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ABSTRACT

The Boltzmann kinetic theory for a model of a confined quasi-two dimensional granular mixture derived previously [Garz�o et al., “Navier–
Stokes transport coefficients for a model of a confined quasi-two dimensional granular binary mixture,” Phys. Fluids 33, 023310 (2021)] is
considered further to analyze two different problems. First, a linear stability analysis of the hydrodynamic equations with respect to the
homogeneous steady state (HSS) is carried out to identify the conditions for stability as functions of the wave vector, the coefficients of resti-
tution, and the parameters of the mixture. The analysis, which is based on the results obtained by solving the Boltzmann equation by means
of the Chapman–Enskog method to first order in spatial gradients, takes into account the (nonlinear) dependence of the transport coefficients
and the cooling rate on the coefficients of restitution and applies in principle to arbitrary values of the concentration, and the mass and diam-
eter ratios. In contrast to the results obtained in the conventional inelastic hard sphere (IHS) model, the results show that all the hydrody-
namic modes are stable so that the HSS is linearly stable with respect to long enough wavelength excitations. On the other hand, this
conclusion agrees with previous stability analysis performed in earlier studies for monocomponent granular gases. As a second application,
segregation induced by both a thermal gradient and gravity is studied. A segregation criterion based on the dependence of the thermal diffu-
sion factor K on the parameter space of the mixture is derived. In the absence of gravity, the results indicate that K is always positive, and
hence, the larger particles tend to accumulate near the cold plate. However, when gravity is present, our results show the transition between
K > 0 (larger particles tend to move toward the cold plate) to K < 0 (larger particles tend to move toward the hot plate) by varying the
parameters of the system (masses, sizes, composition, and coefficients of restitution). Comparison with previous results derived from the IHS
model is carried out.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0196797

I. INTRODUCTION

When granular matter is externally excited, the motion of grains
is quite similar to the chaotic motion of atoms or molecules of an ordi-
nary fluid. In this situation (rapid-flow conditions), they admit a
hydrodynamic-like type of description that can be derived from a fun-
damental point of view by using kinetic theory tools.1,2 However, the
kinetic theory must be adapted to dissipative dynamics since the

dimension of grains is macroscopic (typically of micrometers or
larger), and hence, their collisions are inelastic. As a consequence, to
keep them in rapid-flow conditions, one needs to subject to the grains
to a violent and sustained excitation to compensate for the energy lost
by collisions and achieve a non-equilibrium steady state.

In real experiments, there are several ways of injecting energy
into the system. For instance, it can be done by vibrating the walls of
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the system,3,4 or by bulk driving (as in air-fluidized beds).5,6

Nevertheless, it is well known that this sort of heating produces in gen-
eral strong spatial gradients whose theoretical description goes beyond
the Navier–Stokes hydrodynamic equations (which hold for small spa-
tial gradients). Thus, to avoid the difficulties embodied in the theoreti-
cal description of far from equilibrium situations, it is quite usual to
drive the granular gas by means of external forces or thermostats.7–14

However, unfortunately, it is not quite clear the relationship between
the results obtained with thermostats with those provided in the real
experiments.

A possible way of avoiding the use of external driving forces has
been proposed in the granular literature in recent years.15–21 The idea
is to consider a particular geometry (quasi-two dimensional geometry)
where the granular gas is confined in the vertical direction of the box;
this direction is slightly larger than one particle diameter. Thus, when
the box is vertically vibrated, energy is supplied into the vertical
degrees of freedom of grains through the collisions of them with the
top and bottom plates. The energy lost by collisions is counterbalanced
by the energy gained by grains due to their collisions with the walls.
This energy is transferred to the horizontal degrees of freedom of
grains. Under these conditions, when the system is observed from
above, it is fluidized and can remain in a homogeneous state.

Needless to say, the collisional dynamics of the above geometry is
quite intricate due essentially to the drastic restrictions imposed by the
confinement to the set of possible impact parameters.22 Thus, although
some attempts have been recently made23–25 by considering explicitly
the confinement in the Boltzmann collision operator, a collisional
model was proposed years ago by Brito et al.26 to gain some insight
into this quite complex problem. In this model, the magnitude of the
normal component of the relative velocity of the colliding spheres is
increased by a factor D in each collision. The term associated with the
factor D in the scattering rule attempts to mimic the transfer of energy
from the vertical degrees of freedom of grains to the horizontal ones.

The collisional model with constant D (henceforth, it will be
referred to here as the D-model) has been widely considered by differ-
ent researchers in recent years to analyze the dynamic properties of
granular gases in the quasi-two dimensional geometry. In particular,
for monocomponent dilute granular gases, the D-model has been con-
sidered for studying the homogeneous state,27,28 for deriving expres-
sions of the Navier–Stokes transport coefficients,29 and for performing
a linear stability analysis of the homogeneous time-dependent state.30

Independently, Soto et al.31 have determined the shear viscosity coeffi-
cient of a dilute granular gas; their theoretical results compare very
well with computer simulations. The above works have been extended
then32–34 to moderate densities by considering the inelastic version of
the Enskog kinetic equation.

More recently, the D-model has been extended to binary mixtures
in the low-density regime in two different papers. First, the homoge-
neous steady state (HSS) has been widely studied in Ref. 35 with spe-
cial emphasis on the breakdown of energy equipartition. Then, the
(inelastic) Boltzmann equation has been solved by means of the
Chapman–Enskog perturbative method36 for states near the local ver-
sion of the homogeneous time-dependent state. Since the zeroth-order
velocity distribution function (reference state of the Chapman–Enskog
method) f ð0Þi ðr; r; tÞ of the species i is a normal solution, its depen-
dence on time only occurs through the (global) granular temperature.
In the first order of the expansion, explicit expressions of the set of

Navier–Stokes transport coefficients have been derived by assuming
the steady state conditions (HSS) and by considering the leading terms
in a Sonine polynomial expansion.37 These expressions were obtained
by considering the case D11 ¼ D22 ¼ D12, where Dij characterizes the
intensity of the energy injection term associated with collisions
between particles of the species i and j.

The knowledge of the Navier–Stokes transport coefficients opens
up the possibility of studying different problems. Among them, the
analysis of the stability of the HSS is not only an interesting application
of the Navier–Stokes hydrodynamic equations by itself, but also
because the transport coefficients of the mixture have been evaluated
in this steady state. In this context, the HSS plays a similar role as the
so-called homogeneous cooling state (HCS) does in the conventional
inelastic hard sphere (IHS) model. In this latter case, it is well
known38,39 that the HCS becomes unstable when the linear size of the
system, L, is larger than a certain critical length Lc. The dependence of
the critical length Lc on the parameter space of the system can be
obtained from a linear stability analysis of the Navier–Stokes hydrody-
namic equations. Theoretical predictions for Lc

40–43 have been shown
to compare very well with computer simulations,44–48 even for strong
inelasticities. This good agreement reinforces the reliability of kinetic
theory for describing granular flows.

In contrast to the HCS, the linear stability analysis carried out
here shows that the HSS is linearly stable with respect to long-enough
wavelength perturbations. This conclusion agrees with previous stabil-
ity analysis performed in the D-model for monocomponent granular
gases at low30 and moderate34 densities. However, as expected, the
forms of the d� 1 transversal shear modes (d being the dimensionality
of the system) and the four longitudinal modes (i.e., those associated
with the mole fraction, the longitudinal component of the flow veloc-
ity, the hydrostatic pressure, and the temperature) derived in this paper
differ from those previously obtained42 in the HCS for a granular
binary mixture.

The fact that the linearized hydrodynamic equations are linearly
stable does not preclude the possibility of separation or species segrega-
tion induced by both gravity and thermal gradients. Segregation and
mixing of dissimilar grains is one of the most interesting problems in
granular mixtures, from a fundamental and a practical point of view.
The knowledge of the diffusion transport coefficients allows us to
derive a segregation criterion based on the sign of the so-called thermal
diffusion factor K. Since in our geometry (see Fig. 3) the bottom plate
is hotter than the top plate (and so, gravity and thermal gradient point
in parallel directions), then when K > 0 (K < 0), the larger particles
tend to move toward the cold (hot) plate. The present study
complements previous works made in the context of kinetic theory of
IHS,49–55 and more recently for granular suspensions.56 As expected,
our results show that the dependence of the marginal segregation curve
(K¼ 0) on the parameter space of the system in the D-model differs
from the one obtained before for IHS.

The plan of the paper is as follows. In Sec. II, the Boltzmann
kinetic equation for a granular binary mixture in the D-model is intro-
duced. Then, the corresponding Navier–Stokes transport equations for
the mixture are displayed and the HSS analyzed. Section III deals with
the (linear) stability analysis of hydrodynamic equations. As in the
case of the conventional IHS,42 the d � 1 transversal shear modes are
decoupled from the four longitudinal hydrodynamic modes. Since the
shear viscosity coefficient is always positive, then the transversal shear
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modes are linearly stable. However, the study of the evolution of the
longitudinal hydrodynamic modes is much more intricate and requires
in general to resort to a numerical analysis. For this reason, the
extreme long wavelength limit (wave vector k¼ 0) is previously stud-
ied; the analysis shows that the longitudinal modes are also linearly sta-
ble. For nonzero values of the wave vector (which is equivalent to
consider the terms coming from the spatial gradients in the constitu-
tive equations), a systematic analysis of the dependence of the longitu-
dinal modes on the control parameters shows that these modes also
decay in time and so we can conclude that the HSS is linearly stable.
Thermal diffusion segregation is studied in Sec. IV, while the paper is
closed in Sec. V with a brief discussion of the results reported here.

II. BOLTZMANN KINETIC EQUATION FOR GRANULAR
BINARY MIXTURES
A. Model of a confined quasi-two dimensional granular
mixture

We consider a granular binary mixture modeled as a gas of
inelastic hard spheres of masses m1 and m2 and diameters r1 and r2.
We assume that the spheres are completely smooth, and hence, the
inelasticity in collisions is fully characterized by the constant (positive)
coefficients of normal restitution aij � 1 for collisions between par-
ticles of species (or components) i and j. The granular gas is in the
presence of a gravitational field g ¼ �g êz , where g is a positive con-
stant and êz is the unit vector in the positive direction of the z axis. In
the low-density regime, the velocity distribution function fiðr; v; tÞ of
the species i (i¼ 1, 2) in the D-model obeys the Boltzmann kinetic
equation

@

@t
fi þ v � rfi þ g � @fi

@v
¼
X2
j¼1

Jij r; vj fi; fj
� �

; (1)

where the Boltzmann collision operators Jij of the D-model read35

Jij v1j fi; fj
� �� rd�1

ij

ð
dv2

ð
dr̂Hð�r̂ � g12 � 2DijÞ

� ð�r̂ � g12 � 2DijÞa�2
ij fiðr;v001 ; tÞfjðr;v002 ; tÞ

�rd�1
ij

ð
dv2

ð
dr̂Hðr̂ � g12Þðr̂ � g12Þfiðr;v1; tÞfjðr;v2; tÞ;

(2)

where HðxÞ is the Heaviside step function, g12 ¼ v1 � v2 is the rela-
tive velocity, r̂ is the unit collision vector joining the centers of the two
colliding spheres and pointing from particle 1 to particle 2, rij ¼ rijr̂
and rij ¼ ðri þ rjÞ=2. In Eq. (2), note that particles are approaching if
r̂ � g12 > 0. The relationship between the pre-collision velocities
ðv001 ; v002Þ and the post-collision velocities ðv1; v2Þ is given by

v001 ¼ v1 � lji 1þ a�1
ij

� �
ðr̂ � g12Þr̂ � 2ljiDija

�1
ij r̂; (3)

v002 ¼ v2 þ lij 1þ a�1
ij

� �
ðr̂ � g12Þr̂ þ 2lijDija

�1
ij r̂; (4)

where lij ¼ mi=ðmi þmjÞ. The quantity Dij (which points outward in
the normal direction r̂ as required by the conservation of angular
momentum57) is an extra velocity added to the relative motion. In
addition, it must be recalled that although the D-model has been built

to describe quasi-two dimensional systems, the calculations worked
out here will be performed for an arbitrary number of dimensions d.

In the case of a binary granular mixture, the relevant hydrody-
namic fields are the number densities

niðr; tÞ ¼
ð
dv fiðr; v; tÞ; (5)

the flow velocity U

Uðr; tÞ ¼ qðr; tÞ�1
X2
i¼1

mi

ð
dv v fiðr; v; tÞ; (6)

and the granular temperature T

Tðr; tÞ ¼ 1
nðr; tÞ

X2
i¼1

mi

d

ð
dvV2 fiðr; v; tÞ: (7)

Here, V ¼ v � U is the peculiar velocity, n ¼ n1 þ n2 is the total
number density, and q ¼ m1n1 þm2n2 is the total mass density.
Apart from the hydrodynamic fields, an interesting quantity is the par-
tial temperature Ti. This quantity measures the mean kinetic energy of
species i. It is defined as

Tiðr; tÞ ¼ mi

dniðr; tÞ
ð
dvV2 fiðr; v; tÞ: (8)

B. Hydrodynamic equations

The corresponding (macroscopic) hydrodynamic equations for
the number densities niðr; tÞ, the flow velocity Uðr; tÞ, and the granu-
lar temperature Tðr; tÞ can be derived from the set of Boltzmann
kinetic equations (1) when one takes into account that the operators
Jij½ fi; fj� conserve the particle number of each species, the total momen-
tum but the total energy is not conserved due to the inelasticity of colli-
sions. The structure of the hydrodynamic equations is similar to that
of the conventional IHS model,2 and they are given by

Dtni þ nir � Uþr � ji
mi

¼ 0; (9)

DtUþ q�1r � P� g ¼ 0; (10)

DtT � T
n

X2
i¼1

r � ji
mi

þ 2
dn

r � qþ P : rUð Þ ¼ �fT: (11)

In the above equations, Dt ¼ @t þ U � r is the material derivative,

ji ¼ mi

ð
dv V fiðvÞ; j1 ¼ �j2 (12)

is the mass flux for the component i relative to the local flow,

P ¼
X2
i¼1

ð
dvmiVV fiðvÞ (13)

is the total pressure tensor,

q ¼
X2
i¼1

ð
dv

1
2
miV

2V fiðvÞ (14)

is the total heat flux, and
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f ¼ � 2
dnT

X2
i¼1

X2
j¼1

ð
dv

1
2
miv

2Jij vj fi; fj
� �

(15)

is the (total) cooling rate due to inelastic collisions among all the spe-
cies. At a kinetic level, we can introduce the “cooling rates” fi associ-
ated with the partial temperatures Ti. They are defined as

fi ¼ � 1
dniTi

X2
j¼1

ð
dvmiv

2 Jij vj fi; fj
� �

: (16)

In the case of a binary mixture, there are dþ 3 independent fields:
n1, n2, U, and T. Needless to say, Eqs. (9)–(11) do not constitute a
closed set of differential equations unless one expresses the fluxes and
the cooling rate in terms of the hydrodynamic fields. Such expressions
are called “constitutive equations.” As has been previously discussed in
some works,42,58 it is more convenient in the low-density regime to
provide these constitutive equations in terms of a different set of exper-
imentally more accessible fields: the composition or mole fraction
x1 ¼ n1=n of species 1 (the mole fraction of species 2 is x2 ¼ n2=n
¼ 1� x1), the hydrostatic pressure

p ¼ nT ¼
X2
i¼1

niTi; (17)

the flow velocity U, and the granular temperature T. The hydrody-
namic equations for x1 and p can be easily obtained from Eqs. (9) and
(11) as

Dtx1 þ q
n2m1m2

r � j1 ¼ 0; (18)

Dtpþ pr � Uþ 2
d

r � qþ P : rUð Þ ¼ �fp: (19)

In terms of the fields x1, U, p, and T, the detailed form of the con-
stitutive equations up to the first order in the spatial gradients
(Navier–Stokes hydrodynamic order) is given by37

j1 ¼ �m1m2n
q

Drx1 � q
p
Dprp� q

T
DTrT; (20)

Pð1Þ
‘k ¼ �g

@U‘

@rk
þ @Uk

@r‘
� 2
d
d‘kr � U

� �
; (21)

qð1Þ ¼ �T2D00rx1 � Lrp� krT; (22)

f ¼ fð0Þ þ fUr � U: (23)

In Eqs. (20)–(23), the Navier–Stokes transport coefficients are the dif-
fusion coefficient D, the pressure diffusion coefficient Dp, the thermal
diffusion coefficient DT, the shear viscosity coefficient g, the Dufour
coefficient D00, the pressure energy coefficient L, and the thermal con-
ductivity coefficient k. Moreover, fð0Þ is the zeroth-order contribution
(in the absence of spatial gradients) to the cooling rate, and the coeffi-
cient fU vanishes in the conventional IHS for dilute binary mixtures.58

It is important to remark that in the Chapman–Enskog method, one
has to characterize the magnitude of the gravitational force relative to
spatial gradients. In the derivation of Eqs. (20)–(23), it has been
assumed that the magnitude of the gravity is at least of first-order in
perturbation expansion. This is the usual hypothesis in the conven-
tional Chapman–Enskog method for elastic collisions.36

Approximate expressions for all the above transport coefficients
were obtained in Ref. 37 in the leading Sonine approximation in the
case D11 ¼ D22 ¼ D12 � D. This is the usual case studied for binary
mixtures, namely, when the different species differ in their masses,
diameters, composition, and coefficients of restitution. We will con-
sider henceforth this case in the remaining part of the paper.

Substitution of the Navier–Stokes constitutive equations (20)–
(23) into the exact balance equations (10), (11), (18), and (19) gives the
Navier–Stokes hydrodynamic equations for a binary mixture in the
D-model:

Dtx1 ¼ q
n2m1m2

r � m1m2n
q

Drx1 þ q
p
Dprpþ q

T
DTrT

� �
; (24)

DtU‘ þ q�1r‘p ¼ gþ q�1rk g r‘Uk þrkU‘ � 2
d
dk‘r � U

� �� 	
;

(25)

Dt þ fð0Þ

 �

pþ d þ 2
d

pr � U

¼ 2
d
r � T2D00rx1 þ Lrpþ krT

 �

þ 2
d
g r‘Uk þrkU‘ � 2

d
dk‘r � U

� �
r‘Uk � pfUr � U;

(26)

Dt þ fð0Þ

 �

T þ 2
d
Tr � U

¼ �T
n
m2 �m1

m1m2
r � m1m2n

q
Drx1 þ q

p
Dprpþ q

T
DTrT

� �

þ 2
dn

r � T2D00rx1 þ Lrpþ krT

 �

þ 2
dn

g r‘Uk þrkU‘ � 2
d
dk‘r � U

� �
r‘Uk � TfUr � U:

(27)

For the chosen set of fields, n ¼ p=T and q ¼ p½ðm1 �m2Þx1
þm2�=T . Equations (24)–(27) are exact to second order in the spatial
gradients for a low density Boltzmann gas.

C. Homogeneous steady state (HSS)

For general time-dependent states, the expressions of the trans-
port coefficients and the cooling rate in the hydrodynamic regime can
be written as

D ¼ qT
m1m2�

D�; Dp ¼ p
q�

D�
p; DT ¼ p

q�
D�
T ; (28)

g ¼ p
�
g�; D00 ¼ n

m�
D00�; L ¼ T

m�
L�; (29)

k ¼ p
m�

k�; f�0 ¼
fð0Þ

�
: (30)

Here, � ¼ nrd�1
12 vth is an effective collision frequency, vth ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2T=m

p
is the thermal velocity, andm ¼ ðm1 þm2Þ=2. The reduced transport
coefficients (D�; D�

p; D
�
T ; g

�; D00�; L�; k�, and f�0) depend on the con-
centration x1, the mass and diameter ratios m1=m2 and r1=r2, the
coefficients of restitution aij, and the (reduced) velocity D� ¼ D=vth.
On the other hand, as discussed in previous papers,30,35,37 the
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determination of the (reduced) transport coefficients requires in gen-
eral to numerically solve intricate first-order differential equations in
the dimensionless parameter D�ðTÞ. This contrasts with the results
obtained from the conventional IHS,42,58,59 where those reduced
coefficients are independent of the time-dependent granular tempera-
ture T(t).

A simple but quite interesting situation corresponds to the HSS
characterized by the absence of gravity (g¼ 0) and where the pressure
and the temperature reach constant values for asymptotically long
times. In the HSS, @tp ¼ @tT ¼ 0 and according to Eqs. (26) and (27),
the partial cooling rates vanish [fð0Þ1 ¼ fð0Þ2 ¼ fð0Þ ¼ 0]. As Eq. (16)
shows, the zeroth-order contributions fð0Þi to fi are given in terms of
the unknown zeroth-order distributions f ð0Þi of the Chapman–Enskog
solution. However, a good estimate on fð0Þi can be obtained by replac-
ing f ð0Þi by the Maxwellian distribution defined at the zeroth-order
contribution Tð0Þ

i to the partial temperature Ti:

f ð0Þi ðVÞ ! fi;MðVÞ ¼ ni
mi

2pTð0Þ
i

� �d=2
exp �miV2

2Tð0Þ
i

 !
: (31)

By using the Maxwellian distributions (31), the (reduced) partial cool-
ing rates f�i ¼ fð0Þi =� are35

f�i ¼
4pðd�1Þ=2

dC
d
2

� �X2
j¼1

xj
rij
r12

� �d�1

ljið1þ aijÞh�1=2
i 1þ hij


 �1=2

� 1� 1
2
ljið1þ aijÞð1þ hijÞ

� 	
� 4pd=2

dC
d
2

� �X2
j¼1

xj
rij
r12

� �d�1

ljiD
�

� 2ljiD
�ffiffiffi

p
p h1=2i 1þ hij


 �1=2� 1þljið1þ aijÞ 1þ hij

 �" #

; (32)

where

hi ¼ miT

mTð0Þ
i

; hij ¼
miT

ð0Þ
j

mjT
ð0Þ
i

: (33)

The quantity hij gives the ratio between the mean square velocity of the
particles of the component j relative to that of the particles of the com-
ponent i.

As mentioned before, the case Dij � D corresponds to the usual
case for binary granular mixtures. In the bidisperse case, the unknowns
are the steady temperature T (or equivalently, the dimensionless
parameter D� ¼ D=

ffiffiffiffiffiffiffiffiffiffiffiffi
2T=m

p
) and the temperature ratio Tð0Þ

1 =Tð0Þ
2 . In

the HSS, these two quantities are determined from the conditions

f�1 ¼ 0; f�2 ¼ 0; (34)

where the explicit forms of the partial cooling rates f�1 and f�2 can be
easily inferred from Eq. (32). The solution to Eqs. (34) provides the
values of D� (or equivalently, the reduced steady temperature
T� ¼ 2T=mD2) and the temperature ratio Tð0Þ

1 =Tð0Þ
2 in terms of the

parameter space of the system: the mass ratio m1=m2, the ratio of
diameters r1=r2, the mole fraction x1, and the coefficients of restitu-
tion a11, a22, and a12. In spite of the Maxwellian approximation (31),
in the low-density regime, the theoretical results obtained for the tem-
perature ratio Tð0Þ

1 =Tð0Þ
2 and the global temperature T� compare, in

general, quite well with Monte Carlo and molecular dynamics
simulations.35

It is important to note that the determination of the Navier–
Stokes transport coefficients in the HSS requires to evaluate derivatives
such as ð@ci=@D�Þs and ð@f�0=@D�Þs, where ci ¼ Tð0Þ

i =T; f�0 ¼ x1c1f
�
1

þx2c2f
�
2, and the subscript s means that the derivatives are computed

in the steady state (i.e., when f�1 ¼ f�2 ¼ 0). The explicit forms of the
reduced transport coefficients and the cooling rate for the case
D11 ¼ D22 ¼ D12 � D in the HSS are displayed in Appendix A.

III. STABILITY ANALYSIS

It is quite evident that the knowledge of the complete set of
Navier–Stokes transport coefficients of the binary granular mixture
opens up the possibility of performing a linear stability analysis of the
HSS. This analysis will provide us a critical length Lc beyond which the
system becomes unstable. Previous theoretical studies41–43 on the HCS
in the conventional IHS model have shown that the HCS becomes
unstable for long enough wavelength perturbations. These theoretical
predictions compare in general quite well with computer simula-
tions.45–48 In the case of the D-model, a previous work37 on monocom-
ponent granular gases has shown that the HSS is linearly stable. A
natural question arises then as to whether, and if so to what extent, the
conclusions achieved in the monocomponent case can be changed in
the case of a binary granular mixture.

In the absence of gravity, needless to say, the Navier–Stokes
hydrodynamic equations (24)–(27) admit the HSS as a solution. This
state is a uniform state where UH ¼ 0 (without loss of generality),
nH � const, and TH � const. Here, the subscript H means that the
hydrodynamic fields are evaluated in the HSS. In addition, as said
before, the steady values of the scaled parameter D� and the tempera-
ture ratio c � Tð0Þ

1 =Tð0Þ
2 are determined from the conditions

f�1 ¼ f�2 ¼ 0. The goal of this section is to analyze the stability of the
HSS, namely, we want to investigate whether the HSS is linearly stable
or not with respect to long enough wavelength perturbations. An
answer to this question can be provided when one performs a linear
stability analysis of the nonlinear Navier–Stokes equations (24)–(27)
with respect to the HSS for small initial inhomogeneous perturbations.

We assume that the deviations dybðr; tÞ ¼ ybðr; tÞ � yHb are
small, where dybðr; tÞ denotes the deviation of fx1;U; p;T; g from
their values in the HSS. For the sake of convenience, we introduce the
time and space dimensionless variables:

s ¼ �Ht; r0 ¼ r
‘H

; (35)

where �H ¼ nHrd�1
12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2TH=m

p
and ‘H ¼ 1=ðnHrd�1

12 Þ. The dimen-
sionless timescale s is a measure of the average number of collisions
per particle in the time interval between 0 and t. The unit length
‘H ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2TH=m
p

=�H is proportional to the time-independent mean
free path of gas particles.

As usual, the linearized hydrodynamic equations for the pertur-
bations dx1ðr; tÞ; dUðr; tÞ; dpðr; tÞ; dTðr; tÞ

 �
are written in the

Fourier space. A set of Fourier transformed dimensionless variables
are introduced as

qkðsÞ ¼
dx1kðsÞ
x1H

; wkðsÞ ¼ dUkðsÞ
vth;H

; (36)
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PkðsÞ ¼ dpkðsÞ
pH

; hkðsÞ ¼ dTkðsÞ
TH

; (37)

where vth;H ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2TH=m

p
and pH ¼ nHTH. Here, dykb � fdnkðsÞ;

wkðsÞ;PkðsÞ; hkðsÞg is defined as

dykbðsÞ ¼
ð
dr0 e�ik�r0dybðr0; sÞ: (38)

Note that in Eq. (38), the wave vector k is dimensionless.
In terms of the dimensionless variables (36) and (37), it is quite

apparent that the d � 1 transverse velocity components wk? ¼ wk

�ðwk � k̂Þk̂ (orthogonal to the wave vector k) decouple from the other
four modes and they verify a degenerate d � 1 differential equations
given by

@wk?
@s

þ 1þ l
4ðx1lþ x2Þ g

�k2wk? ¼ 0; (39)

where l ¼ m1=m2 is the mass ratio. Since g� does not depend on time
in the HSS, the solution to Eq. (39) is

wk?ðsÞ ¼ wk?ð0Þ exp � 1þ l
4ðx1lþ x2Þ g

�k2s
� �

: (40)

Thus, the d � 1 transversal shear modes wk?ðsÞ are linearly stable
because the shear viscosity g� is always positive [see Eq. (A5)].

The set of differential equations for the four longitudinal modes
qk; hk; Pk , and wkjj (parallel to k) is more intricate. In matrix form,
this set can be written as

@dzkaðsÞ
@s

¼ Mð0Þ
ab þ ikMð1Þ

ab þ k2Mð2Þ
ab

� �
dzkbðsÞ; (41)

where now dzkaðsÞ denotes the four variables ðqk; hk;Pk;wkjjÞ. The
matrices in Eq. (41) are

Mð0Þ ¼

0 0 0 0

�A B 0 0

�A B 0 0

0 0 0 0

0
BBBB@

1
CCCCA; (42)

Mð1Þ ¼

0 0 0 0

0 0 0 � 2
d
þ fU

� �

0 0 0 � d þ 2
d

þ fU

� �

0 0 � 1
4

1þ l
x1lþ x2

0

0
BBBBBBBBBB@

1
CCCCCCCCCCA
; (43)

Mð2Þ ¼

� 1
4
lx1 þ x2

l12
D� � 1

4x1

lx1 þ x2
l12

D�
T � 1

4x1

lx1 þ x2
l12

D�
p 0

x1
1� l
4l12

D� � 1
d
D00�

� �
1� l
4l12

D�
T � 1

d
k�

1� l
4l12

D�
p �

1
d
L� 0

� 1
d
x1D

00� � 1
d
k� � 1

d
L� 0

0 0 0 � d � 1
2d

1þ l
lx1 þ x2

g�

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
: (44)

In Eq. (42), we have introduced the (dimensionless) quantities

A ¼ x1
@f�2
@x1

� �
s
þ x1c1

@f�1
@x1

� �
s
� @f�2

@x1

� �
s

" #( )
; (45)

B ¼ 1
2
D�
s

@f�2
@D�

� �
s
þ x1c1

@f�1
@D�

� �
s
� @f�2

@D�

� �
s

" #( )
: (46)

As in the case of the transverse modes, the subscript H has been sup-
pressed in Eqs. (42)–(46) for the sake of brevity. Moreover, as men-
tioned before, the derivatives appearing in Eqs. (45) and (46) have
been evaluated in Ref. 37 in the general case. Explicit forms for these
derivatives are displayed in Appendix A in the particular case
D11 ¼ D22 ¼ D12 � D.

For mechanically equivalent particles (m1¼m2, r1 ¼ r2, and
aij � a), D�

p ¼ D�
T ¼ 0, which implies L� ¼ k� ¼ 0 in the first Sonine

approximation. Moreover, in this limiting case, A¼ 0, B ¼ ðD�=2Þ
� ð@f�0=@D�Þs, and the results are consistent with those obtained for
monocomponent granular gases.34 Here,

f�0 ¼
ffiffiffi
2

p
p

d�1
2

dC
d
2

� � 1� a2 � 2D�2 � ffiffiffiffiffi
2p

p
aD�
 �

(47)

is the reduced cooling rate for a monocomponent granular gas.
The time evolution of the fourth longitudinal modes has the form

esnðkÞs for n ¼ 1, 2, 3, and 4. The quantities snðkÞ are the eigenvalues of
the matrix

Mab ¼ Mð0Þ
ab þ ikMð1Þ

ab þ k2Mð2Þ
ab : (48)

Thus, the eigenvalues snðkÞ are the solutions of the quartic equation

det M� s1ð Þ ¼ 0; (49)

where 1 is the matrix identity.
It is quite apparent that the determination of the dependence of

the eigenvalues snðkÞ on the (dimensionless) wave vector k and the
parameters of the mixture is not really a simple problem. Therefore, to
gain some insight into the general problem, it is convenient to study
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first the solution to the quartic equation (49) in the extreme long wave-
length limit, k¼ 0.

A. Extreme long wavelength limit (k50)

When k¼ 0, the square matrix M reduces to Mð0Þ whose eigen-
values are

sjj ¼ 0; 0; 0;Bf g: (50)

According to Eq. (46), the dependence of B on the parameter space of
the system is in general complex. A simple situation corresponds to
the case of mechanically equivalent particles where f�1 ¼ f�2 ¼ f�0 and
so,32

@f�0
@D�

� �
s
¼ � 1

2

ffiffiffiffiffi
2p

p
aþ 4D�
 �

: (51)

Thus,

B ¼ � 1
4
D� ffiffiffiffiffi

2p
p

aþ 4D�
 �
< 0; (52)

and the longitudinal modes are linearly stable in agreement with previ-
ous results.34

In the case of granular mixtures, a detailed study of the depen-
dence of the quantity B on the parameters of the mixture shows that B
is always negative. As a consequence, all the longitudinal modes are
stable when k¼ 0 in the D-model for the choice Dij ¼ D. As an illus-
tration, Fig. 1 shows the dependence of B on the coefficient of restitu-
tion a11 � a for three different mixtures. We clearly observe that the
eigenvalue B is always negative; its magnitude increases with decreas-
ing a.

B. General case

The study at finite wave vectors is quite complex and requires to
numerically solve Eq. (49). This is a quite hard task due to the large
number of parameters involved in the system. On the other hand, ana-
lytical forms of the eigenvalues of the matrix M can be provided when
one considers the limit of small wave numbers (k ! 0). This study is
relevant because the Navier–Stokes hydrodynamic equations apply to
second order in k. In the limit k ! 0, the solution to Eq. (49) can be
written as

snðkÞ ¼ sð0Þn þ ksð1Þn þ k2sð2Þn þ � � � : (53)

The coefficients sð0Þn ; sð1Þn , and sð2Þn can be obtained by substituting the
expansion (53) into the quartic equation (49). Their explicit expres-
sions are displayed in Appendix B.

As said before, beyond the limit k ! 0, the eigenvalues of M
must be numerically determined. A careful study of the dependence of
the eigenvalues of the matrix M on the parameters of the mixture
shows that the real part of all the eigenvalues is negative, and hence,
the HSS is linearly stable in the complete range of values of the wave
number k studied. This result contrasts with the one obtained in the
conventional IHS model42 but agrees with previous works30,37 carried
out in the context of the D-model for monocomponent granular gases.
As an illustration, Fig. 2 shows the real parts of the eigenvalues si
(i ¼ 1; 2; 3; 4) as functions of the (dimensionless) wave number k for a
two-dimensional granular binary mixture with a concentration
x1 ¼ 0:5, a diameter ratio r1=r2 ¼ 0:2, and a (common) coefficient of
restitution aij ¼ 0:5. The corresponding results for monodisperse
granular gases are also plotted for the sake of comparison. We observe
that two of the modes (denoted as s2 and s3) are a complex conjugate
pair of propagating modes [Reðs2Þ ¼ Reðs3Þ], while the other two
modes (s1 and s4) are real for all values of the wave number.

FIG. 1. Dependence of the eigenvalue B on the coefficient of restitution a for a two-
dimensional system and three different granular binary mixtures: x1 ¼ 0:5;
r1=r2 ¼ 2; m1=m2 ¼ 4, and aij � a (a); x1 ¼ 0:5; r1=r2 ¼ 0:2; m1=m2
¼ 0:5, and aij � a (b); and x1 ¼ 0:2; r1=r2 ¼ m1=m2 ¼ 1, a22¼ 0.9, a11 � a,
and a12 ¼ ða22 þ aÞ=2 (c).

FIG. 2. Real parts of the longitudinal eigenvalues si as functions of the wave num-
ber k for a two-dimensional granular binary mixture with x1 ¼ 0:5; r1=r2
¼ 0:2; m1=m2 ¼ 0:5 and the (common) coefficient of restitution aij � 0:5. The
dashed lines correspond to the results obtained for monodisperse granular gases.
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This feature is also present in the monocomponent case. We see that
the magnitude of s4 is very small, while the mode s1 (s2) increases
(decreases) with increasing the wave number. Figure 2 also highlights
that the impact of the disparity in masses and/or diameters does not
play a significant role on the dependence of the eigenvalues si on the
wave number k since the results for monocomponent granular gases
are quite close to the ones found for bidisperse systems.

IV. THERMAL DIFFUSION SEGREGATION

Another interesting application of the results derived in Ref. 37 is
the study of segregation induced by both a thermal gradient and grav-
ity. Segregation and mixing of dissimilar grains is one of the most
interesting problems in granular mixtures, not only from a fundamen-
tal point of view but also from a more practical perspective. This prob-
lem has spawned a number of important experimental, computational,
and theoretical works in the field of granular media, especially when
the system is fluidized by vibrating walls.

Thermal diffusion is the phenomenon caused by the relative
motion of the components of a mixture due to the presence of a ther-
mal gradient. Due to the motion of the species of the mixture, concen-
tration gradients appear in the mixture. These gradients give rise to
diffusion processes. A steady state is reached where the segregation
effect arising from thermal diffusion is compensated for the mixing
effect of ordinary diffusion.60 The amount of segregation parallel to the
thermal gradient may be characterized by the thermal diffusion factor
K. This quantity (which has been widely studied in the case of molecu-
lar mixtures) provides a convenient measure of the separation between
the components of a mixture. The thermal diffusion factor is defined
in an inhomogeneous non-convecting (U ¼ 0) steady state with zero
mass flux (j1 ¼ 0) through the relation

�K
@ lnT
@z

¼ @

@z
ln

n1
n2

� �
; (54)

where gradients only along the z axis (vertical direction) have been
assumed for simplicity. In addition, without loss of generality, we
assume that r1 > r2 and also that gravity and the thermal gradient
point in parallel directions (i.e., the bottom plate is hotter than the top
plate, @zT < 0, see the sketch of Fig. 3).

In the above geometry, according to Eq. (54), when K > 0, the
larger particles 1 tend to rise with respect to the smaller particles 2 [i.e.,

@z ln ðn1=n2Þ > 0]. On the other hand, when K < 0, the larger par-
ticles fall with respect to the smaller particles [i.e., @z ln ðn1=n2Þ < 0].
In summary, when K > 0, the larger particles accumulate at the top of
the sample (cold plate), while if K < 0, the larger particles accumulate
at the bottom of the sample (hot plate).

We write now the factor K in terms of the (dimensionless) diffu-
sion coefficients (D�; D�

p , and D�
T ) and the gravity field. Since U ¼ 0,

then the momentum balance equation (10) leads to

@zp ¼ �qg: (55)

Moreover, the condition j1;z ¼ 0 yields

@zx1 ¼ �D�
p

D� @z ln p�
D�

T

D� @z lnT; (56)

where the dimensionless diffusion coefficients are defined by Eq. (28).
Substitution of the relations (55) and (56) into Eq. (54) gives the
expression

K ¼ 1
x1x2

D�
T � g�D�

p

D� ; (57)

where g� ¼ qg=n@zT < 0 is a dimensionless parameter measuring the
gravity relative to the temperature gradient. The condition K¼ 0 pro-
vides the criterion for the transition from K > 0 to K < 0. Since the
(scaled) diffusion coefficient D� is positive [see Eq. (A3)], then the sign
of K is the same as that of the difference D�

T � g�D�
p . In particular, in

the absence of gravity (g� ¼ 0), the sign ofK coincides with the sign of
the (scaled) thermal diffusion coefficient D�

T . This segregation criterion
differs from the one obtained in previous works for free cooling granu-
lar gases55 or when the gas is driven by a stochastic thermostat.52–54,61

According to Eq. (57), the segregation is driven and sustained by
both gravity and temperature gradients. Although in our work we have
assumed that gravity and thermal gradient are of the same order of
magnitude, it is interesting for illustrative purposes to separate the
influence of each one of the terms appearing in Eq. (57) on segrega-
tion. Thus, the specific cases of absence of gravity (g¼ 0 but @zT 6¼ 0)
or thermalized systems (@zT ! 0 but g 6¼ 0) will be considered in
Secs. IVA and IVB.

A. Absence of gravity (jg�j50)

We study first the segregation of two species of grains in the pres-
ence of a temperature gradient, but in the absence of gravity (g¼ 0). In
this limiting case (jg�j ¼ 0), signðKÞ ¼ signðD�

TÞ, where D�
T is given

by Eq. (A2). An exhaustive analysis on the dependence of the transport
coefficient D�

T on the parameter space of the system shows that D�
T

seems to be always positive and hence, K > 0. This means that partial
separation is then observed with the larger components in the colder
region and the smaller components in the hotter region (see Fig. 3). It
must be remarked that the results derived here in the D-model contrast
with those obtained when the granular mixture is driven with a sto-
chastic thermostat. In this latter situation, segregation of the larger
components toward the hot wall is also observed (see Fig. 5 of Ref. 61).

B. Thermalized systems (›zT fi0)

We consider now a situation where the inhomogeneities in the
temperature are neglected but gravity is different from zero. In this

FIG. 3. A sketch representation of the segregation problem studied here. Blue
circles represent the smaller components of the mixture while the red circles corre-
spond to the larger ones. When the thermal diffusion factor is positive (negative),
the smaller particles tend to accumulate near the cold (hotter) wall.
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limiting case, the segregation is only driven by the gravitational force.
This situation (gravity dominates the temperature gradient) can be
achieved in the shaken or sheared systems employed in numerical sim-
ulations and physical experiments.62–64 Under these conditions
(jg�j ! 1), K 	 D�

pjg�j and so the sign ofK is the same as that of the
pressure diffusion coefficient D�

p . Figure 4 shows the dependence of
the marginal segregation curve (K¼ 0) on a11 for a two-dimensional
system with x1 ¼ 0:5; r1=r2 ¼ 2; a22 ¼ 0:9, and a12 ¼ ða11 þ a22Þ
=2. For a given value of the coefficient of restitution a11, it is quite
apparent that K is always negative (larger particles accumulate near
the hot plate) when the larger particles are heavier than that of the
smaller ones (m1 > m2). However, when m1 < m2, we see that the
size of the region where K becomes positive increases with decreasing
the mass ratiom1=m2.

C. General case

Finally, we consider the general case for finite values of the
reduced gravity. Figure 5 illustrates this situation; we plot the marginal
segregation curve (K¼ 0) vs the (common) coefficient of restitution a
for a two-dimensional system with x1 ¼ 0:5; r1=r2 ¼ 2, and jg�j ¼ 2.
In contrast to Fig. 4, we observe that the region K > 0 appears essen-
tially for both large mass ratiom1=m2 and/or strong inelasticity.

We are not aware of available computer simulations in the con-
text of the D-model to compare the theoretical predictions displayed in
the marginal curves of Figs. 4 and 5 against simulation data. We expect
that the present results stimulate the performance of such simulations
to assess the degree of reliability of the theoretical results derived here
for thermal diffusion segregation.

V. SUMMARY AND DISCUSSION

In this paper, we report the stability analysis of the hydrodynamic
equations and the study of thermal segregation for a mixture of granu-
lar particles evolving under the so-called D-model. This model is an
extension of the usual IHS model where in every particle collision, we
add an amount D to the normal velocities of the colliding particles.
This mechanism injects energy into the system, mimicking the

dynamics of vibrofluidized quasi-two dimensional setups and avoiding
the problems of other thermostats. With both an energy injection and
collisional dissipation (characterized by the coefficients of normal resti-
tution, aij), the system reaches a HSS.

The first goal of the present paper has been to perform a linear
stability analysis of such HSS. The starting point is the set of hydrody-
namic equations for a mixture of two types of inelastic particles, char-
acterized by their masses (m1, m2), diameters (r1; r2) and three
restitution coefficients (a11 and a22 for collisions between 1–1 and 2–2
particles, respectively, and a12 for collisions between 1 and 2 particles).
Gravity g is also included in the derivation of the hydrodynamic equa-
tions; this quantity appears in the balance equation for the flow velocity
U. The hydrodynamic equations derived from the Boltzmann equation
form a set of dþ 3 differential equations for the partial number densi-
ties n1 and n2, the flow velocity U, and the granular temperature T.
The temperature T is not strictly a conserved quantity, but its equation
contains a term that balances collisional dissipation (accounted by the
set of the restitution coefficients aij) with energy injection (character-
ized by the D coefficient). Despite this set of variables is correct, it is,
however, more convenient to express the hydrodynamic equations in
terms of the mole fraction x1 ¼ n1=ðn1 þ n2Þ, the mean flow velocity
U, the pressure p ¼ nT and the temperature T. In addition, the tem-
peratures of each species are in general different,35 finding a nonequi-
partition of energy which is usual in granular mixtures. The
hydrodynamic equations are closed with the constitutive relations to
linear order in the gradients, described in Eqs. (20)–(23), where the
transport coefficients have been explicitly calculated in Ref. 37.

Then, in Sec. III, we proceed to carry out the stability analysis of
the HSS in the absence of gravity for small deviations of the fields with
respect to the HSS solution. The HSS state is characterized by a steady
homogeneous system at rest (U ¼ 0). Deviations are written in
Fourier space and relaxation rates are expanded in series of the wave
number. We find that the d � 1 transverse velocity modes are stable.
Moreover, we provide explicit expressions for the relaxation rates (up
to second order in the wave number k) for the four longitudinal
modes. The analytical expressions are rather involved, but numerical
analysis for finite k shows that the real parts of them are negative for

FIG. 4. Plot of the dependence of the marginal segregation curve (K¼ 0) on the
coefficient of restitution a11 for a two-dimensional system with x1 ¼ 0:5; r1=r2
¼ 2; a22 ¼ 0:9, and a12 ¼ ða11 þ a22Þ=2. The limiting case jg�j ! 1 is
considered.

FIG. 5. Plot of the dependence of the marginal segregation curve (K¼ 0) on the
(common) coefficient of restitution aij � a for a two-dimensional system with
x1 ¼ 0:5; r1=r2 ¼ 2, and jg�j ¼ 2.
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all values of the system parameters, indicating that the HSS is linearly
stable for any long wavelength excitation. Such finding coincides with
earlier stability analyses for monocomponent granular gases using the
same model,34 but disagrees with the IHS (purely dissipative models)
where the HCS is unstable for sufficiently long wavelengths.

It is quite apparent that the results obtained for the stability of the
HSS have been derived in the particular case where D11 ¼ D22 ¼ D12.
As said in Sec. II, this case is quite interesting since it refers to a binary
mixture where their components differ in masses, diameters, and coef-
ficients of restitution and not in their energy injection at collisions.
The extension of these results when D11 6¼ D22 6¼ D12 is quite cumber-
some since it requires to evaluate the Navier–Stokes transport coeffi-
cients of the mixture when @ci=@D

�
11 6¼ @ci=@D

�
22 6¼ @ci=@D

�
12 and

@f�0=@D
�
11 6¼ @f�0=@D

�
22 6¼ @f�0=@D

�
12. On the other hand, our main

expectation is that the conclusion reached here for the stability of the
HSS is quite robust and independent of the choice of Dij.

Apart from studying the stability of the HSS, we have also ana-
lyzed thermal segregation induced by the competition of gravity and a
thermal gradient. Segregation is unveiled by the thermal diffusion fac-
tor, K, defined in Eq. (54). An explicit expression is given in Eq. (57).
Assuming a hot base of the container and a cold lid, when K > 0,
larger particles rise to the top of the container (against gravity), while
small ones sink to the bottom of the container. WhenK < 0, the effect
is the opposite. The value ofK¼ 0 represents the locus line of the sepa-
ration of the two opposite behaviors.

The limiting cases of absence of gravity (g ! 0) and no thermal
gradient (@zT ! 0) are then analyzed. For the first case, we obtain
K > 0 regardless of concentration or other material properties. Then,
large particles sit near the cold plate. On the contrary, when the tem-
perature gradient vanishes, the behavior is richer, finding a region of
K > 0 and another of K < 0, depending on collisional dissipation and
mass and/or diameter ratios. Finally, we consider the case of gravity
and thermal gradient, when a much complex dependence on the
parameters appears.

One of the main limitations of the present study is the absence of
computer simulations to assess the degree of accuracy of the theoretical
results derived for the stability of the HSS and the thermal diffusion
segregation problem. In particular, the assessment of the thermal diffu-
sion factor K for the D-model is still an open interesting issue.
However, its determination in computer simulations in the Navier–
Stokes domain may be a difficult problem due essentially to the inher-
ent coupling present in steady states for granular gases between spatial
gradients and collisional cooling.65 In any case, previous DSMC simu-
lations61 for driven granular mixtures have shown a good agreement
between the results derived for K from the kinetic theory and numeri-
cal simulations, even for strong inelasticity. We expect that this good
agreement is also present in the case of the D-model. We plan to
implement a numerical code in the near future to measure the thermal
diffusion factor in the Navier–Stokes regime.

In conclusion, the present paper extends the understanding of
granular matter in quasi-two-dimensional mixtures of granular particles.
We obtain that the HSS created by the injection of energy is linearly sta-
ble. This stability result contrasts with the behavior of the HCS in the
conventional IHS model, showing that energy injection due to D, tends
to break velocity correlations and then stabilizes the system. Finally, we
study the segregation due to both a thermal gradient and gravity, deriv-
ing a segregation criterion. The predictions could be tested against

experiments of vibrated granular mixtures and test if the D-model can
mimic real systems where the energy injection is carried out through the
vibrating plates. The effect of gravity can be included, for example, by
slightly tilting the setup and the temperature gradient can be induced by
modulating the surface roughness of the vibrating plates.
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APPENDIX A: EXPRESSIONS OF THE TRANSPORT
COEFFICIENTS AND THE COOLING RATE IN THE HSS

In this Appendix, we provide the explicit expressions of the
(reduced) transport coefficients D�; D�

p; D
�
T ; g

�; D00�; L�; k�, and
fU in the HSS. The transport coefficients associated with the mass
flux are

D�
p ¼

x1
��D

c1 �
l

x2 þ lx1

� �
; (A1)

D�
T ¼ �

x1D
� @c1

@D�

� �
þ D� @f�0

@D�

� �
D�
p

2��D þ D� @f�0
@D�

� � ; (A2)

D� ¼
c1 þ x1

@c1
@x1

� �
þ D�

p þ D�
T


 � @f�0
@x1

� �
��D

; (A3)

where f�0 ¼ f�2 þ x1c1ðf�1 � f�2Þ and

��D ¼ 2pðd�1Þ=2

dC
d
2

� � x1l12 þ x2l21ð Þ h1 þ h2
h1h2

� �1=2

ð1þ a12Þ þ
ffiffiffi
p

p
D�

" #
:

(A4)
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Here, we recall that l ¼ m1=m2 is the mass ratio and
hi ¼ mi=ðmciÞ. Henceforth, it is understood that all the quantities
displayed in this Appendix are evaluated in the steady state.

The (reduced) shear viscosity g� is given by

g� ¼ s�22 � s�21ð Þx1c1 þ s�11 � s�12ð Þx2c2
s�11s�22 � s�12s�21

; (A5)

where the expressions of the (dimensionless) quantities s�ij ¼ sij=�
can be easily identified from Eqs. (C7)–(C10) of the Appendix C of
Ref. 37.

In the first Sonine approximation, the expressions of the
(reduced) transport coefficients associated with the heat flux are

D00�; L�; k�f g ¼ d þ 2
4

c1
l12

� c2
l21

� �
D�;D�

p;D
�
T

n o
: (A6)

The quantity fU can be written as

fU ¼
X2
i¼1

n�i -
�
i ; (A7)

where

n�i ¼
3pðd�1Þ=2

dC
d
2

� � mi

mci

X2
j¼1

xixj
rij
r12

� �d�1

ljið1� a2ijÞ hiþ hj

 �1=2h�3=2

i h�1=2
j

� 4pðd�1Þ=2

dC
d
2

� � xiD
�X2
j¼1

xj
rij
r12

� �d�1

lji

�
n ffiffiffi

p
p

aijþ hiþ hj

 ��1=2h3=2i h�1=2

j D�

� d� d hi þ hj

 �
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j

h io
; (A8)

-�
1 ¼

1
d

D� @c1
@D�

� �
K�

1

; -�
2 ¼ � x1

x2
-�

1; (A9)

K�
1 ¼ x�

11 �
x1
x2

x�
12 �

1
2
D� @c1

@D�

� �
� c1

� 	
n�1 �

x1
x2

n�2

� �
: (A10)

In Eq. (A10), the expressions of x�
11 ¼ x11=� and x�

12 ¼ x12=� can
be easily obtained from Eqs. (C12) and (C13), respectively, of the
Appendix C of Ref. 37.

According to Eqs. (A1)–(A3) and (A10), it is quite apparent
that the diffusion transport coefficients and the first-order contribu-
tion to the cooling rate are given in terms of the derivatives
ð@c1=@D�Þ and ð@c1=@x1Þ. The derivative ð@c1=@D�Þ is37

@c1
@D�

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2 � 4XZ

p
� Y

2X
; (A11)

where X ¼ ND�,

Y ¼ MD� � 2Nc1 þ c1
@f�1
@c1

� �
; Z ¼ c1

@f�1
@c1

� �
� 2Mc1: (A12)

Here,

M ¼ 1
2

x1c1
@f�1
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" #
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N ¼ 1
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: (A14)

In addition,

@f�i
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¼ @f�i
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and

@f�i
@x1

� �
¼ @f�i

@x1

� �
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þ @f�i
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� �
@c1
@x1

� �
: (A16)

Finally, the derivative @c1=@x1 can be written as

@c1
@x1

� �
¼ �

c1
@f�1
@x1

þ Q D� @c1
@D�

� �
� 2c1

� 	

c1
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where

Q ¼ 1
2

x1c1
@f�1
@x1

þ x2c2
@f�2
@x1

� �
: (A18)

In Eqs. (A17) and (A18), the derivative @x1f
�
i is taken at ci � const.

APPENDIX B: EIGENVALUES IN THE LIMIT k ! 0

In this Appendix, we provide the expressions of the eigenvalues
of the matrix M for small wave numbers. In this limit (k ! 0), the
solution is given by Eq. (53). Substitution of the expansion (53) into
the quartic equation (49) allows one to get the coefficients sð‘Þn . In
the zeroth-order in k, one simply achieves the result sð0Þ1 ¼ B
< 0; sð0Þ2 ¼ sð0Þ3 ¼ sð0Þ4 ¼ 0. In the first-order in k, one gets the result

sð0Þ2n sð1Þn 4sð0Þn � 3B
� �

¼ 0: (B1)

When sð0Þ1 ¼ B, the solution to Eq. (B1) is sð1Þ1 ¼ 0. However, when
sð0Þn ¼ 0 (n¼ 2, 3, 4) Eq. (B1) applies for any value of sð1Þn .

In the second-order in k, one gets a relatively long equation
involving sð1Þn and sð2Þn . When sð0Þn ¼ 0, this equation applies for any
value of sð1Þn and sð2Þn . However, when sð0Þ1 ¼ B; sð1Þ1 ¼ 0, and

sð2Þ1 ¼
B Mð2Þ

22 þMð2Þ
23
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24 M
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12 þMð2Þ
13

� �
B

; (B2)

where
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Mð2Þ
13 ¼ � 1

4x1

lx1 þ x2
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d
þ fU

� �
;

Mð1Þ
43 ¼ � 1

4
1þ l

x1lþ x2
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(B4)

To determine sð1Þn and sð2Þn when sð0Þn ¼ 0, one needs to consider
the expansion of the eigenvalues sn up to k3 and k4. Thus, in the
third-order in k, when sð0Þn ¼ 0 the solutions for sð1Þn (n¼ 2, 3, 4) are

sð1Þ2 ¼ 0; sð1Þ3;4 ¼ 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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43 Mð1Þ
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34

� �r
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where
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34 ¼ � d þ 2

d
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� �
: (B6)

According to the expressions of Mð1Þ
43 ; M

ð1Þ
24 , and Mð1Þ

34 , one achieves
the result sð1Þ3;4 ¼ 6ic, where

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4

1þ l
x1lþ x2

r
> 0: (B7)

The remaining coefficients are obtained when one considers the
fourth-order in k. When sð1Þ2 ¼ 0, one gets

sð2Þ2 ¼ BMð2Þ
11 þ AMð2Þ

12

B
; (B8)

where
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Since A< 0, B< 0, D� > 0, and D�
T > 0, then sð2Þ2 < 0. On the other

hand, when sð1Þ3;4 ¼ 6ic; sð2Þ3;4 is given by

sð2Þ3;4 ¼
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Here, we have introduced the quantities

Mð2Þ
33 ¼ � 2

d
L�; Mð2Þ

44 ¼ � d � 1
2d

1þ l
lx1 þ x2

g�: (B12)
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