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ABSTRACT

A kinetic model for granular mixtures is considered to study three different non-equilibrium situations. The model is based on the equiva-
lence between a gas of elastic hard spheres subjected to a drag force proportional to the particle velocity and a gas of inelastic hard spheres.
As a first problem, the relaxation of the velocity moments to their forms in the homogeneous cooling state (HCS) is studied. Then, taking the
HCS as the reference state, the kinetic model is solved by the Chapman–Enskog method, which is conveniently adapted to inelastic collisions.
For small spatial gradients, the mass, momentum, and heat fluxes of the mixture are determined and exact expressions for the Navier–Stokes
transport coefficients are obtained. As a third nonequilibrium problem, the kinetic model is solved exactly in the uniform shear flow (USF)
state, where the rheological properties of the mixture are computed in terms of the parameter space of the mixture. In addition to the trans-
port properties, the velocity distribution functions of each species are also explicitly obtained. To assess the reliability of the model, its theo-
retical predictions are compared with both (approximate) analytical results and computer simulations of the original Boltzmann equation. In
general, the comparison shows a reasonable agreement between the two kinetic equations. While the diffusion transport coefficients show
excellent agreement with the Boltzmann results, more quantitative differences appear in the case of the shear viscosity coefficient and the
heat flux transport coefficients. In the case of the USF, although the model qualitatively captures the shear rate dependence of the rheological
properties well, the discrepancies increase with increasing inelasticity in collisions.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0250607

I. INTRODUCTION

It is now well established that granular media behave like a fluid
when externally excited. Under these conditions (rapid flow condi-
tions), granular media can be modeled as a gas of hard spheres with
inelastic collisions. In the simplest version, the spheres are assumed to
be completely smooth and so the inelasticity is accounted for by a (con-
stant) positive coefficient of normal restitution. In the low-density
regime, the Boltzmann equation (conveniently generalized to dissipa-
tive dynamics) has been used as a starting point to derive the corre-
sponding Navier–Stokes hydrodynamic equations with explicit forms
for the transport coefficients.1,2 On the other hand, as with elastic colli-
sions,3 the determination of the Navier–Stokes transport coefficients
requires the solution of a set of coupled linear integral equations.
These equations are usually solved by considering the leading terms in
a Sonine polynomial expansion. This procedure becomes more tedious
in the case of granular mixtures, since not only are the number of
transport coefficients greater than for a single component gas, but they
also depend on more parameters.4–12

Beyond the Navier–Stokes domain (small spatial hydrodynamic
gradients), the computation of transport properties from the
Boltzmann equation (for both elastic and/or inelastic collisions) is a
very difficult task. For this reason, it is therefore quite common in
kinetic theory to resort to alternative approaches for such far from equi-
librium states. One possibility is to keep the structure of the (inelastic)
Boltzmann collision operator but to assume a different interaction
model: the so-called inelastic Maxwell model (IMM). As for the con-
ventional Maxwell molecules,3 IMMs are characterized by the property
that the collision rate is independent of the relative velocity of the two
colliding spheres.13–15 This simplification allows us to exactly evaluate
the moments of the Boltzmann collision operators without an explicit
knowledge of the distribution functions.16–18 However, although the
use of IMMs opens up the possibility of obtaining exact results from
the Boltzmann equation, these IMMs do not describe real particles,
since they do not interact according to a given potential law.

Another possible alternative for obtaining accurate results is to
consider a kinetic model equation of the inelastic Boltzmann equation
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for hard spheres. Kinetic models have proven to be very useful for the
analysis of transport properties in far-from-equilibrium states of dilute
molecular gases. In fact, for several non-equilibrium situations, exact
solutions of the kinetic models have been shown to agree very well
with Monte Carlo simulations of the Boltzmann equation for molecu-
lar gases.19,20 In the case of single-component gases of inelastic hard
spheres (IHS), several models have been proposed in the granular liter-
ature.21–23 On the other hand, the number of kinetic models for multi-
component granular mixtures is much smaller. In fact, we are aware of
only one kinetic model proposed years ago by Vega Reyes et al.24 This
is in contrast to the large number of kinetic models proposed in the lit-
erature for molecular mixtures.25–33 The model reported by Vega
Reyes et al.24 is essentially based on the equivalence between a system
of elastic hard spheres, subject to a drag force proportional to the parti-
cle velocity, and a gas of IHS.34 The relaxation term appearing in the
kinetic model can be chosen among the different kinetic models25–33

published in the literature for molecular mixtures of hard spheres.
Here, for the sake of simplicity, we have adopted the Gross and Krook
(GK) model25 proposed many years ago for studying transport proper-
ties in multicomponent molecular gases. Thus, the kinetic model
employed in this paper can be considered as a direct extension of the
GK model to granular mixtures.

Although the kinetic model of Vega Reyes et al.24 was reported
several years ago, to the best of our knowledge it has not been consid-
ered so far to study linear and nonlinear transport properties of granu-
lar mixtures. The aim of this paper is to consider the above kinetic
model to determine the dynamical properties of granular binary mix-
tures in different non-equilibrium situations. In addition, apart from
obtaining the above properties, the simplicity of the model allows one
to get the explicit forms of the velocity distribution functions. This is
likely one of the main advantages of using a kinetic model instead of
the original Boltzmann equation.

Three different but related problems are studied. First, the so-
called HCS is analyzed; we are mainly interested here in studying the
relaxation of the velocity moments toward their HCS expressions
(starting from arbitrary initial conditions). Then, once the HCS is well
characterized for the mixture, we solve the kinetic model using the
Chapman–Enskog method3 for states close to the HCS. In contrast to
the results obtained from the Boltzmann equation,7–10,35 exact expres-
sions for the complete set of Navier–Stokes transport coefficients of
the mixture are derived in terms of the parameter space of the system.
Finally, as a third problem, the rheological properties of a binary gran-
ular mixture under USF are obtained explicitly.

The search for exact solutions of kinetic models is interesting not
only from a formal point of view but also as a way to assess the reliabil-
ity of these solutions. To gauge their accuracy, we compare in this
paper the theoretical predictions of the kinetic model with (i) (approxi-
mate) analytical results of the original Boltzmann equation and with
(ii) computer simulation results available in the granular literature.
This type of comparison allows us to measure the degree of reliability
of the kinetic model for describing granular flows under realistic
conditions.

The structure of the paper is as follows. In Sec. II we introduce
the original Boltzmann equation for granular mixtures and its balance
hydrodynamic equations, and present the explicit form of the kinetic
model. Section III deals with the HCS: a homogeneous state with a
granular temperature decaying with time. As said before, we first study

the relaxation of the velocity moments to their (steady) asymptotic
expressions. It is shown that for certain values of the parameters of the
system, quite high-velocity moments can diverge in time in the HCS.
Section IV is devoted to the application of the Chapman–Enskog
method to the kinetic model for obtaining the Navier–Stokes transport
coefficients. Their expressions are also compared with both theoretical
approximations and computer simulations obtained from the
Boltzmann equation. The USF is studied in Sec. V while a brief discus-
sion of the results reported in the paper is given in Sec. VI.

II. BOLTZMANN KINETIC EQUATION FOR GRANULAR
MIXTURES. A KINETIC MODEL

We consider an isolated binary granular mixture of inelastic hard
spheres of massesmi and diameters ri (i ¼ 1; 2). The subscript i labels
one of the s mechanically different species or components of the mix-
ture. We assume also for simplicity that the spheres are completely
smooth and hence, in a binary collision of particles of the species i
with particles of the species j while the magnitude of the tangential
component of the relative velocity of the two colliding spheres remains
unaltered, its normal component is reversed and shrunk by a factor aij.
The parameter aij (0 < aij 6 1) is called the (constant) coefficient of
normal restitution and accounts for the energy dissipated in each
binary collision between particles of species i and j. In the low-density
limit, a kinetic theory description is appropriate, and the one-particle
velocity distribution function fiðr; v; tÞ of species i verifies the set of
two-coupled nonlinear integrodifferential Boltzmann kinetic
equations2

@

@t
fi þ v � rfi ¼

X2
j¼1

Jij vj fi; fj
� �

; i ¼ 1; 2; (1)

where Jij½ fi; fj� is the inelastic version of the Boltzmann collision opera-
tor. Its explicit form can be found for instance in Ref. 2. At a hydrody-
namic level, the relevant fields are the number densities ni, the flow
velocity U, and the granular temperature T. In terms of moments of
the velocity distribution functions fi, they are defined as

ni ¼
ð
dvfiðvÞ; (2)

qU ¼
X2
i

miniUi ¼
X2
i¼1

mi

ð
dvvfiðvÞ; (3)

nT ¼ p ¼
X2
i

niTi ¼
X2
i¼1

mi

3

ð
dvV2fiðvÞ: (4)

In Eqs. (2)–(4), V ¼ v � U is the peculiar velocity, n ¼Pi ni is the
total number density, q ¼Pi qi ¼

P
i mini is the total mass density,

and p is the hydrostatic pressure. Furthermore, the second equality in
Eq. (3) and the third equality in Eq. (4) define the flow velocity Ui and
the kinetic temperature Ti for species i, respectively. The partial tem-
perature Ti is a measure of the mean kinetic of energy of particles of
species i.

The Boltzmann collision operators Jij½ fi; fj� conserve the number
density of each species and the total momentum in each collision ij

ð
dvJij vj fi; fj

� � ¼ 0; (5)
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mi

ð
dvvJij vj fi; fj

� �þmj

ð
dvvJji vj fj; fi

� � ¼ 0: (6)

Nevertheless, unless aij ¼ 1, the operators Jij½ fi; fj� do not conserve the
kinetic energy in each collision ij

mi

ð
dvv2Jij vj fi; fj

� �þmj

ð
dvv2Jji vj fj; fi

� � 6¼ 0: (7)

The total cooling rate f due to collisions among all species is given by

f ¼ � 1
3nT

X2
i¼1

X2
j¼1

ð
dvmiv

2Jij vj fi; fj
� �

: (8)

The corresponding balance hydrodynamic equations for the densities
of mass, momentum, and kinetic energy can easily be derived from the
properties (5)–(8) of the Boltzmann collision operators Jij½ fi; fj�. They
are given by2

Dtni þ nir � Uþr � ji
mi

¼ 0; (9)

DtUþ q�1r � P ¼ 0; (10)

DtT � T
n

Xs
i¼1

r � ji
mi

þ 2
3n

r � qþ P : rUð Þ ¼ �fT: (11)

In Eqs. (9)–(11),

ji ¼ mi

ð
dv VfiðvÞ (12)

is the mass flux for component i relative to the local flowU,

P ¼
X2
i¼1

Pi ¼
X2
i¼1

ð
dvmiVVfiðvÞ (13)

is the (total) pressure tensor and,

q ¼
X2
i¼1

qi ¼
X2
i¼1

ð
dv

mi

2
V2VfiðvÞ (14)

is the (total) heat flux. The first equality in Eqs. (13) and (14) defines
the partial contributions Pi and qi to the pressure tensor and the heat
flux, respectively. A consequence of the definition (12) is that
j1 ¼ �j2. In addition, for the sake of simplicity, we take the
Boltzmann constant kB ¼ 1 throughout the paper.

It is quite obvious that the hydrodynamic equations (9)–(11) are
not a closed set of differential equations for the hydrodynamic fields
ni, U and T. This can be achieved by expressing the fluxes and the
cooling rate as functions of the hydrodynamic fields and their gra-
dients (constitutive equations). To obtain these equations, for small
spatial gradients, one can solve the Boltzmann equation (1) using the
Chapman–Enskog method3 conveniently adapted to dissipative colli-
sions. For IHS, approximate forms for the Navier–Stokes transport
coefficients have been derived by considering the lowest Sonine
approximation.7–10

Given the difficulties associated with the complex mathematical
structure of the Boltzmann collision operators Jij½ fi; fj� for IHS, a possi-
ble way to overcome them while preserving the structure of the above
operators is to consider the so-called IMM.13,14,36,37 As for elastic

Maxwell models,38 the collision rate for IMM does not depend on the
relative velocity of the colliding spheres, and so one can evaluate
exactly the collision moments of Jij½ fi; fj� without explicit knowledge of
the distributions fi and fj. This property allows an exact determination
of the Navier–Stokes transport coefficients39 as well as the rheological
properties of a sheared granular mixture.16 However, despite their
practical usefulness, these IMMs do not interact according to a given
potential law and can be considered as a toy model for unveiling the
influence of dissipation on transport in granular flows. As an alterna-
tive to IMM for obtaining accurate results in granular mixtures of IHS,
one can consider kinetic models.

A. Kinetic model for granular mixtures

As mentioned in Sec. I, the idea behind the construction of a
kinetic model is to replace the operator Jij½ fi; fj� for IHS by a simpler
mathematical collision term that retains its relevant physical proper-
ties. While in the case of molecular mixtures many different kinetic
models have been proposed in the literature,25–33 kinetic models for
granular mixtures are much more scarce. To the best of our knowl-
edge, only one kinetic model has been reported in the granular litera-
ture: the model proposed years ago by Vega Reyes et al.24 This model
is essentially based on the equivalence between a system of elastic
spheres subject to a drag force proportional to the (peculiar) velocity
v � Ui with a gas of IHS.34 According to this equivalence, the
Boltzmann collision operator Jij½ fi; fj� is replaced by the term24

Qij vj fi; fj
� � ¼ nijKij vj fi; fj

� �þ �ij

2
@

@v
� ðv � UiÞfi: (15)

While the quantities nij and �ij are determined by optimizing the agree-
ment between the kinetic model and the Boltzmann equation, the
term Kij½vj fi; fj� can be modeled as a simple relaxation term, which
can be chosen from among the various kinetic models proposed in the
literature for molecular (elastic) mixtures.25–33 It is quite obvious from
Eq. (15) that the quantity �ij � 0 can be regarded as the coefficient of
the drag (friction) force Fij ¼ �ðmi�ij=2Þðv � UiÞ felt by the (elastic)
particles of species i. The main goal of this non-conservative force is to
mimic the loss of energy that occurs in a granular mixture when par-
ticles of species i collide with particles of species j.

The parameters nij and �ij of the model are determined by requir-
ing that the collisional transfer of momentum and energy of species i
due to collisions with particles of species j must be the same as those
obtained from the Boltzmann kinetic equation. Given that these later
collisional moments cannot be exactly obtained, one replaces the true
velocity distributions fi by their Maxwellian forms

fi;MðvÞ ¼ ni
mi

2p~T i

� �3=2

exp � mi

2~T i
ðv � UiÞ2

� �
; (16)

where

~T i ¼ mi

3ni

ð
dv ðv � UiÞ2fiðvÞ ¼ Ti �mi

3
Ui � Uð Þ2: (17)

By using the Maxwellian approximation (16), nij is simply given by

nij ¼
1þ aij

2
; (18)

while �ij is
24
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�ij ¼ 1
2
�ijl

2
ji 1þmi~T j

mj~T i
þ 3
6
mi

~T i
Ui � Ujð Þ2

" #
ð1� a2ijÞ: (19)

Here,

�ij ¼ 8
ffiffiffi
p

p
3

njr
2
ij

2~T i

mi
þ 2~T j

mj

 !1=2

(20)

is an effective collision frequency for IHS and rij ¼ ðri þ rjÞ=2.
It is quite obvious that the use of the Maxwellian approximation

to estimate the parameters nij and �ij could introduce potential devia-
tions of the results derived from the kinetic model from those obtained
from the original Boltzmann equation. These differences could be
partially mitigated by considering the first few terms in the Sonine
polynomial expansion of fi. However, although the inclusion of these
non-Gaussian corrections to nij and �ij could reduce the discrepancies
between the kinetic model and the Boltzmann equation for strong dis-
sipation, it would result in a rather complicated kinetic model.
Therefore, for practical purposes, it is more desirable to estimate nij
and �ij using the Maxwellian approximation (16). As will be shown
later, the accuracy of the estimates (18) and (19) is justified, for exam-
ple, by the excellent agreement found between the theoretical predic-
tions of the temperature ratio T1=T2 obtained from the kinetic model
in the HCS and computer simulations (see Fig. 3).

To complete the definition of the kinetic model, it remains to
choose the form of the term Kij½ fi; fj�. As mentioned in Sec. I, Kij½ fi; fj�
is chosen as the relaxation term

Kij fi; fj
� � ¼ ��ijðfi � fijÞ; (21)

where the form of the reference distribution fij is provided by the
kinetic model for gas mixtures proposed by Gross and Krook25

fijðvÞ ¼ ni
mi

2pTij

� �3=2

exp � mi

2Tij
v � Uijð Þ2

� �
: (22)

In Eq. (22), we have introduced the quantities

Uij ¼ mi

mi þmj
Ui þ

mj

mi þmj
Uj; (23)

Tij ¼ ~T i þ
2mimj

ðmi þmjÞ2

� ~T j � ~T i þ
ðUi � UjÞ2

6
mj þ

~T j � ~T i

~T i=mi þ ~T j=mj

" #( )
: (24)

In summary, the kinetic model for a low-density granular binary mix-
ture of IHS (which can be seen as the natural extension of the GK
model to granular mixtures) is given by

@t fi þ v � rfi ¼ �
X2
j¼1

1þ aij
2

�ij fi � fij
	 
þX2

j¼1

�ij

2
@

@v
� ðv � UiÞfi;

(25)

where �ij, �ij, and fij are defined by Eqs. (19), (20), and (22), respec-
tively. The kinetic model (2) is the starting point to analyze
different nonequilibrium problems. This study will be carried out in
Secs. III–V.

III. HOMOGENEOUS COOLING STATE

We assume that the granular binary mixture is in a spatially
homogeneous state. In contrast to the (conventional) molecular mix-
tures of hard spheres, the mixture does not evolve toward an equilib-
rium state characterized by the Maxwellian distribution (16) with
Ui ¼ 0 and Ti ¼ T . This is because the Maxwellian distributions are
not solutions of the inelastic version of the homogeneous set of
Boltzmann equations. On the other hand, if one assumes homoge-
neous initial conditions, after a few collision times the mixture reaches
a special hydrodynamic state: the so-called HCS.40,41 In the HCS, the
granular temperature TðtÞ monotonically decays in time. In this case,
without loss generality, U1 ¼ U2 ¼ 0 and hence the set of kinetic
equations (25) for f1 and f2 becomes

@t f1 ¼ � 1
2
x1f1 þ x11f11 þ x12f12

2
þ �1

2
@

@v
� vf1; (26)

@t f2 ¼ � 1
2
x2f2 þ x22f22 þ x21f21

2
þ �2

2
@

@v
� vf2: (27)

In Eqs. (26) and (27), x1 ¼ x11 þ x12, x2 ¼ x22 þ x21,
�1 ¼ �11 þ �12, �2 ¼ �22 þ �21, and

xij ¼ ð1þ aijÞ�ij; �ij ¼ 8
ffiffiffi
p

p
3

njr
2
ij

2Ti

mi
þ 2Tj

mj

 !1=2

; (28)

�ij ¼ 1
2
�ijl

2
ji 1þmiTj

mjTi

 !
ð1� a2ijÞ: (29)

In addition, in the HCS the quantities Tij are given by

Tij ¼ Ti þ
2mimj

ðmi þmjÞ2
Tj � Tið Þ: (30)

For homogeneous states, the mass and heat fluxes vanish (ji ¼ q ¼ 0)
while the pressure tensor Pk‘ ¼ pdk‘, where p ¼ nT is the hydrostatic
pressure. Thus, the balance equations (9) and (10) trivially hold and
the balance equation (11) of the granular temperature yields

@T
@t

¼ �Tf; (31)

where the cooling rate f is

f ¼
X2
i¼1

xicifi: (32)

The definition of the partial cooling rates fi can be easily obtained
from Eqs. (8) and (32) as

fi ¼ � 1
3niTi

X2
j¼1

ð
dvmiv

2Jij fi; fj
� �

: (33)

Within the context of the kinetic model (25), the operator Jij½ fi; fj� is
replaced by the term

Jij fi; fj
� �! � 1þ aij

2
�ij fi � fij
	 
þ �ij

2
@

@v
� vfi: (34)

Substitution of Eq. (34) into Eq. (33) allows us to exactly evaluate the
partial cooling rates fi. They are given by
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fi ¼
X2
j¼1

�ij
mimj

ðmiþmjÞ2
ð1þ aijÞ

Ti�Tj

Ti
þ 1� aij

2

mj

mi
þTj

Ti

� �� �
; (35)

where xi ¼ ni=n is the concentration or mole fraction of species i and
ci ¼ Ti=T is the temperature ratio of species i. It must be remarked
that the expression (32) for the cooling rate coincides with the one
obtained from the original Boltzmann equation41 when one
approaches the distributions fi by their Maxwellian forms (16).

At a kinetic level, it is also interesting to analyze the time evolution
of the partial temperatures Ti. From Eqs. (26) and (27), one easily gets

@T1

@t
¼ �T1f1;

@T2

@t
¼ �T2f2; (36)

where the cooling rates fi are given by Eq. (35). The time evolution of
the temperature ratio cðtÞ ¼ T1ðtÞ=T2ðtÞ follows from Eq. (36) as

@c
@t

¼ cðf2 � f1Þ: (37)

As computer simulations clearly show,42,43 after a transient period, the
granular mixture reaches a hydrodynamic regime where the time
dependence of the distributions fi is only through their dependence on
the (global) granular temperature TðtÞ. This implies that the tempera-
ture ratio c is independent of time. However, in contrast to molecular
(elastic) mixtures, c 6¼ 1 and so, in general the total kinetic energy of
the mixture is not equally distributed between both species (break-
down of energy equipartition). Results derived from kinetic theory,41

computer simulations,42–51 and even real experiments in driven52,53

and freely cooling mixtures54 have clearly shown that the temperature
ratio T1ðtÞ=T2ðtÞ is in general different from 1; it exhibits in fact a
complex dependence on the parameter space of the mixture. Since the
temperature ratio c reaches a steady value in the HCS, then according
to Eq. (37) the partial cooling rates must be equal

f1 ¼ f2: (38)

The numerical solution to the condition (38) provides the dependence
of c on the parameters of the binary granular mixture.

Regarding the distribution functions fiðv; tÞ, dimensional analysis
shows that in the HCS these distributions adopt the form

fiðv; tÞ ¼ niv
�3
th ðtÞui cð Þ; (39)

where c ¼ v=vthðtÞ, vthðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2TðtÞ=�mp

is a thermal velocity defined
in terms of the (global) granular temperature TðtÞ and �m ¼ ðm1

þm2Þ=2. In the context of the original Boltzmann equation, the explicit
form of the scaled distribution ui is not yet known. Approximate
expressions for this distribution2 can be obtained by truncating the
Sonine polynomial expansion of ui. On the other hand, the use of the
kinetic model allows us to provide an exact form of the scaled distribu-
tions ui in the HCS. This is done in Subsection IIIC. The possibility of
obtaining the exact form of ui is probably one of the major advantages
of considering a kinetic model instead of the true Boltzmann equation.

A. Relaxation of the velocity moments toward their
HCS forms

Apart from the partial temperatures, it is worthwhile studying the
time evolution of the high-degree velocity moments. To do it, let us
introduce the canonical moments

MðiÞ
k1;k2 ;k3

ðtÞ ¼
ð
dv vk1x v

k2
y v

k3
z fiðv; tÞ; ði ¼ 1; 2Þ: (40)

The time evolution of these moments can be easily derived when one
multiplies both sides of Eqs. (26) and (27) by vk1x v

k2
y v

k3
z and integrates

over velocity. The result is

@tM
ð1Þ
k1 ;k2;k3

þx1þk�1
2

Mð1Þ
k1 ;k2 ;k3

¼1
2
n1v

k
thðx11h

�k=2
1 þx12h

�k=2
12 ÞCk1k2k3 ;

(41)

where k ¼ k1 þ k2 þ k3 is the degree of the moment, h1 ¼ m1T=
ð�mT1Þ, and h12 ¼ m1T=ð�mT12Þ. Moreover, in Eq. (41), we have intro-
duced the shorthand notation

Ck1k2k3 � p�3=2C
k1 þ 1

2

� �
C

k2 þ 1
2

� �
C

k3 þ 1
2

� �
; (42)

if k1, k2, and k3 are even, being zero otherwise. The time evolution

equation of the moments Mð2Þ
k1;k2 ;k3

ðtÞ for species 2 can be easily
inferred from Eq. (41) by making the change 1 $ 2.

It is convenient to introduce the dimensionless velocity moments

M�ðiÞ
k1 ;k2;k3

ðtÞ ¼ n�1
i v�k

th M
ðiÞ
k1 ;k2;k3

ðtÞ: (43)

In the HCS, one expects that after a transient regime the dimensionless
moments M�ðiÞ

k1 ;k2;k3
ðtÞ reach an asymptotic steady value. The time evo-

lution of the dimensionless moments M�ð1Þ
k1 ;k2;k3

ðtÞ is obtained from Eq.
(41) when one takes into account the time evolution equation (31) for
the granular temperature TðtÞ. It can be written as

@sM
�ð1Þ
k1;k2 ;k3

þ x�
1 þ kð��1 � f�Þ

2
M�ð1Þ

k1 ;k2;k3

¼ 1
2

x�
11h

�k=2
1 þ x�

12h
�k=2
12

� �
Ck1k2k3 ; (44)

where x�
ij ¼ xij=�, x�

1 ¼ x1=�, ��1 ¼ �1=�, and f� ¼ f=�.
Furthermore, �ðtÞ ¼ nr212vthðtÞ is an effective collision frequency and
s is the dimensionless time

s ¼
ðt
0
ds �ðsÞ: (45)

The parameter s measures time as the number of (effective) collisions
per particle. The solution to Eq. (44) is

M�ð1Þ
k1;k2 ;k3

ðsÞ ¼ M�ð1Þ
k1 ;k2;k3

ð0Þ �M�ð1Þ
k1 ;k2 ;k3

ð1Þ
h i

e�k�1s þM�ð1Þ
k1;k2 ;k3

ð1Þ:
(46)

Here, the eigenvalue k�1 is

k�1 ¼
x�

1 þ kð��1 � f�Þ
2

¼ 8
ffiffiffi
p

p
3

x1
r1
r12

� �2
ffiffiffiffiffi
2
h1

r
1þ a11

2
þ 8

ffiffiffi
p

p
3

x2
1þ a12

2

� h1 þ h2
h1h2

� �1=2

1� k
m1m2

ðm1 þm2Þ2
T1 � T2

T1

 !
; (47)

while the asymptotic steady valueM�ð1Þ
k1 ;k2 ;k3

ð1Þ is
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M�ð1Þ
k1 ;k2;k3

ð1Þ ¼ x�
11h

�k=2
1 þ x�

12h
�k=2
12

2k�1
Ck1k2k3 : (48)

As mentioned before, the corresponding equation for M�ð2Þ
k1;k2 ;k3

ðsÞ can
easily be obtained from the change of 1 $ 2. Since

c2 ¼ ð1� x1c1Þ=x2, the evolution equation of the momentM�ð1Þ
k1 ;k2;k3

is

decoupled from that of M�ð2Þ
k1 ;k2;k3

. This is in contrast to results derived
from the original Boltzmann equation, where the moments of species
1 and 2 are coupled in their corresponding time evolution equations.18

According to Eq. (46), the (scaled) moments of degree k of spe-

cies M�ð1Þ
k1;k2 ;k3

tend asymptotically toward their finite values

M�ð1Þ
k1 ;k2;k3

ð1Þ if the corresponding eigenvalues k�1 > 0. For elastic colli-
sions (aij ¼ 1), T1 ¼ T2 ¼ T , and Eq. (47) leads to the following
expression of k�1:

k�1;el ¼
8
3

ffiffiffiffiffiffiffi
p
l12

r
x1

r1
r12

� �2

þ x2ffiffiffiffiffiffiffiffiffi
2l21

p
" #

> 0: (49)

Thus, for molecular mixtures of hard spheres, all velocity moments
converge toward their equilibrium values as expected. On the other
hand, for granular mixtures (aij 6¼ 1), a systematic analysis of the
dependence of the eigenvalues k�1 on the parameter space of the mix-
ture shows that for sufficiently high-degree moments, k�1 can be nega-
tive for values of a smaller than a certain critical value ac. This means
that the moments M�ð1Þ

k1 ;k2;k3
diverge in time for a < ac. The possibility

that higher velocity moments in the HCS may diverge in time in cer-
tain regions of the mixture parameter space has also been found in the
case of IMM.18

It is quite apparent that a full study of the dependence of the
eigenvalue k�1 on the parameters of the mixture is quite difficult due to
the many parameters involved in the problem: ða11; a22; a12;
m1=m2; r1=r2; x1Þ. Thus, for the sake of concreteness, we will con-
sider equimolar mixtures (x1 ¼ 1=2) with a common coefficient of
restitution (aij � a). To illustrate the a-dependence of k�1, Fig. 1 shows
k�1ðaÞ for an equimolar mixture (x1 ¼ 1

2) with r1=r2 ¼ 2,m1=m2 ¼ 4,

and different values of the degree k ¼ k1 þ k2 þ k3 of the velocity
moments M�ð1Þ

k1;k2 ;k3
. Figure 1 highlights that for k ¼ 40 and 50, k�1ðaÞ

becomes negative for a < ac. For the mixture considered in Fig. 1,
ac ’ 0:144 for k ¼ 40 and ac ’ 0:351 for k ¼ 50. This means that, if
a < ac, the momentsM�ð1Þ

k1 ;k2 ;k3
of degree 40 and 50 grow exponentially

in time.
To complement Fig. 1, Figs. 2(a) and 2(b) show phase diagrams

associated with the singular behavior of the moments M�ð1Þ
k1;k2 ;k3

of
degree 50. In Fig. 2(a), x1 ¼ 1

2 andm1=m2 ¼ 2, while in Fig. 2(b), x1 ¼
1
2 and r1=r2 ¼ 2. The curve acðr1=r2Þ (acðm1=m2Þ) divides the
parameter space of Fig. 2(a) [Fig. 2(b)] into two regions: the region
above the curve corresponds to values of ða; r1=r2Þ (ða;m1=m2ÞÞ
where these moments are convergent [and thus go to the stationary
value M�ð1Þ

k1 ;k2;k3
ð1Þ]. Otherwise, the region below the above curves

defines states where these moments are divergent. Fig. 2(a) shows that
the region of divergent moments grows as the size of the heavier spe-
cies decreases, while Fig. 2(b) highlights the growth of the divergent
region as the larger species becomes heavier.

As mentioned above, a similar behavior of the high-velocity
moments of the IMM in the HCS has recently been found.18 However,
in the special case of IMM, the third-degree velocity moments could
already diverge in certain regions of the parameter space of the system.

FIG. 1. Plot of the eigenvalue k�1 vs the (common) coefficient of restitution a for an
equimolar mixture (x1 ¼ 1

2) with r1=r2 ¼ 2, m1=m2 ¼ 4, and four different values
of the degree k: k ¼ 20 (a), k ¼ 30 (b), k ¼ 40 (c), and k ¼ 50 (d). The eigen-
value k�1 is defined by Eq. (47).

FIG. 2. (a) Phase diagram in the ða;r1=r2Þ-plane for the asymptotic long time

behavior of the moments M�ð1Þ
k1 ;k2 ;k3

with degree k ¼ 50. Here, x1 ¼ 1
2 and

m1=m2 ¼ 2. (b) Phase diagram in the ða;m1=m2Þ-plane for the asymptotic long

time behavior of the moments M�ð1Þ
k1 ;k2 ;k3

with degree k ¼ 50. Here, x1 ¼ 1
2 and

r1=r2 ¼ 2.
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This contrasts with the results derived here, since one has to consider
very high-degree moments to find such divergences. One might think
that this singular behavior could be associated with an algebraic veloc-
ity tail in the long time of the distribution function f1ðvÞ (as in the case
of the true Boltzmann equation42). However, as we will show later in
Subsection III C, this is not the case, since the form of the distribution
function obtained from an exact solution of the kinetic model behaves
well for any value of the velocity particle. It could also be possible that
this singular behavior is an artifact of the kinetic model, since it gener-
ally appears for very high-degree moments. Beyond this drawback of
the model, one could argue that this unphysical behavior could be
related to the absence of the HCS solution (39) for values of the coeffi-
cient of restitution smaller than ac. Clarification of this point requires
further analysis; computer simulations of the original Boltzmann equa-
tion for high-degree velocity moments may shed light on this issue.

B. Temperature ratio and fourth-degree moments in
the HCS

Although the temperature ratio T1=T2 is not a hydrodynamic
quantity, its dependence on the mixture’s parameter space plays a cru-
cial role in determining the transport coefficients.7 In fact, it is the
most relevant quantity in the HCS. The temperature ratio c is obtained
by numerically solving Eq. (38) where the partial cooling rates fi are
given by Eq. (35). Given that this expression coincides with the one
derived from the true Boltzmann equation when fi is replaced by the
Maxwellian distribution (16) (with ~T i ¼ Ti and Ui ¼ 0), one expects
that the reliability of the kinetic model for predicting c is quite good.
To illustrate it, the temperature ratio is plotted in Fig. 3 as a function
of the (common) coefficient of restitution aij ¼ a for several mixtures.
Theoretical results are compared against numerical simulation results
of the Boltzmann equation42,55 obtained from the direct simulation
Monte Carlo (DSMC) method.56 First, an excellent agreement between
theory and simulations is observed in the complete range of values of a
considered. In addition, as expected the breakdown of energy

equipartition is more significant as the disparity in the mass ratio
increases. In general, the temperature of the heavier species is larger
than that of the lighter species.

Apart from the temperature ratio, the first nonzero moments are

the (dimensionless) fourth-degree moments M�ðiÞ
4;0;0 ¼ M�ðiÞ

0;4;0 ¼ M�ðiÞ
0;0;4

andM�ðiÞ
2;2;0 ¼ M�ðiÞ

0;2;2 ¼ M�ðiÞ
2;0;2. According to Eq. (48),M

�ðiÞ
4;0;0 ¼ 3M�ðiÞ

2;2;0.
Figure 4(a) shows the dependence of the fourth-degree moment

M�ð1Þ
4;0;0ðaÞ relative to its elastic valueM�ð1Þ

4;0;0ð1Þ on the (common) coeffi-
cient of restitution a for x1 ¼ 1

2, r1=r2 ¼ 1, andm1=m2 ¼ 2. We have

reduced the moment M�ð1Þ
4;0;0 with respect to its value for elastic colli-

sions because we are mainly interested here in assessing the impact of
inelasticity in collisions on the high-degree moments. For the sake of
comparison, we have also plotted the corresponding result obtained
from the Boltzmann equation when the scaled distribution ui is
approximated by its leading Sonine approximation41

uiðcÞ ! p�3=2h3=2i e�hic2 1þ aðiÞ2
2

h2i c
4 � 5hic

2 þ 15
4

� �" #
; (50)

FIG. 4. (a) Plot of the ratio M�ð1Þ
4;0;0ðaÞ=M�ð1Þ

4;0;0ð1Þ as a function of the (common) coef-
ficient of restitution a for x1 ¼ 1

2, r1=r2 ¼ 1, and m1=m2 ¼ 2. The solid and
dashed lines correspond to the results derived from the kinetic model and the

Boltzmann equation, respectively. (b) Plot of the kurtosis aðiÞ2 vs the (common) coef-
ficient of restitution a for x1 ¼ 1

2, r1=r2 ¼ 1, and m1=m2 ¼ 2. The solid lines cor-
respond to the results derived here from the kinetic model, while the dashed lines
refer to the results obtained from the Boltzmann equation.

FIG. 3. Plot of the temperature ratio c ¼ T1=T2 vs the coefficient of restitution a for
three different mixtures: x1 ¼ 2

3, m1=m2 ¼ 10, r1=r2 ¼ 1, and a common coeffi-
cient of restitution aij ¼ a (a); x1 ¼ 2

3, m1=m2 ¼ 0:5, r1=r2 ¼ 1, and a common
coefficient of restitution aij ¼ a (b); x1 ¼ 1

2, m1=m2 ¼ r1=r2 ¼ 1, a11 ¼ 0:9,
a22 ¼ 0:5, and a12 ¼ a (c). The solid lines are the results obtained from the kinetic
model, while the symbols refer to Monte Carlo simulations (circles for the case (a)
and triangles for the case (c)).
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where the kurtosis aðiÞ2 is defined as41

aðiÞ2 ¼ 4
15

h2i

ð
dc c4uiðcÞ � 1: (51)

The kurtosis (or fourth moment) quantifies the deviation of ui

from its Maxwellian form p�3=2h3=2i e�hic2 . We observe in Fig. 4(a) that
the prediction of the kinetic model for the fourth-degree moment

M�ð1Þ
4;0;0ðaÞ (relative to its value for elastic collisions) agrees quite well

with that of the Boltzmann equation. In fact, the relative discrepancies
between the two predictions are less than 2% in the range of values of
the coefficient of restitution considered. However, such a good agree-
ment is not maintained when the kurtosis aðiÞ2 is considered, as shown
in Fig. 4(b). The origin of this discrepancy can be partly explained by
the choice of the reference function fij of the kinetic model in the sim-
pler case of a single-component granular gas. In this limiting case
(where að1Þ2 ¼ að2Þ2 ¼ a2), the kinetic model (25) reduces to the sim-
plest version of the kinetic model proposed by Brey et al.,22 where the
HCS distribution function fHCS is replaced by the Maxwellian distribu-
tion with T1 ¼ T2 ¼ T . As a result of this simplification, a2 ¼ 0 for
mechanically equivalent particles in the kinetic model for mixtures.
This result can be easily obtained from the expression (48) for the
asymptotic moments MðiÞ

k1;k2 ;k3
when k1 þ k2 þ k3 ¼ 4. However, as

shown in the previous (approximate) results for single component
granular gases derived from the Boltzmann equation for a2,

40,57–62 the
magnitude of the kurtosis a2 is generally very small but non-zero.
Therefore, based on these results, it is expected that for granular mix-
tures the theoretical prediction of aðiÞ2 underestimates the value pro-
vided by the original Boltzmann equation. This trend is clearly shown
in Fig. 4(b), where we observe that while the kinetic model results pre-
dict a monotonic increase in aðiÞ2 with inelasticity, the Boltzmann equa-
tion yields a non-monotonic dependence of the kurtosis on
inelasticity. Furthermore, as expected, the magnitude of aðiÞ2 is much
smaller in the kinetic model than in the Boltzmann equation. In any
case, for practical purposes, both theoretical predictions clearly show
that the coefficients aðiÞ2 are quite small and hence their impact on
transport properties can be generally neglected.

C. Velocity distribution function in the HCS

A complete description of the HCS requires the knowledge of
velocity distribution functions fi. However, as said before, an explicit
solution of the Boltzmann equation in the HCS is not known and the
information about the distribution functions is obtained only indirectly
through the (approximate) knowledge of the first few velocity
moments. On the other hand, the use of a kinetic model allows in
some situations to obtain the exact form of the distribution functions.
Based on the good qualitative agreement found for molecular gases
between the BGK results and Monte Carlo simulations,63,64 one
expects that the distribution functions obtained as an exact solution of
the kinetic model in the HCS describe the “true” distributions at least
in the region of thermal velocities (let us say, c 	 1).

The kinetic equation (26) for the distribution f1ðvÞ in the HCS
can be rewritten as

@t f1 þ x1

2
f1 � �1

2
@

@v
� vf1ð Þ ¼ 1

2
U1; (52)

where

U1 ¼ x11f11 þ x12f12: (53)

According to Eq. (39), the term @t f1 can be expressed as

@f1
@t

¼ @f1
@T

@T
@t

¼ �fT
@f1
@T

; (54)

where f ¼ f1 ¼ f2 and use has been made of Eq. (31). According to
Eq. (39), the dependence of the distribution f1 on the granular temper-
ature T in the HCS allows us to write the identity

@f1
@T

¼ � 1
2T

@

@v
� vf1ð Þ: (55)

Taking into account Eq. (55), Eq. (54) becomes

@f1
@t

¼ 1
2
f
@

@v
� vf1ð Þ; (56)

and so, Eq. (52) can be rewritten as

x1 � 3n1 � n1v �
@

@v

� �
f1ðvÞ ¼ U1ðvÞ; (57)

where

n1 ¼ �1 � f ¼ 8
ffiffiffi
p

p
3

n2r
2
12

m1m2

ðm1 þm2Þ2
ð1þ a12Þ

� 2T1

m1
þ 2T2

m2

� �1=2 T2

T1
� 1

� �
: (58)

For elastic collisions, T1 ¼ T2 ¼ T12 ¼ T , n1 ¼ 0 and the solution to
Eq. (57) is the Maxwellian distribution

fi;elðvÞ ¼ ni
mi

2pT

� �3=2

exp �miv2

2T

� �
: (59)

For inelastic collisions, n1 6¼ 0 and the hydrodynamic (formal) solu-
tion to Eq. (58) is

f1ðvÞ ¼ x1 � 3n1 � n1v �
@

@v

� ��1

U1ðvÞ

¼
ð1
0

ds e�ðx1�3n1Þsen1sv�
@
@vU1ðvÞ: (60)

The action of the scaling operator eav�
@
@v on an arbitrary function FðvÞ

is

eav�
@
@vFðvÞ ¼ FðeavÞ: (61)

Equation (60) can be more explicitly written when one takes into
account the relationship (61)

f1ðvÞ ¼
ð1
0

ds e�ðx1�3n1ÞsU1 en1svð Þ

¼
ð1
0

ds e�ðx1�3n1Þsn1

"
x11

m1

2T1

� �3=2

exp � m1

2T1
e2n1sv2

� �

þ x12
m1

2T12

� �3=2

exp � m1

2T12
e2n1sv2

� �#
: (62)
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Equation (62) can be expressed in dimensionless form by introducing
the dimensionless time s ¼ �s. In terms of the dimensionless quanti-
ties x�

1 ¼ x1=�, n
�
1 ¼ n1=�, and c ¼ v=vth, one writes f1 in the form

(39) where the scaled distribution u1ðcÞ is given by

u1 ðcÞ ¼ p�3=2
ð1
0

ds e�ðx�
1�3n�1Þs

h
x�

11h
3=2
1 expð�h1e

2n�1sc2Þ

þ x�
12h

3=2
12 expð�h12e

2n�1sc2Þ
i
: (63)

The corresponding expression for u2 can be easily obtained by making
the change 1 $ 2.

The knowledge of the scaled distribution u1 allows us to compute
the dimensionless momentsM�ð1Þ

k1 ;k2;k3
defined as

M�ð1Þ
k1;k2 ;k3

¼
ð
dc ck1x c

k2
y c

k3
z u1ðcÞ: (64)

Further technical details of this evaluation are provided in Appendix A.

As anticipated, the corresponding expression for M�ð1Þ
k1 ;k2;k3

is consistent
with Eq. (48), confirming the coherence of the results presented here
for the HCS.

According to Eq. (63), we observe that u1 diverges to infinity at
c ¼ 0 when x�

1 
 3n�. This singularity primarily arises from the colli-
sional dissipation due to the inelastic nature of the collisions. As seen
in Eq. (63), two competing exponential terms appear in the form of
the distribution u1. The term e�x�

1s essentially represents the fraction
of particles of species 1 that have not collided after s effective collision
times, while e3n

�
1s results from the inelasticity of the collisions. In the

quasi-elastic limit (aij � 1, where x�
1 > 3n�1), the collisional dissipation

is not large enough to dominate the effects of the collisions, and thus
u1 remains finite at c ¼ 0. However, if the inelasticity is strong enough
that 3n�1 � x�

1, the opposite occurs, leading to a “condensation” of par-
ticles of species 1 around c ¼ 0.

To illustrate the dependence of u1ðcÞ on the (dimensionless)
velocity c, let us consider the marginal distribution

u1;xðcxÞ ¼
ðþ1

�1
dcy

ðþ1

�1
dcz u1ðcÞ

¼ p�1=2
ð1
0
ds e�ðx�

1�n�1Þs
h
x�

11h
1=2
1 expð�h1e

2n�1sc2xÞ

þ x�
12h

1=2
12 expð�h12e

2n�1sc2xÞ
i
: (65)

For elastic collisions (aij ¼ 1), n�1 ¼ 0, h1 ¼ h12 ¼ 2l12, and Eq. (65)
becomes

uel
1;xðcxÞ ¼ p�1=2ð2l12Þ1=2e�2l12c

2
x : (66)

Figure 5 plots the ratio R1;xðcxÞ ¼ u1;xðcxÞ=uel
1;xðcxÞ as a function of

the (scaled) velocity cx for x1 ¼ 1
2, m1=m2 ¼ 10, r1=r2 ¼ 2, and three

different values of the (common) coefficient of restitution aij ¼ a. In
the cases considered in Fig. 5, x�

1 � n�1 > 0 and hence u1;xðcxÞ
remains finite at cx ¼ 0. As expected, we observe that the deviation
from the Maxwellian distribution function (R1;x ¼ 1) becomes more
pronounced as inelasticity increases. Additionally, for sufficiently large
velocities, the population of particles relative to its elastic value
increases as the coefficient of restitution decreases.

IV. CHAPMAN–ENSKOG METHOD: NAVIER–STOKES
TRANSPORT COEFFICIENTS

Once the HCS is well characterized, the next step is to determine
the Navier–Stokes transport coefficients of the mixture. These coeffi-
cients can be obtained by solving the kinetic model (25) by means of
the application of the Chapman–Enskog method3 conveniently gener-
alized to inelastic collisions. Since the extension of this method to gran-
ular gases has been extensively discussed in some previous works (see,
for example, Ref. 2), only some details on its application to granular
mixtures are given in Appendix B.

It is quite obvious that the balance equations (9)–(11) become a
closed set of hydrodynamic equations for the fields ni, U, and T once
the mass, momentum, and heat fluxes [defined by Eqs. (12)–(14),
respectively] and the cooling rate f [defined by Eq. (8)] are expressed
in terms of the hydrodynamic fields and their gradients. As discussed
in previous works,7,8 while the pressure tensor has the same form as
for a one-component system, there is greater freedom in the represen-
tation of the heat and mass fluxes. Here, as in Refs. 7, 8, and 10, we
take the gradients of the mole fraction x1 ¼ n1=n, the pressure
p ¼ nT , the temperature T, and the flow velocity U as the relevant
hydrodynamic fields.

For times longer than the mean free time (where the granular gas
mixture has completely “forgotten” the details of its initial preparation)
and for regions far from the boundaries of the system, the granular
mixture is expected to reach a hydrodynamic regime. In this regime,
the Boltzmann kinetic equation admits a special solution, called the
normal (or hydrodynamic) solution, characterized by the fact that the
distribution functions fi depend on space and time only through a
functional dependence on the hydrodynamic fields - � ðx1;U; p;TÞ.
For simplicity, this functional dependence can be made local in space
and time when the spatial gradients of - are small, and one can write
fi as a series expansion in a formal parameter e, which measures the
nonuniformity of the system:

fi ¼ f ð0Þi þ e f ð1Þi þ e2 f ð2Þi þ � � � ; (67)

FIG. 5. Plot of the ratio R1;xðcxÞ ¼ u1;xðcxÞ=uel
1;xðcxÞ vs the (scaled) velocity cx

for x1 ¼ 1
2, m1=m2 ¼ 10, r1=r2 ¼ 2, and three different values of the (common)

coefficient of restitution aij ¼ a: a ¼ 0:9, 0.7, and 0.5.
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where each factor of e means an implicit gradient of a hydrodynamic
field. The local reference state f ð0Þi is chosen to give the same first
moments as the exact distribution fi.

Use of the Chapman–Enskog expansion (67) in the definitions of
the fluxes (12)–(14) and the cooling rate (8) gives the corresponding
expansion for these quantities. The time derivatives of the fields are
also expanded as @t ¼ @

ð0Þ
t þ �@

ð1Þ
t þ � � �. The coefficients of the

time derivative expansion are identified from the balance equations
(9)–(11) after expanding the fluxes and the cooling rate f. This is the
usual procedure of the Chapman–Enskog method.3

A. Zeroth-order distribution function

In the zeroth order, f ð0Þi obeys the kinetic equation

@
ð0Þ
t f ð0Þi þ 1

2
xif

ð0Þ
i � �i

2
@

@V
� Vf ð0Þi ¼ 1

2

X2
j¼1

xijf
ð0Þ
ij ; (68)

where

f ð0Þij ðVÞ ¼ ni
mi

2pTij

� �3=2

exp � mi

2Tij
V2

� �
: (69)

The macroscopic balance equations to zeroth-order give

@
ð0Þ
t x1 ¼ 0; @

ð0Þ
t U ¼ 0; @

ð0Þ
t lnT ¼ @

ð0Þ
t ln p ¼ �fð0Þ; (70)

where fð0Þ is the zeroth-order approximation to the cooling rate. Its

form is given by Eq. (35). Since f ð0Þi is a normal solution, according to
Eq. (70), then

@
ð0Þ
t f ð0Þi ¼ @T f

ð0Þ
i @

ð0Þ
t T þ @pf

ð0Þ
i @

ð0Þ
t p ¼ 1

2
fð0Þ

@

@V
� Vf ð0Þi

� �
; (71)

where f ð0Þi has been assumed to be of the form (39). Substitution of Eq.
(71) into Eq. (68) yields

1
2
fð0Þ

@

@V
� Vf ð0Þi

� �
þ 1
2
xif

ð0Þ
i � �i

2
@

@V
� Vf ð0Þi ¼ 1

2

X2
j¼1

xijf
ð0Þ
ij : (72)

Equation (72) has the same form as that of the HCS [see Eqs. (52) and
(56)] except that f ð0Þi ðr; v; tÞ is the local HCS distribution function of
the species i. Thus, the distribution function f ð0Þi is given by Eq. (39)
with the replacements ni ! niðr; tÞ, v ! V ¼ v � Uðr; tÞ, and
T ! Tðr; tÞ. Since f ð0Þi is isotropic in V, it follows that

jð0Þ1 ¼ 0; qð0Þ ¼ 0; Pð0Þ
ij ¼ pdij; (73)

where we recall that p ¼ nT .

B. Transport coefficients

The derivation of the kinetic equation obeying the first-order dis-
tributions is quite large and follows similar mathematical steps as those
previously made in the original Boltzmann equation.7,10 Some specific
details on this calculation as well as on the determination of the Navier–
Stokes transport coefficients are offered in Appendix B. For the sake of
brevity, only the final expressions are displayed in this section.

To first order in the spatial gradients, the phenomenological con-
stitutive relations for the fluxes in the low-density regime have the
forms65

jð1Þ1 ¼ �m1m2n
q

Drx1 � q
p
Dprp� q

T
DTrT; (74)

Pð1Þ
k‘ ¼ pdk‘ � g rkU‘ þr‘Uk � 2

d
dk‘r � U

� �
; (75)

qð1Þ ¼ �T2D00rx1 � Lprp� kTrT: (76)

In Eqs. (74)–(76), the transport coefficients are the diffusion coefficient
D, the thermal diffusion coefficient DT , the pressure diffusion coeffi-
cient Dp, the shear viscosity g, the Dufour coefficient D00, the thermal
conductivity kT , and the pressure energy coefficient Lp.

1. Diffusion transport coefficients

The expressions of the transport coefficients associated with the
mass flux are

D ¼ q
m1m2n

�D � 1
2
fð0Þ

� ��1

� p
@

@x1
x1c1

� �
p;T

þ q
@fð0Þ

@x1

 !
p;T

Dp þ DTð Þ
2
4

3
5; (77)

Dp ¼ n1T1

q
1�m1nT

qT1

� �
�D � 3

2
fð0Þ þ fð0Þ2

2�D

 !�1

; (78)

DT ¼ � fð0Þ

2�
Dp: (79)

In Eqs. (77) and (78), we have introduced the collision frequency

�D ¼ 1
2

l21 þ
x1
x2

l12

� �
x12

¼ 4
ffiffiffi
p

p
3

q
nðm1 þm2Þ

h1 þ h2
h1h2

� �1=2

ð1þ a12Þ�: (80)

It must be remarked that the expressions (77)–(79)) are identical to
those obtained from the Boltzmann equation in the first-Sonine
approximation when one neglects non-Gaussian corrections to the dis-
tributions f ð0Þi (i.e., aðiÞ2 ¼ 0Þ.7,10 This agreement is in fact a conse-
quence of one of the requirements of the kinetic model. The coefficient
D is symmetric, while the coefficients Dp and DT are antisymmetric
under the change 1 $ 2. As a consequence of these symmetries, jð1Þ2
¼ �jð1Þ1 as expected. For mechanically equivalent particles (m1 ¼ m2;
r1 ¼ r2; aij ¼ a), ci ¼ c ¼ 1, Dp ¼ DT ¼ 0, and

Dself ¼ 3
2
1
r2

ffiffiffiffiffiffiffi
T
pm

r
1

ð1þ aÞ2 (81)

is the self-diffusion coefficient.

2. Shear viscosity coefficient

The shear viscosity coefficient g can be written as
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g ¼ p
x1c1

b1 �
1
2
fð0Þ

þ x2c2

b2 �
1
2
fð0Þ

0
@

1
A; (82)

where

bi ¼
xi þ �i

2
: (83)

For mechanically equivalent particles, Eq. (82) leads to the expression
given by the model for the shear viscosity of a dilute granular gas

g ¼ p

b� 1
2
fð0Þ

; (84)

where

b ¼
ffiffiffiffiffi
2p

p

3
ð5� aÞð1þ aÞ�; fð0Þ ¼ 2

ffiffiffiffiffi
2p

p

3
ð1� a2Þ�: (85)

The expression (84) matches the one derived from the original
Boltzmann equation66 in the standard first Sonine approximation
when b is replaced by the collision frequency

bBEg ¼ 2
5

ffiffiffiffiffi
2p

p
ð3� aÞð1þ aÞ 1þ 7

16
a2

� �
�; (86)

where the kurtosis a2 is
40

a2 ¼ 16ð1� aÞð1� 2a2Þ
81� 17aþ 30ð1� aÞa2 : (87)

3. Heat flux transport coefficients

As usual, the study of the heat flux is much more involved. Its
constitutive equation is given by Eq. (76) where the transport coeffi-
cients are

D00 ¼ D00
1 þ D00

2 ; Lp ¼ Lp;1 þ Lp;2; kT ¼ kT;1 þ kT;2: (88)

Here, in contrast to the results derived from the Boltzmann equa-
tion,7,10 the equation defining the partial contributions of species 1
(D00

1 , Lp;1, and kT;1) is decoupled from their corresponding counter-
parts of species 2. In the case of species 1 and by using matrix notation,
the coupled set of three equations for the unknowns

D00
1 ; Lp;1; kT;1

 �
(89)

can be written as

K1;rr0X1;r0 ¼ Y1;r: (90)

Here, X1;r0 is the column matrix defined by the set (89), K1;rr0 is the
square matrix

K1 ¼

T2 3
2
fð0Þ � b1

� �
p

@fð0Þ

@x1

 !
p;T

T
@fð0Þ

@x1

 !
p;T

0
5
2
fð0Þ � b1 Tfð0Þ=p

0 �pfð0Þ=2T fð0Þ � b1

0
BBBBBBBB@

1
CCCCCCCCA
; (91)

and the column matrix Y1 is

Y1 ¼

� 5
4
m1m2n

q
A1D� 5

2
nT2

m1

@

@x1
x1c

2
1

	 

� 5
4
q
p
A1Dp � 5

2
n1T2

1

m1p
1�m1p

qT1

� �

� 5
4
q
T
A1DT � 5

2
n1T2

1

m1T

0
BBBBBBBB@

1
CCCCCCCCA
: (92)

In Eq. (92),

A1 ¼ x11
T1

m1
þ x12l12

n2 � n1
n2

T12

m1
þ �1

T1

m1
: (93)

Analogously, the matrix equation defining the unknowns

D00
2 ; Lp;2; kT;2

 �
(94)

can be written as

K2;rr0X2;r0 ¼ Y2;r; (95)

where X2;r0 is the column matrix defined by the set (94), K2;rr0 is the
square matrix

K2 ¼
T2 3

2
fð0Þ � b2

� �
p

@fð0Þ

@x1

 !
p;T

T
@fð0Þ

@x1

 !
p;T

0
5
2
fð0Þ � b2 Tfð0Þ=p

0 �pfð0Þ=2T fð0Þ � b2

0
BBBBBBB@

1
CCCCCCCA
; (96)

and the column matrix Y2 is

Y2 ¼

5
4
m1m2n

q
A2D� 5

2
nT2

m2

@

@x1
x2c

2
2

	 

5
4
q
p
A2Dp � 5

2
n2T2

2

m2p
1�m2p

qT2

� �
5
4
q
T
A2DT � 5

2
n2T2

2

m2T

0
BBBBBBBB@

1
CCCCCCCCA
: (97)

Here, A2 is given from Eq. (93) by making the change 1 $ 2.
As expected, Eqs. (90)–(97) shows that the Dufour coefficient D00

is antisymmetric with respect to the change 1 $ 2, while the coeffi-
cients Lp and kT are symmetric. The first property implies necessarily
that D00 vanishes for mechanically equivalent particles. In this limiting
case, Eqs. (90)–(97) yield the following expression for the heat flux

qð1Þ ¼ �jrT � lrn; (98)

where

j ¼ kT þ nLp ¼ 5
2
p
m

1

b� 2fð0Þ
; (99)

l ¼ TnLp ¼ T
n

fð0Þj

b� 3
2
fð0Þ

: (100)

Upon writing Eq. (98) use has been made of the relation
rp ¼ nrT þ Trn. As in the case of shear viscosity, expressions (99)
and (100) for j and l are consistent with those obtained from the
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Boltzmann equation66 in the standard first Sonine approximation
when one takes a2 ¼ 0 and b is replaced by the collision frequency

bBEj ¼ 11
30

ffiffiffiffiffi
2p

p
ð1þ aÞ 49

33
� aþ 19� 3a

1056
a2

� �
�; (101)

where a2 is defined by Eq. (87). Moreover, in contrast to the results
obtained from IMM,67,68 the heat flux transport coefficients are well-
defined functions (i.e., they are always positive) for monocomponent
granular gases in the complete range of values of the coefficient of res-
titution a.

C. Comparison with the transport coefficients of the
Boltzmann equation

Let us compare the predictions of the kinetic model for the
Navier–Stokes transport coefficients with those derived from the origi-
nal inelastic Boltzmann equation.7,8,10 We first consider the three dif-
fusion coefficientsD, Dp, and DT . As mentioned before, the differences
between the two descriptions for these coefficients are only due to the
non-zero values of the kurtosis aðiÞ2 . Since the magnitude of these coef-
ficients is generally small (except for rather extreme values of dissipa-
tion), one expects a very good agreement between the kinetic model
and the Boltzmann equation for the diffusion transport coefficients.
This is illustrated in Figs. 6(a) and 6(b) for the reduced diffusion coeffi-
cients DðaÞ=Dð1Þ and DpðaÞ=Dpð1Þ; an excellent agreement between
the two theories is observed except for very strong inelasticities. For
example, at a ¼ 0:5 the discrepancies for DðaÞ=Dð1Þ and
DpðaÞ=Dpð1Þ are about 4% and 5%, respectively, for m1=m2 ¼ 4,
while they are about 1% and 3%, respectively, form1=m2 ¼ 0:5.

We now consider the shear viscosity coefficient g. Figures 8(a)
and 8(b) show the (reduced) coefficient gðaÞ=gð1Þ for a single compo-
nent granular gas [Fig. 8(a)] and two different mixtures [Fig. 8(b)]. In the
cases studied here, although the kinetic model tends to overestimate
the Boltzmann results, the agreement between the two approaches
is reasonably good for moderate dissipation values (e.g., a� 0:8).
As expected, the relative differences increase with increasing dissipa-
tion. Moreover, the combined effect of mass and diameter ratios on
these differences shows very little sensitivity, indicating that the
model captures the influence of both m1=m2 and r1=r2 on the shear
viscosity quite well. It is also worth noting that for the single compo-
nent granular gas [Fig. 8(a)], the so-called modified first Sonine
approximation (an approximation where the Maxwellian distribu-
tion for the zeroth-order approximation f ð0Þ is replaced by the HCS
distribution)71 shows better agreement with the simulation data
than the standard first Sonine approach.7

More significant discrepancies between the kinetic model and the
Boltzmann equation are expected at the level of the heat flux transport
coefficients. To illustrate this, for the sake of simplicity, we consider
the single component granular gas. Figures 8(a) and 8(b) show the a
dependence of the (reduced) heat flux transport coefficients jðaÞ=jð1Þ
and nlðaÞ=Tjð1Þ, respectively. The coefficients j and l are defined
by Eqs. (99) and (100), respectively. In the case of elastic collisions
(a ¼ 1) the diffusive heat conductivity coefficient l vanishes. We find
that the kinetic model qualitatively captures the trends observed in the
original Boltzmann equation. On a more quantitative level, however,
the discrepancies become more pronounced: while the model overesti-
mates the Boltzmann values of j, it underestimates the Boltzmann

values of l. Figures 8(a) and 8(b) also show the disagreement between
the standard first Sonine approximation and computer simulations for
cases with strong dissipation. These differences are significantly
reduced by the modified first Sonine approximation.71

In summary, the kinetic model captures, at least on a semi-
quantitative level, the influence of inelasticity on the Navier–Stokes
transport coefficients. In particular, the three diffusion coefficients (D,
Dp, andDT ) are almost the same in both Boltzmann and model kinetic
equations, while the shear viscosity g is underestimated by the kinetic
model. More pronounced discrepancies occur in the case of the heat
flux transport coefficients. For example, in the limiting case of a one-
component granular gas, the relative differences between the kinetic
model and the original Boltzmann equation for the thermal conductiv-
ity j are about 11% at a ¼ 0:5 and 10% at a ¼ 0:8.

D. Origin of the discrepancies between the kinetic
model and Boltzmann results

In an attempt to understand the origin of the discrepancies
observed, particularly in the case of the shear viscosity and thermal

FIG. 6. (a) Plot of the (reduced) diffusion coefficient DðaÞ=Dð1Þ as a function of the
(common) coefficient of restitution a for three different mixtures: m1=m2 ¼ 1,
r1=r2 ¼ 1 (a), x1 ¼ 0:2, m1=m2 ¼ 4, r1=r2 ¼ 1 (b), and x1 ¼ 0:2,
m1=m2 ¼ 0:5, r1=r2 ¼ 1 (c). Here, Dð1Þ is the value of the diffusion coefficient
for elastic collisions. The solid lines refer to the results obtained here from the
kinetic model, while the dashed lines are the Boltzmann results obtained in the first
Sonine approximation.7,10 The symbols refer to Monte Carlo simulations.69,70 (b)
Plot of the (reduced) pressure diffusion coefficient DpðaÞ=Dpð1Þ as a function of the
(common) coefficient of restitution a for two different mixtures: x1 ¼ 0:2,
m1=m2 ¼ 4, r1=r2 ¼ 1 (a), and x1 ¼ 0:2, m1=m2 ¼ 0:5, r1=r2 ¼ 1 (b). Here,
Dpð1Þ is the value of the pressure diffusion coefficient for elastic collisions. The
solid lines refer to the results obtained here from the kinetic model, while the
dashed lines are the Boltzmann results obtained in the first Sonine
approximation.7,10
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conductivity coefficients, let us consider the limiting case of a simple
granular gas (m1 ¼ m2, r1 ¼ r2, and a11 ¼ a22 ¼ a12).

In this limiting case, as mentioned in previous works,20 one of the
main drawbacks of the kinetic model is that all relaxation processes are
accounted for by only a single relaxation time. In other words, in the
kinetic model, all non-zero eigenvalues of the linearized Boltzmann col-
lision operator are collapsed into a single eigenvalue. This implies that
the shear viscosity coefficient g, the heat conductivity coefficient j, and
the diffusive heat conductivity coefficient l are given in terms of the
(single) collision frequency b instead of the collision frequencies bBEg for
g and bBEj for the coefficients j and l. Thus, to optimize the agreement
with the Boltzmann results for single component granular gases for the
transport coefficients, one could consider b as a free parameter of the
model to reproduce either g (if b ¼ bBEg ) or j and l (if b ¼ bBEj ).

Another possible source of discrepancy between the results
derived from the Boltzmann equation and the kinetic model for a sin-
gle granular gas could be the relevance of the non-Gaussian corrections
(measured by the kurtosis a2) to the Maxwellian distribution

fMðVÞ ¼ n
m
2T

� �3=2

exp �mV2

2T

� �
: (102)

These corrections can play an important role in extreme inelasticity
regimes. Although the Maxwellian distribution can be considered as a
good approximation for the zeroth-order approximation f ð0Þ in the
region of thermal velocities (which is the relevant one for the lowest
degree velocity moments of the first-order distribution f ð1ÞÞ, significant
differences between f ð0Þ and fM are expected for strong inelasticity in
the case of higher velocity moments (such as the pressure tensor
and the heat flux). Since the single limiting case of the model (25)
yields a2 ¼ 0, the discrepancies between the kinetic model and
the Boltzmann equation for the transport coefficients g, j, and l
are expected to increase with increasing dissipation, as Figs. 7(a), 8(a),
and 8(b) clearly show.

Apart from the above two reasons, the deviations of the kinetic
model results from the Boltzmann results for binary granular mixtures
are also expected to increase with increasing the disparity in mass and/
or diameter of the constituents of the system.

V. UNIFORM SHEAR FLOW STATE

The Chapman–Enskog solution of the inelastic Boltzmann equa-
tion for states with small spatial gradients is technically difficult but
accessible. For more complex far from equilibrium states, the
Boltzmann equation for granular mixtures becomes intractable. In

FIG. 7. (a) Plot of the (reduced) shear viscosity coefficient gðaÞ=gð1Þ as a function
of the coefficient of restitution a for a monocomponent granular gas. Here, gð1Þ
refers to the shear viscosity coefficient for elastic collisions. The solid and dashed
lines correspond to the results derived from the kinetic model and the Boltzmann
equation in the standard first Sonine approximation.66 The dashed-dotted line refers
to the results obtained from the Boltzmann equation by using the modified first
Sonine approximation.71 The symbols correspond to Monte Carlo simulations.72 (b)
Plot of the (reduced) shear viscosity coefficient gðaÞ=gð1Þ as a function of the coef-
ficient of restitution a for two different mixtures: x1 ¼ 1

2, m1=m2 ¼ 2, r1=r2 ¼ 2,
aij ¼ a (a), and x1 ¼ 1

2, m1=m2 ¼ 2, r1=r2 ¼ 2, a11 ¼ a, a12 ¼ ð1þ aÞ=2, and
a22 ¼ ð3þ aÞ=4 (b). Solid lines refer to the results obtained here from the kinetic
model, while the dashed lines are the Boltzmann results obtained in the first Sonine
approximation.7,10

FIG. 8. (a) Plot of the (reduced) thermal conductivity coefficient jðaÞ=jð1Þ as a
function of the coefficient of restitution a for a monocomponent granular gas. Here,
jð1Þ refers to the thermal conductivity coefficient for elastic collisions. The solid
and dashed lines correspond to the results derived from the kinetic model and the
Boltzmann equation in the standard first Sonine approximation.66 The dashed-
dotted line refers to the results obtained from the Boltzmann equation by using the
modified first Sonine approximation.71 The symbols correspond to Monte Carlo sim-
ulations.73 (b) Same as in panel (a) but for the (reduced) diffusive heat conductivity
coefficient nlðaÞ=Tjð1Þ.
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these cases, kinetic models are used as a reliable alternative. Here, as a
third problem in the paper, we study in this section the so-called simple
or uniform shear flow (USF) state. Although this state has been exten-
sively studied in the case of single component granular gases,74–85 the
studies for granular mixtures are more scarce.6,16,47,86–89 At a macro-
scopic level, the USF is defined by constant densities ni, a uniform
granular temperature T, and the linear velocity field

U1;k ¼ U2;k ¼ Uk ¼ ak‘r‘; ak‘ ¼ adkxd‘y; (103)

where a is the constant shear rate. At the microscopic level, one of the
main advantages of the USF over other non-equilibrium problems is
that in this state the spatial dependence of the distribution functions
fiðr; v; tÞ arises only from their dependence on the peculiar velocity
Vk ¼ vk � ak‘r‘. Thus, when the particle velocities are expressed in
the Lagrangian frame moving with the flow velocity Uk ¼ ak‘r‘, the
USF becomes spatially homogeneous. This means that fiðr; v; tÞ
¼ fiðV; tÞ. This property is probably the main reason why this state
has been studied extensively in molecular and granular gases, as it pro-
vides a clear framework for studying the nonlinear response of the sys-
tem to strong shear.

However, the nature of the USF state is quite different for molec-
ular and granular fluids, since in the latter a steady state is possible
(without introducing external thermostats) when the viscous heating
term is exactly compensated by the energy dissipated by collisions.
Here, we are mainly interested in obtaining the non-Newtonian trans-
port properties of the mixture under steady conditions. In the steady
state (@t fi ¼ 0), the set of kinetic equations (25) for the model reads

�2aVy
@f1
@Vx

þ x1f1 � �1
@

@V
� ðVf1Þ ¼ U1; (104)

�2aVy
@f2
@Vx

þ x2f2 � �2
@

@V
� ðVf2Þ ¼ U2: (105)

In the USF problem, the mass and heat fluxes vanish by symmetry rea-
sons (j1 ¼ q ¼ 0) and the only nonzero flux is the pressure tensor Pk‘.
As a consequence, the relevant balance equation in the USF is that of
the granular temperature T, Eq. (11). In the steady state, Eq. (11)
becomes

2
3n

aPxy þ fT ¼ 0; (106)

where the pressure tensor Pk‘ is defined by Eq. (13) and the expression
of the cooling rate in the kinetic model is given by Eq. (35). As men-
tioned earlier, there are two competing effects in the granular tempera-
ture equation according to Eq. (106). On the one hand, the viscous
heating term (aPxy < 0) causes the granular temperature to increase
monotonically with time. On the other hand, since collisions are
inelastic, there is a continuous loss of energy due to the collisional cool-
ing term (fT > 0). In the steady state, these two effects cancel each
other out. Due to the coupling between the shear stress Pxy and the
inelasticity (measured by the cooling rate f), the reduced shear rate
a� ¼ a=� (where we recall that �ðTÞ / ffiffiffiffi

T
p

) is only a function of the
coefficients of restitution aij and the parameters of the mixture (mass
and diameter ratios as well as concentration).

A. Velocity moments in the steady USF

As in the HCS, we are first interested in determining the velocity
moments of the distributions fiðVÞ. They are defined as

MðiÞ
k1 ;k2;k3

¼
ð
dVVk1

x Vk2
y Vk3

z fiðVÞ: (107)

The symmetry properties in the USF of the velocity distribution func-
tions fiðVÞ are20

fiðVx;Vy;VzÞ ¼ fiðVx;Vy;�VzÞ; (108)

fiðVx;Vy;VzÞ ¼ fið�Vx;�Vy;VzÞ: (109)

According to these symmetry properties, the nonzero velocity
moments are when k1 þ k2 and k3 are even numbers.

Let us focus on the moments Mð1Þ
k1 ;k2;k3

since the moments

Mð2Þ
k1 ;k2 ;k3

corresponding to the distribution of species 2 can be easily
obtained from the former by making the change 1 $ 2. To get

Mð1Þ
k1 ;k2 ;k3

, one multiplies both sides of Eq. (107) by Vk1
x Vk2

y Vk3
z and inte-

grates over velocity to achieve the result

2ak1M
ð1Þ
k1�1;k2þ1;k3

þ ðx1 þ k�1ÞMð1Þ
k1;k2 ;k3

¼ Nð1Þ
k1 ;k2;k3

; (110)

where

Nð1Þ
k1 ;k2;k3

¼
ð
dVVk1

x Vk2
y Vk3

z U1ðVÞ

¼ n1Ck1;k2 ;k3 x11
2T1

m1

� �k=2

þ x12
2T12

m1

� �k=2
" #

: (111)

Here, we recall that Ck1 ;k2;k3 is defined in Eq. (42). The solution to Eq.
(110) can be written as (see Appendix A of Ref. 90)

Mð1Þ
k1;k2 ;k3

¼
Xk1
q¼0

k1!
ðk1 � qÞ!

ð�2aÞq
ðx1 þ k�1Þ1þq Nk1�q;k2þq;k3 : (112)

Equation (112) is still a formal expression as we do not know
the dependence of both the temperature ratio c ¼ T1=T2 and the
(reduced) shear rate a� on the coefficients of restitution and the
parameters of the mixture. To determine these quantities, one can con-
sider, for example, the dimensionless version of Eq. (106), which leads
to the relation

a� ¼ � 3
2
x1c1f

�
1 þ x2c2f

�
2

x1P�
1;xy þ x2P�

2;xy
; (113)

where f�i ¼ fi=�, P
�
i;k‘ ¼ Pi;k‘=ðxipÞ, and

c1 ¼
T1

T
¼ c

x2 þ x1c
; c2 ¼

T2

T
¼ 1

x2 þ x1c
: (114)

Finally, for i ¼ 1 and 2, the requirements

MðiÞ
2;0;0 þMðiÞ

0;2;0 þMðiÞ
0;0;2 ¼ 3

niTi

mi
; (115)

yield the condition

Mð1Þ
2;0;0 þMð1Þ

0;2;0 þMð1Þ
0;0;2

Mð2Þ
2;0;0 þMð2Þ

0;2;0 þMð2Þ
0;0;2

¼ x1
x2

h�1; (116)

where we recall that h ¼ m1T2=m2T1. For given values of the parame-
ter space of the mixture, the numerical solution to Eq. (116) gives the
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temperature ratio c. Once c is known, Eq. (113) gives a�, while the
explicit dependence of the (dimensionless) moments on the parame-
ters of the mixture is given by Eq. (112).

B. Rheological properties

The most relevant moments are those related to the nonzero ele-
ments of the pressure tensor. From Eq. (112), one gets the results

P�
1;yy ¼ P�

1;zz ¼
x�

11c1 þ x�
12c12

x�
1 þ 2��1

; P�
1;xx ¼ 3c1 � 2P�

1;yy; (117)

P�
1;xy ¼ � 2P�

1;yy

x�
1 þ 2��1

a�: (118)

Here, c12 ¼ T12=T ¼ c1 þ 2l12l21ðc2 � c1Þ. The expression of P�
2;k‘

can be easily derived from Eq. (117) by the change 1 $ 2. The
(reduced) pressure tensor of the mixture P�

k‘ ¼ Pk‘=p is

P�
k‘ ¼ x1P

�
1;k‘ þ x2P

�
2;k‘: (119)

For mechanically equivalent particles, c1 ¼ c2 ¼ c12 ¼ 1 and Eqs.
(117) and (118) yield

P�
yy ¼

2
3� a

; P�
xy ¼ � 3ffiffiffiffiffi

2p
p a�

ð1þ aÞð3� aÞ2 : (120)

The a-dependence of the (reduced) shear rate a� for a monocompo-
nent dilute granular gas is obtained from Eqs. (113) and (120) as

a�2 ¼ 2
3
pð3� aÞ2ð1þ aÞ2ð1� aÞ: (121)

Figure 9 shows the a-dependence of the (reduced) elements of the
pressure tensor, P�

xx, P
�
yy , and P�

xy , for a single component granular gas
under USF. The results obtained here in Eq. (120) are compared with
the approximate results of Refs. 91 and 85, which were derived by solv-
ing the Boltzmann equation using Grad’s moment method.92 For com-
pleteness, numerical solutions82,88 of the Boltzmann equation

employing the DSMC method56 are also shown. Both the Boltzmann
equation and the kinetic model clearly predict anisotropy in the diago-
nal elements of the pressure tensor in the shear plane (P�

xx 6¼ P�
yy , but

P�
yy ¼ P�

zz). It is important to indicate that the simulations also show
anisotropy in the plane orthogonal to the flow velocity; in fact, P�

zz is
slightly larger than P�

yy . However, the difference P
�
zz � P�

yy is generally
small and tends to zero as the inelasticity decreases in collisions.82,88

We observe in Fig. 9 that the predictions of the kinetic model are
in qualitative agreement with the results of the DSMC, although there
are some quantitative differences, especially under strong dissipation
for P�

xx. The approximate results derived from the Boltzmann equation
show better agreement with computer simulations than those from the
kinetic model. As mentioned in Subsection IIIB, the kinetic model
results could be improved (as shown, for example, in Fig. 5 of Ref. 82)
by adjusting the effective collision frequency in Brey et al.’s original
kinetic model22 (which can be treated as a free parameter) to match
the Boltzmann value for the Navier–Stokes shear viscosity for elastic
collisions. However, since the expressions in Eq. (120) are obtained by
solving the set of Eqs. (104)–(105) in the limiting case of identical par-
ticles, the model has no free parameters, since the collision frequencies
�ij are defined by Eq. (20).

Complementing the results shown in Fig. 9, Figs. 10(a) and 10(b)
show the dependence of both the temperature ratio T1=T2 and the
(reduced) elements of the pressure tensor, respectively, on the (com-
mon) coefficient of restitution a for different mixtures. The theoretical
results derived here from the kinetic model are compared with those
obtained by solving the Boltzmann equation by means of Grad’s
moment method85,91 and Monte Carlo simulations.88 Similar to Fig. 9,
there is reasonably good agreement between the Boltzmann and
kinetic model results, especially for the temperature ratio. Also, as in
the case of single component gases, the approximate Boltzmann results
show better agreement with simulations than those from the kinetic
model. A comparison between Figs. 9 and 10(b) clearly shows the
weak influence of the mass ratio on the rheological properties of the
system.

C. Velocity distribution function in the USF

As in the case of the HCS, the explicit forms of the velocity distri-
bution functions fiðVÞ of the granular binary mixture under USF can
be also obtained. Let us focus on the velocity distribution f1ðVÞ of spe-
cies 1. Equation (104) can be cast into the form

x1 � 3�1 � �1V � @

@V
� 2aVy

@

@Vx

� �
f1ðVÞ ¼ U1ðVÞ: (122)

A formal (hydrodynamic) solution to Eq. (122) is

f1ðVÞ ¼ x1 � 3�1 � �1V � @

@V
� 2aVy

@

@Vx

� ��1

U1ðVÞ

¼
ð1
0

ds e�ðx1�3�1Þse
�1sV�

@

@Ve
2asVy

@

@VxU1ðvÞ: (123)

The action of the shift operators e�1sv�
@
@v and e2asVy

@
@Vx in velocity space

on an arbitrary function gðVÞ is

e�1sV�
@
@VgðVx;Vy;VzÞ ¼ gðe�1sVx; e

�1sVy; e
�1sVzÞ; (124)

FIG. 9. Plot of the (reduced) elements of the pressure tensor as functions of the
coefficient of restitution a for a monocomponent granular gas. The solid lines are
the results derived here from the kinetic model, while the dashed lines correspond
to the results obtained by solving approximately the Boltzmann equation by means
of Grad’s moment method.85,91 Symbols refer to Monte Carlo simulation results
obtained in Ref. 88.
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e2asVy
@

@Vx gðVx;Vy;VzÞ ¼ gðVx þ 2asVy;Vy;VzÞ: (125)

Taking into account Eqs. (124) and (125), the velocity distribution
function f1ðVÞ can be written as

f1ðVÞ¼
ð1
0

dse�ðx1�3�1Þsn1

�
x11

m1

2T1

� �3=2

exp � m1

2T1
e2�1s

�

� V2þ4asVxVyþ4a2s2V2
y

� �i
þx12

m1

2T12

� �3=2

� exp � m1

2T12
e2�1s V2þ4asVxVyþ4a2s2V2

y

� �� ��
: (126)

As in the study of the HCS, it is convenient to express f1ðVÞ in dimen-
sionless form by introducing the dimensionless quantities s ¼ �s, x�

1,

��1, h1, h12, and c. Thus, the velocity distribution function of species 1
in the USF problem can be cast into the form

f1ðVÞ ¼ n1v
�3
th u1ðcÞ; (127)

where the scaled distribution u1ðcÞ is

u1ðcÞ ¼ p�3=2
ð1
0

ds e�ðx�
1�3��1Þs

n
x�

11h
3=2
1 exp

h
� h1e

2��1s

� c2 þ 4a�scxcy þ 4a�2s2c2y
� �i

þ x�
12h

3=2
12

� exp �h12e
2��1s c2 þ 4a�scxcy þ 4a�2s2c2y
� �h io

: (128)

It can be checked (see Appendix A for some technical details) that the
expression (128) reproduces the moments (112). This agreement con-
firms the consistency of the results reported in this section for the USF
problem.

To illustrate the dependence of u1ðcÞ on the (dimensionless)
velocity c, we define the marginal distribution

u1;xðcxÞ ¼
ðþ1

�1
dcy

ðþ1

�1
dcz u1ðcÞ: (129)

Substituting Eq. (128) into Eq. (129) and performing the velocity inte-
grals one gets

u1;xðcxÞ¼p�1=2
ð1
0
ds

e�ðx�
1���1Þsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ4a�2s2
p

�
x�

11h
1=2
1 exp �h1e

2��1s
c2x

1þ4a�2s2

� �

þx�
12h

1=2
12 exp �h12e

2��1s
c2x

1þ4a�2s2

� ��
: (130)

For elastic collisions, ��1 ¼ 0, a� ¼ 0, h1 ¼ h12 ¼ 2l12 and u1;xðcxÞ
reduces to the equilibrium distribution (66), as expected.

Figure 11 shows the ratio R1;xðcxÞ ¼ u1;xðcxÞ=uel
1;xðcxÞ as a func-

tion of the (scaled) velocity cx for the binary mixtures with x1 ¼ 1
2,

m1=m2 ¼ 5, r1=r2 ¼ 2, and three different values of the (common)
coefficient of restitution aij ¼ a: a ¼ 0:9, 0.7, and 0.5. As in the case of

FIG. 11. Plot of the ratio R1;xðcxÞ ¼ u1;xðcxÞ=uel
1;xðcxÞ vs the (scaled) velocity cx

for x1 ¼ 1
2, m1=m2 ¼ 5, r1=r2 ¼ 2, and three different values of the (common)

coefficient of restitution aij ¼ a: a ¼ 0:9, 0.7, and 0.5. The scaled USF distribution
u1;x is given by Eq. (130).

FIG. 10. (a) Plot of the temperature ratio T1=T2 as a function of the (common) coef-
ficient of restitution a for a binary granular mixture with x1 ¼ 1

2, r1=r2 ¼ 1, and
two different values of the mass ratio m1=m2: m1=m2 ¼ 10 (a) and m1=m2 ¼ 2
(b). Solid and dashed lines correspond to the results obtained here from the kinetic
model and the Boltzmann equation, respectively. Symbols are DSMC simulations
reported in Ref. 88 (b) Plot of the (reduced) elements of the pressure tensor as
functions of the (common) coefficient of restitution a for a binary granular mixture
with x1 ¼ 1

2, r1=r2 ¼ 1, and m1=m2 ¼ 2. The solid and dashed lines correspond
to the results obtained here from the kinetic model and the Boltzmann equation,
respectively. Symbols refer to Monte Carlo simulation results obtained in Ref. 88.
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HCS, we observe quite a distortion of the USF distribution u1;xðcxÞ
with respect to its equilibrium value uel

1;xðcxÞ. The deviation of u1;xðcxÞ
from uel

1;xðcxÞ increases with increasing dissipation. Furthermore, a
comparison with the (marginal) distribution of the HCS (see Fig. 5)
shows that the growth of R1;xðcxÞ with cx is more pronounced in the
USF than in the HCS. Thus, although the collisional cooling effect
(measured by the term fT) is balanced by the viscous heating effect
(measured by the term �aPxy) in the (steady) USF state, for large
velocities the particle population (relative to its elastic value) is larger
in the USF state than in the HCS. Finally, it must also be remembered
that in a kinetic model one cannot expect to be able to accurately
describe the population of particles whose velocities are beyond the
thermal one, since the evolution of the distributions fiðVÞ is essentially
given only in terms of the first five velocity moments (in the USF in
terms of the partial temperatures T1 and T2).

VI. DISCUSSION

The determination of transport properties of multicomponent
mixtures from the Boltzmann equation is in general a rather compli-
cated problem. Because of these technical difficulties, researchers have
usually considered kinetic model equations in which the Boltzmann
collision operators Jij½ fi; fj� are replaced by terms that retain the rele-
vant physical properties of these operators but are mathematically sim-
pler. This procedure has been widely used in the past years in the case
of molecular mixtures, where several models25–32 have been proposed
to obtain explicit expressions for the transport coefficients of the mix-
ture. However, much fewer models have been proposed for granular
mixtures (mixtures of mechanically different hard spheres undergoing
inelastic collisions). In fact, as mentioned in Sec. I, we are only aware
of the kinetic model proposed by Vega Reyes et al.24 for a mixture of
inelastic hard spheres. This model is inspired by the equivalence
between a gas of elastic hard spheres subject to a drag force with a gas
of IHS.34 In this paper, we have considered the model of Vega Reyes
et al.,24 where the elastic Boltzmann collision operators present in the
original model are replaced by the relaxation terms of the well-known
GK model for molecular mixtures.25 In this context, the kinetic model
used here can be considered as a natural extension of the GK model to
granular mixtures.

Three different non-equilibrium situations were considered. As a
first step, the HCS was analyzed. The study of this state is crucial for
the determination of the Navier–Stokes transport coefficients of the
mixture, since the local version of the HCS plays the role of the refer-
ence state in the Chapman–Enskog perturbative method.2,3

Surprisingly, depending on the parameters of the mixture, our study of
the relaxation of the velocity moments to their HCS forms has shown
the possible divergence of these moments, especially for sufficiently
high-degree moments. This kind of divergence could question the
validity of a normal (or hydrodynamic) solution of the Boltzmann
equation in the HCS. Once the HCS is well characterized, as a second
problem we have obtained the exact forms of the Navier–Stokes trans-
port coefficients in terms of the parameter space of the system. Finally,
as a third problem, the rheological properties of a sheared granular
mixture have also been derived.

The use of the kinetic model has allowed not only to obtain the
exact forms of the linear and nonlinear transport properties of the mix-
ture but also to obtain the explicit forms of the velocity distribution
functions. This is one of the main advantages of considering a kinetic
model of the Boltzmann equation.

Comparison with both the (approximate) theoretical results of
the Boltzmann equation and computer simulations shows in some
cases an excellent agreement (temperature ratio in the HCS and the
diffusion transport coefficients), in others a reasonable quantitative
agreement (the Navier–Sokes shear viscosity and the rheological prop-
erties), while more significant discrepancies are present in the case of
the heat flux transport coefficients. Regarding the velocity distribution
functions, based on previous comparisons with DSMC results,82 it is
expected that the model gives accurate results for small velocities, but
important differences are likely to appear in the high-velocity region.
We hope that the present paper will stimulate the performance of these
simulations to confirm the above expectations.

As discussed in Subsection IIIA, one of the surprising results
derived from the kinetic model in the HCS is the divergence of high-
degree velocity moments under certain parameter conditions. On the
other hand, in contrast to the results recently obtained for IMM in the
HCS,18 this kind of divergence appears for very high-degree moments
(see, for example, Fig. 1). Thus, this unphysical behavior precludes the
failure of a hydrodynamic description of the granular mixture from
the kinetic model. As mentioned before, the singular behavior of these
high-degree moments could have some implications on the existence of
the (scaled) HCS solution (39) for values of the coefficient of restitution
smaller than the critical value ac. Needless to say, elucidation of this point
requires computer simulations of the Boltzmann equation56 to clarify
whether such a divergence is also present in the original Boltzmann equa-
tion or whether it is actually a drawback of the kinetic model.

Another approach for studying transport in granular mixtures
different from the one followed in this paper is the possibility of estab-
lishing a linear relationship between driving forces and moment matri-
ces through a large resistance matrix. This type of approach has
recently been used to model macrotransport processes of elongated
microswimmers involving anisotropic diffusion.93 In the case of non-
equilibrium steady states for granular mixtures, from a kinematic point
of view, the introduction of non-zero, albeit small, driving forces could
be considered as an interesting alternative to the use of kinetic models.

In conclusion, the results reported here can be considered as a
testimony of the reliability of the kinetic model (25) for the study of
nonequilibrium problems where the use of the original Boltzmann
equation turns out to be unapproachable. In particular, the derivation
of the transport coefficients of a granular binary mixture characterizing
the transport around the USF is an interesting project for the near
future. Given the technical difficulties involved in such a calculation,
the kinetic model (25) can be considered as a useful starting point.
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APPENDIX A: VELOCITY MOMENTS FROM THE DISTRIBUTION FUNCTIONS

In this appendix, we obtain the expressions of the velocity moments of the HCS and the USF problems from their corresponding velocity
distribution functions.

Let us start with the HCS. The dimensionless moments M�ð1Þ
k1 ;k2;k3

are defined as

M�ð1Þ
k1 ;k2 ;k3

¼
ð
dc ck1x c

k2
y c

k3
z u1ðcÞ; (A1)

where we recall that c ¼ v=vth and u1ðcÞ in the HCS is given by Eq. (63). Substitution of Eq. (63) into Eq. (A1) yields

M�ð1Þ
k1 ;k2;k3

¼ p�3=2
ð1
0

ds e�ðx�
1�3n�1Þs

ð
dc ck1x c

k2
y c

k3
z x�

11h
3=2
1 expð�h1e

2n�1sc2Þ þ x�
12h

3=2
12 expð�h12e

2n�1sc2Þ
h i

¼ p�3=2
ð1
0

ds e�ðx�
1�3n�1Þs x�

11h
�k=2
1 e�ðkþ3Þn�1s þ x�

12h
�k=2
12 e�ðkþ3Þn�1s

h i ð
d--k1

x -
k2
y -

k3
z e

�-2

� �

¼ Ck1;k2 ;k3 x�
11h

�k=2
1 þ x�

12h
�k=2
12

� � ð1
0

ds e�ðx�
1þkn�1Þs; (A2)

where Ck1 ;k2;k3 is defined by Eq. (42). The integral over s in the third line of Eq. (A2) is finite if

x�
1 þ kn�1 > 0: (A3)

As shown in Subsection III A, inequality (A3) gives the condition for which the dimensionless moments in the HCS are convergent.
According to the expression (58) of n�1, the condition (A3) can be written more explicitly as

k <

x1
r1
r12

� �2 ffiffiffiffiffi
2
h1

r
ð1þ a11Þ þ x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h1 þ h2
h1h2

r
ð1þ a12Þ

x2l12l21

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h1 þ h2
h1h2

r
T1 � T2

T1

� �
ð1þ a12Þ

: (A4)

If the condition (A4) holds, then Eq. (A2) leads to the result

M�ð1Þ
k1;k2 ;k3

¼ Ck1 ;k2 ;k3
x�

11h
�k=2
1 þ x�

12h
�k=2
12

x�
1 þ kn�1

: (A5)

Equation (A5) agrees with Eq. (48).
In the case of the USF, to get the (dimensionless) velocity moments M�ð1Þ

k1 ;k2;k3
one has to take into account the propertyð

dVgðVx;Vy;VzÞe2asVy
@

@Vx hðVx;Vy;VzÞ ¼
ð
dVgðVx � 2asVy;Vy;VzÞhðVx;Vy;VzÞ: (A6)

Substitution of the form (128) of the USF distribution into the definition (A1) and taking into account Eq. (A6), one achieves the result

M�ð1Þ
k1;k2 ;k3

¼ p�3=2
ð1
0

ds e�ðx�
1�3��1Þs

ð
dcðcx � 2a�scyÞk1 ck2y ck3z x�

11h
3=2
1 expð�h1e

2��1sc2Þ þ x�
12h

3=2
12 expð�h12e

2��1sc2Þ
h i

¼
Xk1
q¼0

k1!
q!ðk1 � qÞ!Ck1�q;k2þq;k3

ð1
0

ds ð�2a�sÞqe�ðx�
1þk��1Þs x�

11h
�k=2
1 þ x�

12h
�k=2
12

� �
; (A7)

where Ck1 ;k2;k3 is defined in Eq. (42) and in the last step we have expanded ðcx � 2a�scyÞk1 and integrated over c. After performing the s-inte-
gration in Eq. (A7), one finally gets the result

M�ð1Þ
k1 ;k2 ;k3

¼
Xk1
q¼0

k1!
ðk1 � qÞ!Ck1�q;k2þq;k3

ð�2a�Þq
ðx�

1 þ k��1Þ1þq x�
11h

�k=2
1 þ x�

12h
�k=2
12

� �
: (A8)
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Equation (A8) is identical to Eq. (112) when you write it in dimensionless form. This shows the consistency of our results.

APPENDIX B: FIRST-ORDER DISTRIBUTION FUNCTION—MASS, MOMENTUM, AND HEAT FLUXES

In the first-order of the spatial gradients, the first-order distribution function f ð1Þ1 verifies the kinetic equation

@
ð0Þ
t f ð1Þ1 þ 1

2
x1f

ð1Þ
1 � 1

2
�1

@

@V
� Vf ð1Þ1

� �
¼ 1

2
x11f

ð1Þ
11 þ x12f

ð1Þ
12

� �
� Dð1Þ

t þ V � r
� �

f ð0Þ1 � �1
2q1

jð1Þ1 � @

@V
f ð0Þ1 ; (B1)

where

jð1Þ1 ¼
ð
dvm1Vf

ð1Þ
1 (B2)

is the first-order contribution to the mass flux,

f ð1Þ11 ðVÞ ¼ f ð0Þ11

n1T1
V � jð1Þ1 ; f ð1Þ12 ðVÞ ¼ l12

T12

n2 � n1
n1n2

V � jð1Þ1 f ð0Þ12 ðVÞ; f ð0Þij ¼ ni
mi

2pTij

� �d=2

exp � mi

2Tij
V2

� �
; (B3)

and Dð1Þ
t ¼ @

ð1Þ
t þ U � r.

Given that the action of the operator ðDð1Þ
t þ V � rÞ on the zeroth-order distribution f ð0Þ1 is formally the same as in the original inelastic

Boltzmann equation,7,10 we can omit part of the steps followed by the derivation of the kinetic equation of f ð1Þ1 . We refer to the interested
reader to Appendix A of Ref. 10 for more specific details. The kinetic equation for the first-order distribution function f ð1Þ1 ðVÞ is

@
ð0Þ
t f ð1Þ1 þ 1

2
x1f

ð1Þ
1 � 1

2
�1

@

@V
� Vf ð1Þ1

� �
¼ A1 � rx1 þ B1 � rpþ C1 � rT þ D1;ijriUj

þ jð1Þ1 � x11
f ð0Þ11

2n1T1
þ x12

l12
2T12

n2 � n1
n1n2

f ð0Þ12

 !
V� �1

2q1

@

@V
f ð0Þ1

" #
; (B4)

where

A1ðVÞ ¼ � @f ð0Þ1

@x1

 !
p;T

V; B1ðVÞ ¼ � 1
p

f ð0Þ1 Vþ p
q

@f ð0Þ1

@V

 !" #
; (B5)

C1ðVÞ ¼ 1
T

f ð0Þ1 þ 1
2
@

@V
� Vf ð0Þ1

� �� �
V; D1;ijðVÞ ¼ Vi

@f ð0Þ1

@Vj
� 1
3
dijV � @f

ð0Þ
1

@V
: (B6)

The mass, momentum, and heat fluxes can be directly determined from the kinetic equation (B4). Let us consider the mass flux. To
achieve it, one multiplies both sides of Eq. (B4) by m1V and integrates over V. After some algebra, one gets

@
ð0Þ
t þ �D

� �
jð1Þ1 ¼ �p

@

@x1
x1c1

� �
p;T

rx1 � x1c1 �
q1
q

� �
rp; (B7)

where �D is defined by Eq. (80) and upon deriving Eq. (B7) use has been made of the constitutive equation (74) of the mass flux.
Dimensional analysis shows that D / T1=2, Dp / T1=2=p, and DT / T1=2. Thus, taking into account the constitutive equation (74), one has
the result

@
ð0Þ
t jð1Þ1 ¼ �fð0ÞðT@T þ p@pÞjð1Þ1

¼ m1m2n
2q

fð0ÞDþ qðDp þ DTÞ @fð0Þ

@x1

 !
p;T

2
4

3
5rx1 þ qfð0Þ

p
3
2
Dp þ DT

� �
rp� qfð0Þ

2T
DprT; (B8)

where use has been made of the identities @ð0Þ
t rT ¼ �rðTfð0ÞÞ and @

ð0Þ
t rp ¼ �rðpfð0ÞÞ. Inserting Eq. (B8) into Eq. (B7) allows us to deter-

mine D, Dp, and DT . Their expressions are given by Eqs. (77)–(79).
The pressure tensor is given by Eq. (13), where the first-order contributions Pð1Þ

i;k‘ are defined as

Pð1Þ
i;k‘ ¼

ð
dvmiVkV‘f

ð1Þ
i ðVÞ: (B9)

We multiply both sides of Eq. (B4) (for i ¼ 1; 2) by miVkV‘ and integrates over velocity to get
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@
ð0Þ
t þ bi

� �
Pð1Þ
i;k‘ ¼ �niTi r‘Uk þrkU‘ � 2

d
dk‘r � U

� �
; (B10)

where we recall that bi ¼ ðxi þ �iÞ=2. The solution to Eq. (B10) has the form

Pð1Þ
i;k‘ ¼ �gi r‘Uk þrkU‘ � 2

d
dk‘r � U

� �
: (B11)

Dimensionless analysis requires that gi / T1=2 so that, @ð0Þ
t Pð1Þ

i;k‘ ¼ �ðfð0Þ=2ÞPð1Þ
i;k‘. Substitution of this term into Eq. (B10) yields Eq. (82) for

the shear viscosity coefficient g ¼ g1 þ g2.
The first-order contribution to the heat flux qð1Þ ¼ qð1Þ1 þ qð1Þ2 , where

qð1Þi ¼
ð
dv

mi

2
V2Vf ð1Þi ðVÞ: (B12)

As in the previous calculations, to achieve qð1Þi we multiply both sides of Eq. (B4) (for i ¼ 1; 2) by 1
2miV2V and integrates over V. The result

is

@
ð0Þ
t þ bi

� �
qð1Þi ¼ � 5

2
pT
mi

@

@x1
xic

2
i

	 
� �
p;T

rx1 � 5
2
niT2

i

mip
1�mip

qTi

� �
rp� 5

2
niT2

i

miT
rT þ 5

4
Aij

ð1Þ
i ; (B13)

where we recall that A1 is defined by Eq. (93) while A2 can be easily obtained by interchanging 1 $ 2. According to the right-hand side of
Eq. (B13), the constitutive equation for qð1Þi is

qð1Þi ¼ �T2D00
i rx1 � Lp;irp� kT;irT: (B14)

From dimensional analysis, Di / T�1=2, Lp;i / T3=2=p, and kT;i / T1=2. Taking into account these results, @ð0Þ
t qð1Þi can be explicitly written in

terms of the spatial gradients of the fields as

@
ð0Þ
t qð1Þi ¼ 3

2
fð0ÞT2D00

i þ
@fð0Þ

@x1

 !
p;T

ðpLp;i þ TkT;iÞ
2
4

3
5rx1 þ fð0Þ

5
2
Lp;i þ TkT;i

p

� �
rpþ fð0Þ kT;i �

pLp;i
2T

� �
rT: (B15)

Substitution of Eq. (B15) into Eq. (B13) and taking into account the constitutive equation (74) for the mass flux, one obtains the matrix equa-
tions (90) and (95) for the coefficients Di, Lp;i, and kT;i.
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