð3c�0 þ ��4Þðc� � c�0Þ
��2ð��5 þ 2c�0ð1� ðs0hÞ

�1ÞÞ � ðc�0 þ ��1Þð3c�0 þ ��4Þ
: (B30)

APPENDIX C: COLLISION FREQUENCIES

In this appendix, we display the expressions of the collision frequencies ��1–�
�
6. They are given by Garz�o et al.24 and Garz�o and Vega

Reyes,31

��1 ¼
2pðd�1Þ=2

dC
d
2

� � �r
r

� �d�1
vð0Þ0 Mð1þ a0Þ

1þ b
b

� �1=2

; (C1)

��2 ¼
pðd�1Þ=2

dC
d
2

� � �r
r

� �d�1
vð0Þ0 Mð1þ a0Þ bð1þ bÞ½ ��1=2; (C2)

��3 ¼ �
pðd�1Þ=2

dC
d
2

� � �r
r

� �d�1
vð0Þ0

M2

M0
ð1þ a0Þb5=2ð1þ bÞ�1=2; (C3)

��4 ¼
pðd�1Þ=2

dðd þ 2ÞC d
2

� � �r
r

� �d�1
vð0Þ0 Mð1þ a0Þ

b
1þ b

� �3=2

A� ðd þ 2Þ 1þ b
b

B

 �
; (C4)

��5 ¼
2pðd�1Þ=2

dðd þ 2ÞC d
2

� � �r
r

� �d�1
vð0Þ0 Mð1þ a0Þ

b
1þ b

� �1=2

B; (C5)

��6 ¼ �
pðd�1Þ=2

dðd þ 2ÞC d
2

� � �r
r

� �d�1
vð0Þ0

M2

M0
ð1þ a0Þ

b
1þ b

� �3=2

C þ ðd þ 2Þð1þ bÞD½ �: (C6)

In Eqs. (C1)–(C6), we have introduced the quantities,

A ¼ 2M2 1þ b
b

� �2

2a20 �
d þ 3
2

a0 þ d þ 1

� �
d þ 5þ ðd þ 2Þb½ � �Mð1þ bÞ

n
nb�2 ðd þ 5Þ þ ðd þ 2Þb½ �

� ð11þ dÞa0 � 5d � 7½ � � b�1 20þ dð15� 7a0Þ þ d2ð1� a0Þ � 28a0
	 


� ðd þ 2Þ2ð1� a0Þ
o

þ3ðd þ 3Þn2b�2 d þ 5þ ðd þ 2Þb½ � þ 2nb�1 24þ 11d þ d2 þ ðd þ 2Þ2b
	 


þðd þ 2Þb�1 d þ 3þ ðd þ 8Þb½ � � ðd þ 2Þð1þ bÞb�2 d þ 3þ ðd þ 2Þb½ �; (C7)

B ¼ ðd þ 2Þð1þ 2nÞ þMð1þ bÞfðd þ 2Þð1� a0Þ � ð11þ dÞa0 � 5d � 7½ �nb�1g þ 3ðd þ 3Þn2b�1

þ2M2 2a20 �
d þ 3
2

a0 þ d þ 1

� �
b�1ð1þ bÞ2 � ðd þ 2Þb�1ð1þ bÞ; (C8)
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C ¼ 2M2ð1þ bÞ2 2a20 �
d þ 3
2

a0 þ d þ 1

� �
d þ 2þ ðd þ 5Þb½ �

�Mð1þ bÞ
n
n d þ 2þ ðd þ 5Þb½ � ð11þ dÞa0�5d � 7½ � þ b

	
20þ dð15� 7a0Þ

þ d2ð1� a0Þ � 28a0


þ ðd þ 2Þ2ð1� a0Þ

o
þ 3ðd þ 3Þn2 d þ 2þ ðd þ 5Þb½ �

�2n ðd þ 2Þ2 þ ð24þ 11d þ d2Þb
	 


þ ðd þ 2Þb d þ 8þ ðd þ 3Þb½ � � ðd þ 2Þð1þ bÞ d þ 2þ ðd þ 3Þb½ �; (C9)

D ¼ ðd þ 2Þð2n� bÞ þMð1þ bÞfðd þ 2Þð1� a0Þ þ ð11þ dÞa0 � 5d � 7½ �kg � 3ðd þ 3Þn2

�2M2 2a20 �
d þ 3
2

a0 þ d þ 1

� �
ð1þ bÞ2 þ ðd þ 2Þð1þ bÞ: (C10)

In Eqs. (C7)–(C10), n ¼ M0ð1� s�10 Þ.

APPENDIX D: DERIVATIVES OF s0 WITH RESPECT TO h AND /

It is quite apparent that to determine the transport coefficients DT�½2� and D�½2� one needs to evaluate the derivatives Dh;0 ¼ @s0=@h
and D/;0 ¼ @s0=@/ in the steady state. To evaluate them, we start from Eq. (69) of Ref. 18 in the tracer limit (x0 ! 0),

X�h
@s0
@h
¼ �s0X

� þ X�0; (D1)

where

X� ¼ 2c�ðh�1 � 1Þ � f�; X�0 ¼ 2c�0ðh�1 � s0Þ � s0f
�
0; (D2)

and f�0 ¼ f0=� is given by Eq. (40). Since in the steady state, X� ¼ X�0 ¼ 0, then according to Eq. (D1) the derivative @s0=@h becomes inde-
terminate. As in previous works,18,85 the above problem can be solved by employing l’Hôpital’s rule. Thus, we take first the derivative with
respect to h in both sides of Eq. (D1) and then take the steady-state condition (X� ¼ X�0 ¼ 0). After some algebra, we achieve the following
expression for Dh;0:

Dh;0 ¼
c�0h
�1ð3h�1 � s0Þ � c�s0h

�1ð3h�1 � 1Þ

c�ð3h�1 � 1Þ � 2c�0 � f�0 þ b
@f�0
@b

: (D3)

Once the derivative is known, the derivative D/;0 � @s0=@/ can be computed in a similar way. The expression is

D/;0 ¼
f�
@ ln vð0Þ

@/
� 2

@k
@/

h�1=2ðh�1 � 1Þ

" #
ðhDh;0 þ s0Þ þ 2

@k0
@/

h�1=2ðh�1 � s0Þ � s0f
�
0
@ ln vð0Þ0
@/

2c�0 þ f�0 � b
@f�0
@b

: (D4)

Note that in the limit of mechanically equivalent particles, c� ¼ c�0; s0 ¼ 1, and hence, according to Eq. (D3) Dh;0 ¼ 0. As a result, since
vð0Þ ¼ vð0Þ0 and f� ¼ f�0, Eq. (D3) yields D/;0 ¼ 0.
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