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ABSTRACT

The phase behavior and structural properties of hard anisotropic particles (prisms and dumbbells) are examined in one-dimensional channels
using the Parsons-Lee (PL) theory, and the transfer-matrix and neighbor-distribution methods. The particles are allowed to move freely along
the channel, while their orientations are constrained such that one particle can occupy only two or three different lengths along the channel.
In this confinement setting, hard prisms behave as an additive mixture, while hard dumbbells behave as a non-additive one. We prove that
all methods provide exact results for the phase properties of hard prisms, while only the neighbor-distribution and transfer-matrix methods
are exact for hard dumbbells. This shows that non-additive effects are incorrectly included into the PL theory, which is a successful theory of
the isotropic-nematic phase transition of rod-like particles in higher dimensions. In the one-dimensional channel, the orientational ordering
develops continuously with increasing density, i.e., the system is isotropic only at zero density, while it becomes perfectly ordered at the close-
packing density. We show that there is no orientational correlation in the hard prism system, while the hard dumbbells are orientationally
correlated with diverging correlation length at close packing. On the other hand, positional correlations are present for all the systems, the
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associated correlation length diverging at close packing.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0169605

I. INTRODUCTION

It is generally accepted that hard-body interactions play a key
role in the structural properties and phase behavior of molecular lig-
uids, colloids and soft matter.! In addition to this, the shape of the
particles is also important, as the anisotropic shape is responsible for
the stabilization of complex meso- and crystalline structures.”

Moreover, geometric confinements (e.g., pores and chan-
nels) and interfacial confinements (e.g., particles at solid-liquid,
liquid-liquid, and gas-liquid interfaces) complicate further the
ordering and phase properties of the particles.”

Of particular interest are quasi-one-dimensional (q1D) sys-
tems, in which particles form a necklace-like structure in either
side-by-side or end-to-end configurations, in such a way that all
particles are trapped between their first neighbors.”” In such an

environment, and if the interaction range is short enough, the
phase behavior of the system is very different from that of three-
dimensional bulk, since each particle interacts only with its first
neighbors and the confining wall.”* For example, water molecules
cannot form H-bonding networks in q1D ultaconfinement, which
changes several properties of water dramatically, such as the conduc-
tivity, the diffusivity, and the fluid structure.” Similar changes occur
in colloidal and soft matter systems in q1D confinements, where the
shape of the particles can be rod-like or plate-like.!’

Therefore, it is not surprising that the changes arising in phys-
ical and chemical properties make q1D systems very attractive for
both practical and theoretical studies. A practical importance of
qlD systems is that the necklace-like nanostructures from rod-
like and plate-like building-blocks of semiconducting nanoparticles
have outstanding quantum properties, which offer new electric and
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optical applications in nanotechnology.'! They can also be used in
biological and chemical sensing due to their anisotropic properties,
because they can be embedded into solid matrices.'” The theoretical
importance of these systems is that some fundamental issues can be
addressed by studying q1D systems. These issues are, for instance,
the existence or nonexistence of first-order phase transitions, '
glass formation,'”'® jamming,'”'® or the possibility of long-range
order in low dimensional systems. "’

The minimal model of q1D necklace-like structures is made
of hard-body building blocks, where the particles (building blocks)
can be either spherical or anisotropic, can rotate to some extent,
but are restricted to a straight line.”” The system of strictly con-
fined hard spheres corresponds to a one-dimensional (1D) system
of hard rods, where the length of the rod is equal to the diameter
of the sphere. This system belongs to the class of exactly solvable
models, i.e., the equation of state, the pair distribution function, the
percolation length, and several other thermodynamic and structural
properties of 1D hard rods are analytical.”' > The general feature
of 1D hard rods is that the pressure and the pair correlation length
diverge at the close-packing density, but no phase transition occurs
in the entire range of density.” Interestingly, this system can also
be realized experimentally to study some dynamical and structural
properties, such as the diffusion coefficient, the structure factor, and
the pair correlation function.”®

To induce a true phase transition, either a long-range attractive
interaction should be added to the excluded volume interactions,
like in the case of van der Waals theory,””* or anisotropic particles
should be placed on a 1D lattice with some degree of orientational
freedom.” *® In general, q1D systems of hard anisotropic particles
with rotational freedom do not belong to the class of analytically
solvable models, but the thermodynamic properties and the pair
correlation functions can be determined exactly by the numerical
solution of an eigenvalue equation coming from the transfer-matrix
method.” " In this regard, the exceptions are q1D additive hard-
body systems, where the equation of state and the direct correlation
function can be obtained analytically.""** Adding some out-of-line
positional freedom to the particles can lead to structural transi-
tions, jamming, and glassy behavior. In the case of hard spheres, a
weak fluid-zigzag structural transition takes place with increasing
density”’ " and, additionally, the presence of special jammed states
shows the existence of glass-like structures.”” " Moreover, the cor-
relation lengths diverge at the close-packing density as infinitely long
zigzag order evolves.™ If the shape of the hard particle is anisotropic,
the competition between fluid-like and solid-like structures gives
rise to anomalous structural transition, which looks like a first-order
phase transition.”” In addition to this, the phase behavior of both
spherical and non-spherical hard-body fluids becomes very complex
by allowing the particles to pass each other, since tilted, chiral, and
achiral structures become the close-packing structure by changing
the size of the pore.” '

To test the reliability of approximate theoretical methods,
such as the classical density functional theory (DFT) and the
integral-equation approximations, which are devised for two- and
three-dimensional systems, 1D and q1D systems with short-range
interactions can be considered as an ideal playground, since the out-
put of these theories can be compared with the exact results coming
from transfer-matrix (TM) and neighbor-distribution (ND) meth-
ods. The former approximate theories have the advantage that they
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can be easily generalized to higher dimensions, while the extension
of exact methods is still challenging, even in one dimension, if the
pair interaction is not restricted to the first neighbor.®> The TM and
ND methods proved to be very successful for 1D and q1D systems
with continuous positional and orientational freedom, such as the
fluid of hard needles'”” and that of hard disks."””' Note that the
freely rotating hard needles can be considered as a simple model of
liquid crystals in one dimension*’ and even the liquid crystal elas-
tomers can be studied with the inclusion of harmonic elastic forces
between the neighboring needles.”” Regarding the development of
DFT, exact functionals have been derived only for hard rods*
and hard-rod mixtures,®” while even the fundamental-measure den-
sity functional is approximate for non-additive mixtures.”® The
problems, failures, and challenges in obtaining accurate DFT of
non-additive and q1D fluids are reviewed in Refs. 67 and 68.

Another possibility to study qlD systems is to use the
Parsons-Lee (PL) theory,”””’ which is also approximate, but it
proved to be quite accurate for describing the orientational ordering
properties and the isotropic-nematic transition of hard nonspherical
particles in two and three dimensions.”' " Interestingly, its success
is poorly understood for the equation of state and the transition
densities of isotropic-nematic phase transition. Moreover, to our
knowledge, its applicability has not been studied in one dimension
yet. Therefore, one can get some insight into the success of the PL
theory by studying some 1D hard-body fluids, where the shape of
the particle can be both convex and concave.

In this study, we examine the phase behavior and structural
properties of q1D hard-body fluids, where the shape of the parti-
cle is rod-like. The particles are placed into a very narrow channel
with either rectangular or circular cross section, where they form
a single-file fluid with only first-neighbor interactions. The effect
of out-of-line positional freedom is completely neglected, i.e., the
particles are allowed to move freely only in one spatial dimension,
while the out-of-line orientational freedom is restricted to two and
three states in rectangular and circular channels, respectively. We
show that hard prisms behave as an additive mixture, where all
components have the same chemical potential. Contrary to this,
the hard dumbbells can be represented as a non-additive mixture
with the same constraint for the chemical potentials. Both systems
exhibit orientational ordering with increasing density, where the
phase is isotropic only at vanishing density. The fluid of hard prisms
becomes identical with that of hard rods at close packing, where the
shortest length of the prism along the channel corresponds to the
diameter of the rod. This system can be characterized by diverging
positional correlation at close packing, while it lacks orientational
correlation. The phase behavior of hard dumbbells is very differ-
ent because it forms crossed structures at high densities, where
the angle between the neighboring particles is 90°. Moreover, the
dumbbells are more ordered since both the positional and orienta-
tional correlation lengths diverge at close packing. We show that
the PL theory, which is devised for isotropic and nematic phases
of two- and three-dimensional hard-body fluids, is exact for addi-
tive q1D fluids, regardless of the number of orientations, while it
is only approximate for non-additive ones. To take into account
exactly the effect of non-additive interactions, TM or ND methods
should be used. In addition, these two exact methods complement
each other because the ND method provides information about the
changes occurring in the positional order, while the TM method is
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more suitable to study the orientational ordering properties of the
system.

The organization of this paper is as follows. The prism and
dumbbell models are presented in Sec. II. Then, Sec. III is devoted
to the PL theory and the exact TM and ND methods. The results for
the bulk properties, the pair distribution function, and the correla-
tion lengths (both orientational and positional) are presented and
discussed in Sec. IV. Finally, Sec. V offers the main conclusions of
the paper.

Il. MODELS

We use simple hard-body models for our q1D study, where the
possible orientations of the particles are restricted to two or three
orientations only, as sketched in Fig. 1. We assume that the centers
of the particles are restricted to the z axis, but the particles can move
freely along this axis. The particles are not allowed to overlap as they
are hard objects. We can see in Fig. 1 that the occupied length of
the particle can be 01, 02, and 03 along the z axis as the particle can
orient its largest length along the x, y, and z axes, respectively. For
the sake of simplicity, we assume that 0, < 0, < 03 for hard prisms
and 0, = 0,02 = 0, and 03 = 20 for hard dumbbells. We measure
all lengths and make all quantities dimensionless with o1, which is
then the unit of length. The hard prisms are additive, because the
contact distance between two prisms is given by o = (0; + 0;)/2
for any pair of orientations (i,j = 1,2,3). This is not true for hard
dumbbells because oj; # (0j+0;)/2 for i#j; more specifically,
012/0=1/3/220.707 and 013/0 = 023/0 = (1 +/3)/2 =~ 1.366.
With these two models we can examine the effects of additive and
non-additive hard-body interactions.

FIG. 1. Schematics of (a) hard prisms and (b) hard dumbbells in q1D channels.
The particles are allowed to orient along x, y, and z axis with the corresponding
lengths (a1, 02, and o73) along the z axis. In the case of dumbbells, o1 = 0,02 = 0
and o3 = 20.
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Ill. THEORY

In this section, we present three different theories for q1D
hard-body fluids. In the three cases, the number # of internal states
(or, in the mixture language, the number of components) is arbi-
trary. So are the lengths 0, the cross contact distances y;, and the
nature (additive or non-additive) of the interactions.

We start with the PL theory, which provides the equation of
state and the fraction of particles (x;) having length ¢; along the
z axis. Then, we present the TM method for the exact calculation
of the Gibbs free energy and other thermodynamic properties. In
addition, we show that this method provides information about
the orientational correlations along the z axis. Finally, we derive
the exact equations for the orientation-dependent pair distribution
function using the ND method.

A. Parsons-Lee (PL) theory

The easiest way to derive the PL theory from the three possible
ways'* % is to start from the virial series of the excess free energy

density Fex,

Fex — i i
ﬁL "X G

i=2

where 8 = 1/kpT is the inverse temperature (kg being the Boltzmann
constant), L is the length of the channel, B; is the ith virial coefficient,
p = N/L is the linear number density, and N is the number of parti-
cles in the channel. According to Lee’s idea,”’ a mapping procedure
can be made between the system of anisotropic particles and that
of spherical particles through the virial coefficients. In the case of
1D confinement, the hard rods having length d can be used in the
mapping procedure as follows,

B
Bi » B—QBF, (3.2)

2

where BY denotes the ith virial coefficient of the hard rods. This
equation assumes that the virial coefficients of the hard rods and
those of anisotropic particles are proportional to each other. Sub-
stituting Eq. (3.2) into Eq. (3.1), we obtain, after simplification,
that
Fex = F&B—é, (3.3)
B,

where FY, is the excess free energy of the hard rods. Due to Tonks,’!
this free energy term is analytically known as

Fex

ﬂLe =—pln(1-pd). (3.4)

Using an n-state representation of the possible orientations of

the hard-body anisotropic particles, it can be shown that the second
virial coefficient is given by

n
Bz = Z x,-xjalj. (3-5)
ij=1
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In the case of hard rods, Eq. (3.5) simplifies to BY = d. Thus,
Egs. (3.3) and (3.4) yield

ﬁF ex

I Z XiXj 0. (3.6)

1]1

=—pIn(1-pd)

To complete the determination of the excess free energy, a rela-
tionship between the hard-rod length d and the lengths {ojj}
of the anisotropic particles is needed. A natural choice is
d = (o) = X, xioi, which ensures that the occupied length of
the rods and that of the anisotropic particles are the same along the
z axis in the case of additive cross interactions. Here we note that the
generalization of Eq. (3.6) is straightforward in higher dimensions as
the hard disk and sphere can be used as a reference mapping parti-
cle in two and three dimensions, respectively. The total free energy,
which is the sum of ideal and excess terms (F = Fig + Fex), can be
written as

ln(l 11) Z PiPj0ijs (3.7)
ij=1

Z (In p; -
i=1
where p; = px; is the density of component i and 5 = i, pioi = pd
= p(o) is the linear packing fraction. Here, without loss of generality,
we have taken the thermal de Broglie wavelength equal to unity. The
chemical potential of component i and the pressure can be obtained
from Eq. (3.7) using standard thermodynamic relations as follows,

Bui = 8(‘;71;{”, (i=1,...n), (3.82)

n

= —/%F +2 Buipi

i=1

(3.8b)

In the case of additive excluded length, one has ZZ]-:I pip;Tij
= p1, so that the total free energy simplifies to

F n
%:Zp,—(ln pi-1)—plIn(1-7). (3.9)
i=1
From this equation one gets the chemical potentials and the pressure
using Eq. (3.8), 1.,

Bui =1n p,-—ln(l—n)+lp%, (3.10a)

p
P=——. 3.10b
=t (3.100)

The fraction of particles can be obtained from the condition
that the chemical potential of all components are fixed to a given
value (¢),” i.e., g =p, =--- = u,. Therefore, in the case of additive
interactions, we have

oo/ (1=n)

SV (3.11)

Xi =

Note that this actually represents a set of transcendental equations
for {x;}, since # depends on {x;}. Thus, it is not possible to pro-
vide a closed formula for x; as a function of p. However, the density
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dependence of Eq. (3.11) can be replaced with the pressure one using
Eq. (3.10b). The result is

BP0

X; = (3.12)

Z?:l e

Using Eq. (3.10), one can express the chemical potential, density, and
packing fraction as functions of pressure:

Bu=1n(BP) ~InY ™, (3.13a)

i=1

n - ,~BPoi

_ ., 0ie 1
o Zzlﬁ " o (3.13b)
i=1
n o ,~BPoi

. BPYI-,0i€ (3.13¢)

Y7 (1 + BPa;)e PP

These results show that the pressure is the natural input of 1D
additive systems, which is consistent with the TM and ND methods.

It is worth mentioning that Eq. (3.13) can be reproduced
from the virial theorem using the decoupling approximation of the
positional and orientational degrees of freedom.”* In this approx-
imation, the following three steps are used: (1) the pair potential
of anisotropic hard bodies (u;) is scaled into that of hard rods,
ie, uij(z) = u(zd/oij), where z is the distance between two par-
ticles, (2) the pair distribution function can be determined from
gi(z.p) ~ g8 (zd/aij,p), where g" is the pair distribution function
of hard rods, and (3) the occupied distance of the particles equals to
that of hard rods.

We finally note that the PL theory for the non-additive case, i.e.,
oij # (0i + 0j) /2, does not produce analytical results for the fractions
x; and the thermodynamic quantities.

B. Transfer-matrix (TM) method

The simplest way to determine the partition function and the
derived thermodynamic quantities of q1D systems is to work in the
isothermal-isobaric ensemble, where the partition function can be
factorized as a product of matrices given by

o PP

P (3.14)

K; =

where, as said before, oj; is the contact distance between two neigh-
boring particles having i and j orientations, respectively. According
to the TM method, the important quantities are the eigenvalues
and the corresponding eigenvectors of the matrix Kj;. In the n-state
system, the eigenvalue equation is given by

(3.15)

Z”: vo,

where Ay is the kth eigenvalue, while tp,.(k) is the ith component of the
corresponding eigenvector. One gets the eigenvalues from the condi-
tion that the determinant of the matrix Kj; — A§;; must be zero, while
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the corresponding eigenvectors are obtained from the eigenvalue
equation, Eq. (3.15). If the eigenvectors are normalized, then

Z Ky Py ("). (3.16)
ij=1

From here, it is easy to prove’ that

A(BP)
opP

—/3PZ Kijoiviv;, (3.17)

ij=1

where A = max (A1, ..,1,) and v, is the corresponding eigenvector.
The Gibbs free energy can be obtained from SG/N = —In . The

equation of state, which connects the pressure and the density, is

given by

1 OBG/N 101

P aﬁP

ﬂP + /1;]21 Kijoiviv;, (3.18)

where Eq. (3.17) has been used. Further information about the
ordering can be gained from the (normalized) eigenfunction v,
since the fraction of particles having a length o; along the z axis is
Xi = 1//,-2 . Moreover, the orientational correlation between two pairs
can be characterized with the help of the orientational correlation
length (£,),*” which is obtained from the two largest eigenvalues as

A
2l

) OpP

£ =In (3.19)

where 1* is the second largest eigenvalue (in absolute value) of Kj;.

In the additive case, i.e., g = (0; + 0j) /2, the eigenvalues and
the eigenvectors can be obtained easily, because the matrix elements
can be factorized as follows,

K;j = /KiK;, (3.20)

where K;=Kji=¢ ﬁp"‘/ﬁP Inserting Eq. (3.
gets that

20) into Eq. (3.15) one

y® = WZ \/_w(k). (3.21)

Actually, Eq. (3.20) expresses that the matrix Kj; is the Kronecker
product of a vector \/K; by itself. As a consequence, apart from
a constant multiplier, Kj; is the matrix of a rank 1 projector, and
therefore, all its eigenvalues are zero except one, which is the largest,
A =Y, Ki; moreover, the corresponding eigenvector is propor-
tional to the vector v/K;. From the normalization condition we
have

K; e_ﬁ Po;

= —5 > (3.22)
Z?‘:lKj Z?zleﬂPaj

Xi =

which is identical to Eq. (3.12) of the PL theory. It is easy to show that
the TM method provides the same results for the equation of state,
the packing fraction, and the chemical potential as that of the PL the-
ory for arbitrary n and {o;} provided the interactions are additive.
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As the TM method is exact, it turns out that the PL theory is also
an exact theory for q1D n-state hard-body systems in the additive
case. At this point it is worth noting that the PL theory provides only
the thermodynamic properties, while the TM method can be used
to determine the structural properties, too. For example, Eq. (3.19)
shows that there is no orientational correlation between the particles,
i.e., the orientational correlation length is zero for additive systems
because 1* =0

As far as non-additive systems are concerned, the matrix ele-
ment K;; cannot be factorized as a product of two one-body terms,
as in Eq. (3.20). Therefore, the resulting equations are more com-
plicated for the ordering and thermodynamic properties, since the
determinant of the matrix K;; — A§;; becomes an nth-order polyno-
mial with nonzero eigenvalues 11, . ..,A,. Using these exact results,
we will show that the PL theory is not exact for non-additive systems.

C. Neighbor-distribution (ND) method

The complete determination of the physical properties of the
system requires the knowledge of the pair distribution function
8;;(z), which is proportional to the probability of finding a parti-
cle at position z and with orientation j, given that a particle with
orientation i is located at the origin (z = 0).

To calculate gij(z) in q1D systems, one needs to use the
isothermal-isobaric ensemble and start from the determination of
the nearest-neighbor probability distribution function, from which
the fth-neighbor distribution function can be obtained by iterated
convolutions. For this reason, here we will refer to this methodology
as the ND method. In addition to glj(z), the equation of state and
other thermodynamic quantities can be calculated with it, yielding
exactly the same results as those from the TM method. A drawback
of the ND method is, however, that it does not provide information
about the orientational correlations.

In this section, we summarize the main results derived from
the ND method and refer the reader to Chap. 5 of Ref. 78 and, espe-
cially, Sec. III of Ref. 51 for further details. The exact pair distribution
function is

1 ol QP (2)

i(z) = , 3.23
8ii(2) pJTE ; PG (3.23)
where
Qf})(z) = R(l)(z; 0ij)» (3.24a)
L=y - Z R (5 Spk k) €22, (3.24D)
k=1 kp=1 =1
with
ziklkz'“kl—lj = Ok, + Ok, 000+ Ok (3.25a)
© e PP -1
R (za) = @1 (z—a) " O(z-a). (3.25b)
In the upper summation limit of Eq. (3.23), |---| denotes

the floor function and omin = min{o;}. Note that g,(z) presents
a jump at z = oy, kinks at z = Xy, ; (k1 =1,..
singularities of order £ — 1 at z = X k. ..k, j-

.,1), and, in general,
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The Laplace transform G;;(s) = [, dz e *g;;(z) is given by™’
b
Ap./%ix;
where Q(s) is the n x n matrix with elements Q;j(s) = e~*% /s. Note
that Kj; = Q;;(SP).

In the additive case, Qii(s) =+/Qi(s)Q;j(s), where Q;(s)
= Qii(s), and this simplifies Eq. (3.26). After simple algebra, one
finds

Gi(s) = (2(s+pP)- [ —A_IQ(s+ﬁP)]_l)ij, (3.26)

E(S) _ 1 Qij(s + ﬂP)
v P\/-’ijl_ZZZI Qk(5+ﬁp)
1 pP e

(3.27)

T ps+PPI-ATSE Ou(s+ BP)

where in the second step we have taken into account that
x; = ¢ PP% [ABP in the additive case. The second equality in Eq. (3.27)
implies that all the pair distribution functions gij(z) for additive

. o e s . 66,79,80 .
systems are the same if the origin is shifted to z = 0, ie.,

8i(2) = f(z - 0y),

where the function f(z) is common for all pairs. Also in the addi-
tive case, Eqs. (3.23) and (3.24) can still be used, but Eq. (3.25a)
simplifies to

(3.28)

Ziklkzmkeqj =0jj + Ok, + Ok, +-+++ 0O,_,. (3.29)

The asymptotic decay of g;(z) —1 is characterized by the

nonzero poles of éij(s), i.e., the roots (different from s = 0) of the
determinant of the matrix | — A" Q(s + BP) for non-additive systems
[see Eq. (3.26)] or of 1 - A7'7_, Q4 (s + BP) for additive systems
[see Eq. (3.27)]. If we denote by s. = —x + 1w the pair of conju-
gate poles with the real part closest to the origin, its residue being
|¢4,-j|ei“5’J , then, for asymptotically large z,

gii(2) = 1~ 2| Ajjle™ cos (wz + ;). (3.30)
Thus, ¢, = «~! represents the positional correlation length, whereas
w is the (angular) oscillation frequency. As density increases, the
imaginary part (w) can experience a discontinuous jump at a certain
density, giving rise to a structural crossover from oscillations with a
certain frequency to oscillations with a different one. The origin of
this jump resides in the crossing of the real part of two competing
poles with different imaginary parts.

IV. RESULTS

In this section, we present our results for the phase behav-
ior and structural properties of hard prisms and dumbbells in q1D
channels (see Fig. 1) using the PL theory, as well as the TM and ND
methods. The particles are allowed to move freely along the channel,
but their orientational freedom is restricted to either two (n = 2) or
three (n = 3) orientations. The main difference between hard prisms
and dumbbells is that the contact distance between two prisms is
additive for any pairs of orientations, i.e., g;j = (0j + 0j)/2, while
hard dumbbells are non-additive as 0j; # (g; + 0;)/2 for i # j orien-
tations. We use the following dimensionless quantities: z* = z/o1,
p* =po,,and P* = fPo,.
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A. Bulk properties
1. Hard prisms

We start with the simple q1D fluid of hard prisms and com-
pare the bulk properties of two-state and three-state models. It is
easy to show that the prisms are parallel with their shortest length
o0 along the z axis at close packing. Therefore, they must behave as
a 1D fluid of hard rods at high densities, where x; — 1 and # — po,
describe the phase properties of the system. In the low-density, ideal-
gas limit, the particles form an isotropic phase in both models, with
x;i = 1/n holding for the n-state model. This can be obtained from
Eq. (3.11) or Eq. (3.22) by taking the limits p — 0 or fP — 0, respec-
tively. We can see from these limiting results that the structure of
hard prisms changes from isotropic to a perfect nematic fluid with
increasing density. The results of Egs. (3.11), (3.13b), and (3.13¢) are
shown together in Fig. 2.

Starting with the equation of state (P* vs p*), we can see in
Fig. 2(a) that there are some differences in the resulting curves at
intermediate densities, while the two-state and three-state prisms
behave almost identically at very low and high densities. The low-
density agreement is trivial because of the ideal-gas limit, but the
high-density one is due to the orientational ordering of the prisms
into the state with length o1 along the z axis. This can be seen
clearly in Fig. 2(b), where x; goes to 1 with increasing density for
both two- and three-state models. The effect of increasing density
is that neighboring particles get closer to each other, which reduces
the available room for the particles. To minimize the translational
entropy loss, the particles reduce their length along the z axis with
orientational ordering, which manifests in an orientational entropy
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FIG. 2. Phase behavior of hard prisms in a q1D channel: (a) pressure, (b) mole
fraction, and (c) packing fraction as functions of density. Particles can orient along
the x and y axes only in the two-state model, while the x, y, and z axes are allowed
in the three-state one. The lengths of the prism are chosen as follows: o1 = 1,
02 = 1.6, and 03 = 2.4. The pressure and density are dimensionless: P* = BPo,
and p* = po;.
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loss. Therefore, the competition between the translational and ori-
entational entropies results in a continuous structural change from
the isotropic to the perfectly ordered nematic fluid. It can be seen
in Fig. 2(b) that the ordering is more pronounced for the three-state
model than for the two-state one, since the translational entropy gain
is higher as the number of particles having length o3 (which is the
longest side of the prism) decreases. As the orientation with length
03 is missing in the two-state model, the changes are smoother in the
two-state model than in the three-state one.

It is also obvious that the pressure and the packing fraction
are higher in the three-state model than in the two-state one at a
given density [see Figs. 2(a) and 2(c)] because the particles are always
closer to each other in the three-state model since the orientational
entropy makes x3 # 0. The difference between the two models vir-
tually disappears at p* = 0.8, because x3 is almost zero beyond this
density. Moreover, both systems become almost a 1D fluid of hard
rods with length o1 for p* > 0.9, where x, and x3 are practically zero.
Note that the equation of state of 1D hard rods of length d, which
is given by BP = p/(1 — ) with = pd,*! can describe n-state addi-
tive hard-body systems, such as the two- and three-state prisms, if
d = (o) is the average length of the particle along the z axis, as done
in the PL theory [see Eq. (3.10b)]. In the light of this result, the
curve 1 vs p* measures the deviation from 1D hard rods, because the
curve is a straight line for 1D hard rods since # = po, in that case.
Figure 2(c) shows that the deviation from the 1D hard-rod system
increases with the number of orientational states mainly at interme-
diate densities, while the n-state system converges toward the 1D
hard-rod system at very high densities, where (o) ~ g1. These results
show that the addition of more and more out-of-line orientational
freedom to the system increases the deviation from the 1D fluid of
hard rods.

2. Hard dumbbells

The phase behavior of q1D hard dumbbells is more compli-
cated due to the presence of non-additive interactions. As the two
hard spheres making a dumbbell are in contact (see Fig. 1), the
length of the particle can be either ¢ (in states 1 and 2) or 20 (in
state 3) along the z axis. Keeping in mind the symmetry property
of the contact distance (o = 0ji), one can get all ¢;; using the fol-
lowing special values: 01; = 022 = 0, 033 = 20, 012 = 6/v/2, and 013
=023 = (1 +/3)0/2. These contact distances and the pressure are
the inputs of the exact TM and ND methods. Note that the input
of the PL theory is the density and the effective length d = (o).
We examine the following two- and three-state systems: (a) a two-
state model in which the state 1 with length o and the state 3 with
length 20 are allowed, and (b) a three-state model where all states
are included.

To understand the phase behavior of the q1D dumbbell fluid,
it is worth considering the close-packing structure of the system.
The possible shortest distance between two dumbbells is ¢ in the
two-state model, i.e., one dumbbell occupies a distance ¢ and the
close-packing density is given by p_, =1 /0. Therefore, the dumb-
bells are parallel at close packing and form a perfect nematic order
with x; = 1. Consequently, the dumbbells behave as a 1D hard-rod
fluid at high densities with SP = p/(1 - %) and # = po. This shows
that the close-packing behavior of two-state dumbbells and that of
prisms are the same. In the three-state model, however, the shortest
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distance between two dumbbells is given by o/\/2, i.e., the neigh-
boring dumbbells must be perpendicular with respect to each other
and both perpendicular to the z axis at close packing. This means
that one dumbbell occupies a distance o/+/2 and the close-packing
density is given by pc, = /2/0. This ordered structure is not pla-
nar nematic, because the order of particles with states 1 and 2 is not
random along the z axis. Note that if two particles are parallel, the
shortest distance between them is o, which is higher than o/ V2.
Therefore, the close-packed structure of the three-state dumbbell
system is the sequence 1-2-1-2-- - - of the states along the z axis. We
use the name “crossed” for this ordered structure because neighbor-
ing particles like to be perpendicular to each other. The consequence
of the crossed ordering for the close-packing properties is that
x1=x=1/2and fp = V2.

From these results, we can see that, whereas = p>.I_; x0; is
the real 1D packing fraction of additive systems, it is just a density-
dependent quantity for non-additive ones. This fact has a serious
consequence for the applicability of the PL theory because the PL
excess free energy diverges at # =1 [see Eq. (3.7)], which is below
the maximal value (7, = \/2) for the three-state dumbbell model.
Therefore, the PL theory is not exact and is unable to predict the
phase behavior of hard dumbbells if # > 1.

This shortcoming of the PL theory and the deviation from addi-
tive prism systems is illustrated in Fig. 3, where the exact and the
PL results are shown together for the bulk properties of two- and
three-state hard dumbbells.

In the two-state model, only the contact distance 013 ~ 0.91
x (01 + 03)/2 induces some negative non-additive effects in the
results. Therefore, due to the very weak non-additive character of
013, the resulting equation of state and the ordering properties are
almost identical with those of two-state hard prisms. Similarly to
hard prisms, two-state hard dumbbells undergo a continuous struc-
tural change from the isotropic fluid to the perfectly ordered nematic
one with increasing density. This can be seen clearly in Fig. 3(b),
where the fraction of particles in state 1 (x) increases continuously
from 0.5 to 1. In the two-state dumbbell model, # cannot be con-
sidered as a 1D packing fraction, but it becomes identical with the
packing fraction of hard rods of length o at high densities (p* > 0.8).
It can be seen in Fig. 3(c) that # is higher than the packing fraction
of hard rods at intermediate densities since there are some dumb-
bells with length 20 along the z axis. This positive deviation is due to
the orientational entropy, which favors the orientational disorder.
However, this entropy term weakens with increasing density due to
the decreasing available room.

To analyze the deviation from the additive hard-prism system,
we plot (1 —#)BP/p, which must be equal to 1 for additive systems
[see Eq. (3.10b)], as a function of density in Fig. 3(d). We can see
that the two-state dumbbell fluid produces values lower than 1 at
intermediate densities since two dumbbells can get closer to each
other in perpendicular orientation than two prisms can, i.e., 013
< (01 + 03)/2, which manifests in a lower pressure and a higher
packing fraction at a given density. Figure 3(d) shows that the PL
theory underestimates the effect of non-additivity, producing higher
values for (1—1#)BP/p than the exact results obtained from the
TM and ND methods. Apart from this deviation, the PL theory
describes accurately all quantities of the weakly non-additive system
of two-state dumbbells.
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FIG. 3. Phase behavior of hard dumbbells in a 1D channel: (a) pressure, (b) mole
fraction, (c) packing fraction, and (d) (1 —#)BP/p as functions of the reduced
density. Particles can orient along the x and z axes in the two-state model, while
the x, y, and z axes are allowed in the three-state one. The dashed curves corre-
spond to the results of the PL theory, while the solid curves are the exact results.
The lengths of the dumbbells are chosen as follows: o4 = ¢, 02 = 0, and o3 = 20.
The pressure and density are dimensionless: P* = fPo, and p* = po,. The cor-

responding close-packing densities are given by pg, = 1 and pg, = /2 for the
two-state and three-state models, respectively. Note that the PL curves do not
exist above p* = 1.

The phase behavior of the three-state hard dumbbell system is
more complicated due to the inclusion of state 2, which is a com-
petitor of state 1 in the ordering process. This can be seen in Fig. 3,
where the range of dimensionless density (p*) extends to /2 due
to the extra orientation state. Therefore, the equation of state of the
three-state system deviates substantially from that of the two-state
one, as can be seen in Fig. 3(a). We observe that the three-state pres-
sure curve is below the two-state one because there is more space
between particles with the inclusion of state 2. This is due to the ori-
entational entropy, which is maximal if the number of particles is
the same in all orientations. This entropy term prevails at very low
densities, where the system has an isotropic distribution, i.e., x1 = x;
~ x3 ~ 1/3. However, the competition between different entropy
terms produces orientational ordering in such a way that x; = x;
— 1/2 and x3 — 0 at close packing, as clearly observed in Fig. 3(b).
The orientationally ordered structure develops at p* »~ 1, where the
average distance between the neighboring particles reduces to o,
which do not allow the particles to occupy a distance 20 along the
z axis, i.e., x3 ~ 0.

One might think naively that the phase behavior of three-state
dumbbells becomes identical with that of hard rods of length ¢ for
p* > 1 because particles in states 1 and 2 occupy the same distance
along the z axis. This idea would be supported by Fig. 3(c), where
the curve 7 vs p* becomes linear for p* > 1, as in the fluid of hard
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rods. However, this equivalence turns out not to be true, since the
entropic contributions of 611 = 02, and 01, contact distances are still
dominant for p* > 1. The difference between the three-state hard
dumbbell and additive hard-body fluids can be visualized with the
help of (1-#)pBP/p, which is shown as a function of density in
Fig. 3(d). We can see that the three-state hard dumbbells do not obey
(1 -1n)BP/p =1 because the non-additivity decreases pressure and
increases # at a given density, as compared to an additive system.
Moreover, it changes sign at 7 = 1 (which corresponds to p* ~ 1).
Therefore, the equation of state of three-state dumbbells cannot be
mapped onto that of hard rods of length o, even at very high densi-
ties. Instead of random orientational ordering of states 1 and 2 along
the z axis, the particles form clusters, where neighboring particles
are perpendicular to each other, i.e., dimers, trimers, tetramers, . . .,
m-mers form with increasing density. At close packing, the length
of the cluster must go to infinity and the structure is crossed
through the whole system to reach the maximal density. As a con-
sequence, what actually happens is that the three-state dumbbell
model for p* > 1 becomes progressively closer to hard rods of length
012 = 0/7/2, so that SP/p — (1 — p* /+/2) " as density approaches its
close-packing value pg, = V2.

Regarding the PL theory as applied to the three-state model, it
is accurate for the ordering properties [see Fig. 3(b)], but it fails to
predict the crossed structure. This can be seen in the equation of
state [see Figs. 3(a) and 3(d)], in which case the pressure of the PL
theory diverges at p* = 1, precisely where the crossed structure starts
to develop.

B. Pair distribution function

We can get more insight into the ordering properties of
hard prisms and hard dumbbells by studying the positional pair
distribution function along the channel, g;(z).

1. Hard prisms

As the hard prisms obey the shift property of additive 1D hard-
body mixtures [see Eq. (3.28)],""""" only g, (z) is shown in Fig. 4.
We can see that the prisms become more and more ordered
locally and the positional order propagates to larger and larger
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FIG. 4. Pair distribution function between two hard prisms, both having a length
a4 along the z axis, as a function of distance between the two particles (z*).
The results are shown for (a) two-state and (b) three-state systems for densities
p* =10.3,0.5,0.65, and 0.8. The other pair distribution functions can be obtained
from gy, by applying the shift property, Eq. (3.28).
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distances with increasing density. At low densities, g,,(z) is struc-
tureless because the orientational ordering is very weak, while it
becomes oscillatory at high density with the period of shortest length
(01) due to the development of perfect nematic order with x; = 1.
Therefore, g;,(z) becomes identical to g(z) of hard rods having a
diameter 0, at very high densities. On the other hand, g,, (2) is more
structured at intermediate densities (p* = 0.5 and p* = 0.65), where
the fractions of particles having lengths 0, and 03 along the z axis are
not negligible. The effects of x, and x3 on g,, (z) are present in new
singularities at z = ioy + jo, + kos, where i, j, k are positive integers
[see Eq. (3.29)]. Among those singularities, three of them are kinks
at z = 201, 01 + 02, and 01 + 03 (the latter only in the three-state
model), which correspond to ¢ =2 in Egs. (3.25b) and (3.29); the
other singularities are of higher order and thus they are not visible
in Fig. 4. This shows that gij(z) cannot be mapped onto an effec-
tive hard-rod g(z) with d = (o), since in the latter the singularities
appear only at multiples of d.

We can also see in Fig. 4 that the pair distribution func-
tions of the two-state and three-state prisms at a common density
are almost identical, the main difference being that the three-state
prisms are positionally slightly more ordered than the two-state ones
at intermediate densities because the three-state system has a higher
packing fraction [see Fig. 2(c)].

2. Hard dumbbells

Now we turn our attention to the positional ordering of hard
dumbbells. Since the shift property of additive fluids is not valid for
hard dumbbells, g,,(z), g;5(2), and g,,(z) are calculated for two-
state dumbbells, whereas g,,(2) = g,,(2), £,,(2), £5(2) = £,;(2),
and g,,(z) are considered for the three-state model.

We can see that the shift property of g i].(z) obtained for additive

systems is violated even at p* = 0.3 in the two-state model, although
the shapes of all gij(z) are very similar [see Fig. 5(a)]. However, the
pair distribution functions become very different from each other
at high densities [see Fig. 5(b)], since the dumbbells tend to align
with their short lengths (o) along the z axis. The consequence of
this fact is that g,,(z) becomes very similar to the pair distribu-
tion function g(z) of hard rods having a diameter o, whereas g,,(z)
shows a second peak higher than the first one at p* = 0.8. This pecu-
liar behavior of g,,(z) is due to the fact that two dumbbells having
lengths 20 do not like to form a neighboring pair. Opposite to this,
g,5(2) is very similar to g,,(z) because two particles like to form
a pair if they have different orientations. In fact, it can be proved
from Eq. (3.26) for the two-state model that, in the high-density
limit, the shift property g,,(013 + 2) ~ g, (01 + 2) is fulfilled. Also
in that limit, g,, (z) depletes in the interval o3 < z < 2013. Beyond
z = 2013, §33(2) replicates the behavior of g,,(z) for z> 20y, ie,
2332013 + 2) = g,,(201 + 2).

Figures 5(c) and 5(d) show that three-state hard dumbbells
behave very differently because the shortest distance between two
dumbbells reduces to a/+/2. At this distance the neighboring parti-
cles are perpendicular to each other, and g,, has the highest contact
value among all g,.. Due to the favorable crossed alignments, the
pair distribution functions of the three-state system are more struc-
tured than that of the two-state one at both low and high densities.
In addition to this, the distance between peaks of g; is shorter in
the three-state model, since the particles can get closer to each other
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FIG. 5. Pair distribution function between two hard dumbbells, having lengths o;
and o; along the z axis, as a function of distance between the two particles (z*).
The results are shown for (a) the two-state system at p* = 0.3, (b) the two-state
system at p* = 0.8, (c) the three-state system at p* = 0.6, and (d) the three-state
system at p* = 1.2.

in crossed ordering. We can see in Fig. 5(d) that the structures of
gy, and g, are very special at the high density p* = 1.2, because the
first, third, fifth, ... peaks of g,, (g,,) show increasing (decreasing)
trends, while the second, fourth, sixth, ... peaks exhibit the oppo-
site trends. Moreover, the second peak of g,, (g,,) is much higher
(smaller) than the first one. Therefore, the trends observed in g,
and g,, prove that the first neighbors like to be perpendicular, while
the second ones tend to be parallel to each other, i.e., particles form
crossed clusters in 1-2-1-2-- - - orientational order. We mention that
the distribution functions g, and g,, do not provide information
about the crossed order, but they show enhanced positional order at
p =12

C. Correlation lengths

The extent of positional order and the propagation of ori-
entational ordering are measured with the help of positional and
orientational correlations lengths, which are shown as a function of
density in Fig. 6.

1. Hard prisms

The hard prisms are not orientationally correlated because only
the highest eigenvalue of the transfer matrix is nonzero, while the
other ones are zero. This results in &, = 0 for both two- and three-
state prisms. The positional correlation of hard prisms (§,) coming
from the oscillatory exponential decay of the pair distribution func-
tions [see Eq. (3.30)] has quite a complicate dependence on density
because of the crossing of the real part of two poles with different
imaginary parts (structural crossover). As a consequence, two kinks
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FIG. 6. Orientational (§,) and positional (§,) correlation lengths as functions
of density. Results for hard prisms are shown in panel (a), while those for hard
dumbbells are shown in panel (b). The vertical bars show the location of kinks
apparent in &,.

are present in the two-state prism model, while only one in the three-
state one. This can be seen in Fig. 6(a), where the nonmonotonic
behavior of §, is shown for both prism models. The presence of kinks
and the saturation of {,, at intermediate densities may be the result of
competition between orientational and positional ordering, because
the orientational ordering weakens the positional correlations and
shifts the positional ordering towards higher densities. It can also be
seen that the three-state system is more correlated than the two-state
one at intermediate densities. This may be due to the fact that the
three-state system is more packed than the two-state one at a given
density, as shown in Fig. 2(c). For densities p* > 0.8, both models
become equivalent to a 1D hard-rod fluid and, thus, they have the
same positional correlation length.

2. Hard dumbbells

Figure 6(b) shows that the positional correlation of hard dumb-
bells is qualitatively similar to that of hard prisms, with the difference
that the two-state dumbbell system has only one kink, while two
kinks are present in the three-state model. Moreover, at the same
p”, the positional correlation is stronger in the two-state model
because it is more packed at a given density [see Fig. 3(c)]. The result
of packing effects is that the positional correlation length of hard
dumbbells diverges at p* = 1 in the two-state model, while this hap-
pens at p* = /2 in the three-state one. The orientational correlation
is very weak and only present at intermediate densities in the two-
state system. This is due to the fact that the dumbbells with length
20 like to form pairs with dumbbells with length o, but the fraction
of the former dumbbells decreases with density. This is not the case
in the three-state model, where the orientational correlation length
diverges at p* = \/2.

Therefore, three-state dumbbells exhibit long-range orienta-
tional and positional correlation near close packing. This is the
consequence of the crossed close-packing structure, where the
dumbbells form infinitely long clusters with an orientation sequence
1-2-1-2-- -. We believe that these findings keep being true even in
the freely rotating case because the close-packing structure does not
change.
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V. CONCLUSIONS

In this paper, we have examined the effect of additive and
non-additive hard-body interactions on the phase behavior of q1D
hard-body fluids, where the particles are allowed to move freely
along a straight line and to rotate into a finite number (n) of ori-
entational states. Only two perpendicular orientations are allowed
in the two-state model (n = 2), while three mutually perpendicu-
lar ones are present in the three-state model (n = 3). The two-state
model can be considered as a minimal model of some single-file flu-
ids placed in a nanopore with rectangular cross section, while the
three-state one can represent a single-file fluid in a cylindrical pore.

The additive system has the feature that the contact distance
between two particles obeys gj; = (0; + 0j)/2, where 0; and o; are
the lengths of a particle with orientations i and j along the z axis,
respectively. The prototypes of additive systems are hard spheres,
but prisms can also be additive in the above two- and three-state
representation. However, some systems can deviate into positive
(0ij > (01 + 0})/2) or negative (oj; < (0; + 0;)/2) direction from the
additive systems. In this regard, the hard-dumbbell model belongs
to the class of negative non-additive systems.

We found that the phase behaviors of additive and non-additive
systems differ significantly. While the equation of state of additive
systems can be mapped onto that of 1D hard rods with an effec-
tive length d = (o), this is not so for the non-additive systems. We
found that (1 — #)SP/p can measure the effect of non-additive inter-
action since that quantity is exactly equal to 1 for all n-state additive
systems. By including just one non-additive contact distance, as in
the two-state dumbbell model, (1 — #)BP/p deviates from 1 only at
intermediate densities, since the two-state dumbbell system becomes
identical to the fluid of hard rods as it approaches close packing. This
comes automatically from the TM method, where K;; = g PPa /P
becomes the dominant matrix element and determines the phase
behavior at high pressures, assuming o, = o is the shortest con-
tact distance. In the three-state model, the deviation from the 1D
hard-rod behavior is much more pronounced due to the presence of
o =0/ /2. The consequence of this non-additive interaction is that
the particles like to form crossed clusters and (1 — 7)3P/p becomes
negative for p* > 1. In the three-state dumbbell model, the dom-
inant transfer matrix element is Ki; = e P¥ %2 /|BP, while the other
elements can be neglected at high pressures. It can be easily shown
in this limit that the largest and second largest (in absolute) value
eigenvalues are A - K12 and 1" — —K2, respectively. Therefore, the
resulting equation of state of the system at high pressures is given
by 8P = p/(1 - pa/~/2), which corresponds to an equation of state
of 1D hard rods having a length ¢/v/2. However, the structure is
crossed at high pressures and the orientational correlation length
diverges since &' =In (A/[A*|) — 0. This argument is strictly valid
only in the limit P — oo, which corresponds to the close-packing
density, while the size of the crossed cluster is finite for densities
below the close-packing one.

We showed that the general additive q1D fluids can be stud-
ied exactly using the PL theory, as well as the TM and ND methods.
While the PL theory provides only the bulk properties, such as the
equation of state and the orientation order parameter, the TM and
ND methods can also be used to determine the local structure of the
systems. The study of the structural and bulk properties of q1D hard
dumbbells revealed the importance of non-additive interactions,
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which can be the driving force in the formation of complex necklace-
like structures of anisotropic building blocks, such as the crossed
structure. Those systems can be studied exactly using the TM and
ND methods, but the PL theory cannot account for the high-density
and close-packing structures. Therefore, the success of the PL theory
of anisotropic 2D and 3D hard-body fluids may be due to the correct
description of side-by-side and end-to-end configurations even if the
effect of “I” and other intermediate configurations are incorrectly
included into the theory. Regarding the role of the DFT, the exact
density functional of additive 1D hard-body n-component mixtures,
which was devised by Vanderlick et al,* can be applied to one-
component anisotropic hard-body fluids with » orientational states
using the equal chemical potential condition.”” It can be shown that
hard prisms can be described exactly within the DFT, while hard
dumbbells cannot. It is worth noting that the ND method pointed
out the weaknesses of the DFT in describing the positive and neg-
ative non-additive 1D hard-body mixtures.”' Therefore, the only
possible way to get exact results for more realistic systems, such as
the freely rotating q1D rods and single-file fluids in cylindrical pore,
is to use the TM and the ND methods. We believe that these exact
methods can explain some of the simulation results on the ordering
properties of real rod-like nanoparticles, which can move freely in
q1D diblock copolymer templates.**

Finally, it must be stressed that the results presented in Sec. II1
are not restricted to the specific two- and three-state prism and
dumbbell models, chosen here as prototypes of additive and non-
additive systems, respectively. In the case of additive interactions, the
high-density phase is equivalent to that of a monocomponent fluid
with the smallest length. Interestingly, the same situation occurs if
the non-additivity is positive [i.e., 05 > (0; + 07)/2] or if it is nega-
tive but the smallest length is smaller than any cross distance o;;, as
happens with the two-state dumbbell model studied in this paper.
However, if the smallest cross distance is smaller than the smallest
length, then the high-density phase presents the crossed structural
ordering exemplified here by the three-state dumbbell model. In this
respect, the two-state hard dumbbell model is a caricature version
of a model where the dumbbells can freely rotate on the xz plane in
a rectangular channel; analogously, if orientation three is removed
from our three-state hard dumbbell model, one has a simplification
of a more general model in which the dumbbells can freely rotate on
the xy plane in a circular channel. Preliminary results show that the
orientational and positional correlation lengths of the continuous
models are qualitatively similar to those of the discrete models inves-
tigated in this paper. Work is currently in progress to study these
cases with continuous orientations and the results will be published
elsewhere.
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