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ABSTRACT

A kinetic model for granular mixtures is considered to study three different non-equilibrium situations. The model is based on the equiva-
lence between a gas of elastic hard spheres subjected to a drag force proportional to the particle velocity and a gas of inelastic hard spheres.
As a first problem, the relaxation of the velocity moments to their forms in the homogeneous cooling state (HCS) is studied. Then, taking the
HCS as the reference state, the kinetic model is solved by the Chapman-Enskog method, which is conveniently adapted to inelastic collisions.
For small spatial gradients, the mass, momentum, and heat fluxes of the mixture are determined and exact expressions for the Navier-Stokes
transport coefficients are obtained. As a third nonequilibrium problem, the kinetic model is solved exactly in the uniform shear flow (USF)
state, where the rheological properties of the mixture are computed in terms of the parameter space of the mixture. In addition to the trans-
port properties, the velocity distribution functions of each species are also explicitly obtained. To assess the reliability of the model, its theo-
retical predictions are compared with both (approximate) analytical results and computer simulations of the original Boltzmann equation. In
general, the comparison shows a reasonable agreement between the two kinetic equations. While the diffusion transport coefficients show
excellent agreement with the Boltzmann results, more quantitative differences appear in the case of the shear viscosity coefficient and the
heat flux transport coefficients. In the case of the USF, although the model qualitatively captures the shear rate dependence of the rheological
properties well, the discrepancies increase with increasing inelasticity in collisions.
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I. INTRODUCTION Beyond the Navier-Stokes domain (small spatial hydrodynamic
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It is now well established that granular media behave like a fluid
when externally excited. Under these conditions (rapid flow condi-
tions), granular media can be modeled as a gas of hard spheres with
inelastic collisions. In the simplest version, the spheres are assumed to
be completely smooth and so the inelasticity is accounted for by a (con-
stant) positive coefficient of normal restitution. In the low-density
regime, the Boltzmann equation (conveniently generalized to dissipa-
tive dynamics) has been used as a starting point to derive the corre-
sponding Navier-Stokes hydrodynamic equations with explicit forms
for the transport coefficients. 12 On the other hand, as with elastic colli-
sions,” the determination of the Navier-Stokes transport coefficients
requires the solution of a set of coupled linear integral equations.
These equations are usually solved by considering the leading terms in
a Sonine polynomial expansion. This procedure becomes more tedious
in the case of granular mixtures, since not only are the number of
transport coefficients greater than for a single component gas, but they
also depend on more parameters.” '

gradients), the computation of transport properties from the
Boltzmann equation (for both elastic and/or inelastic collisions) is a
very difficult task. For this reason, it is therefore quite common in
kinetic theory to resort to alternative approaches for such far from equi-
librium states. One possibility is to keep the structure of the (inelastic)
Boltzmann collision operator but to assume a different interaction
model: the so-called inelastic Maxwell model (IMM). As for the con-
ventional Maxwell molecules,” IMMs are characterized by the property
that the collision rate is independent of the relative velocity of the two
colliding spheres.” '* This simplification allows us to exactly evaluate
the moments of the Boltzmann collision operators without an explicit
knowledge of the distribution functions.'””'* However, although the
use of IMMs opens up the possibility of obtaining exact results from
the Boltzmann equation, these IMMs do not describe real particles,
since they do not interact according to a given potential law.

Another possible alternative for obtaining accurate results is to
consider a kinetic model equation of the inelastic Boltzmann equation
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for hard spheres. Kinetic models have proven to be very useful for the
analysis of transport properties in far-from-equilibrium states of dilute
molecular gases. In fact, for several non-equilibrium situations, exact
solutions of the kinetic models have been shown to agree very well
with Monte Carlo simulations of the Boltzmann equation for molecu-
lar gases.'”” In the case of single-component gases of inelastic hard
spheres (IHS), several models have been proposed in the granular liter-
ature.”’>* On the other hand, the number of kinetic models for multi-
component granular mixtures is much smaller. In fact, we are aware of
only one kinetic model proposed years ago by Vega Reyes et al.”* This
is in contrast to the large number of kinetic models proposed in the lit-
erature for molecular mixtures.”” ”’ The model reported by Vega
Reyes et al.”* is essentially based on the equivalence between a system
of elastic hard spheres, subject to a drag force proportional to the parti-
cle velocity, and a gas of IHS.”* The relaxation term appearing in the
kinetic model can be chosen among the different kinetic models™
published in the literature for molecular mixtures of hard spheres.
Here, for the sake of simplicity, we have adopted the Gross and Krook
(GK) model”® proposed many years ago for studying transport proper-
ties in multicomponent molecular gases. Thus, the kinetic model
employed in this paper can be considered as a direct extension of the
GK model to granular mixtures.

Although the kinetic model of Vega Reyes et al.”* was reported
several years ago, to the best of our knowledge it has not been consid-
ered so far to study linear and nonlinear transport properties of granu-
lar mixtures. The aim of this paper is to consider the above kinetic
model to determine the dynamical properties of granular binary mix-
tures in different non-equilibrium situations. In addition, apart from
obtaining the above properties, the simplicity of the model allows one
to get the explicit forms of the velocity distribution functions. This is
likely one of the main advantages of using a kinetic model instead of
the original Boltzmann equation.

Three different but related problems are studied. First, the so-
called HCS is analyzed; we are mainly interested here in studying the
relaxation of the velocity moments toward their HCS expressions
(starting from arbitrary initial conditions). Then, once the HCS is well
characterized for the mixture, we solve the kinetic model using the
Chapman-Enskog method’ for states close to the HCS. In contrast to
the results obtained from the Boltzmann equation,” ' exact expres-
sions for the complete set of Navier-Stokes transport coefficients of
the mixture are derived in terms of the parameter space of the system.
Finally, as a third problem, the rheological properties of a binary gran-
ular mixture under USF are obtained explicitly.

The search for exact solutions of kinetic models is interesting not
only from a formal point of view but also as a way to assess the reliabil-
ity of these solutions. To gauge their accuracy, we compare in this
paper the theoretical predictions of the kinetic model with (i) (approxi-
mate) analytical results of the original Boltzmann equation and with
(ii) computer simulation results available in the granular literature.
This type of comparison allows us to measure the degree of reliability
of the kinetic model for describing granular flows under realistic
conditions.

The structure of the paper is as follows. In Sec. I we introduce
the original Boltzmann equation for granular mixtures and its balance
hydrodynamic equations, and present the explicit form of the kinetic
model. Section III deals with the HCS: a homogeneous state with a
granular temperature decaying with time. As said before, we first study
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the relaxation of the velocity moments to their (steady) asymptotic
expressions. It is shown that for certain values of the parameters of the
system, quite high-velocity moments can diverge in time in the HCS.
Section IV is devoted to the application of the Chapman-Enskog
method to the kinetic model for obtaining the Navier-Stokes transport
coefficients. Their expressions are also compared with both theoretical
approximations and computer simulations obtained from the
Boltzmann equation. The USF is studied in Sec. V while a brief discus-
sion of the results reported in the paper is given in Sec. V1.

Il. BOLTZMANN KINETIC EQUATION FOR GRANULAR
MIXTURES. A KINETIC MODEL

We consider an isolated binary granular mixture of inelastic hard
spheres of masses m; and diameters o; (i = 1, 2). The subscript i labels
one of the s mechanically different species or components of the mix-
ture. We assume also for simplicity that the spheres are completely
smooth and hence, in a binary collision of particles of the species i
with particles of the species j while the magnitude of the tangential
component of the relative velocity of the two colliding spheres remains
unaltered, its normal component is reversed and shrunk by a factor ;.
The parameter o (0 < o < 1) is called the (constant) coefficient of
normal restitution and accounts for the energy dissipated in each
binary collision between particles of species i and j. In the low-density
limit, a kinetic theory description is appropriate, and the one-particle
velocity distribution function f;(r, v, t) of species i verifies the set of
two-coupled nonlinear integrodifferential ~Boltzmann  kinetic
equations”

6 2
af,-+v~Vf,.:Z],‘j[v\f,»,]ﬂ, i=1,2, (1)
=

where J;[ f;, fj] is the inelastic version of the Boltzmann collision opera-
tor. Its explicit form can be found for instance in Ref. 2. At a hydrody-
namic level, the relevant fields are the number densities n;, the flow
velocity U, and the granular temperature T. In terms of moments of
the velocity distribution functions f;, they are defined as

n; = Jdvfi(V), &)
2 2

pU = Z m;n;U; = Z m; deﬁ(v)v (3)
i i=1

2 2 ,
anpfzi:n,T,fizzl: 3 Jdef,(v). (4)
In Egs. (2)-(4), V.=v — U is the peculiar velocity, n = ), n; is the
total number density, p = >, p; = >, m;n; is the total mass density,
and p is the hydrostatic pressure. Furthermore, the second equality in
Eq. (3) and the third equality in Eq. (4) define the flow velocity U; and
the kinetic temperature T; for species i, respectively. The partial tem-
perature T; is a measure of the mean kinetic of energy of particles of
species i.

The Boltzmann collision operators Jj[f;, f;] conserve the number
density of each species and the total momentum in each collision i

[ avnlf) = o ®
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minvv],j [v|f,7)j] + m; Jdvv]ji [v|]§7f,] =0. (6)

Nevertheless, unless a;; = 1, the operators J;{ f;, f;] do not conserve the
kinetic energy in each collision i

m; Jdvvz],-j [v|f,7)j] + m; dezlji [v|fj7f,] #0. (7)

The total cooling rate { due to collisions among all species is given by

1 2 2
C= = o [ vty v 5) ®

i=1 j=1

The corresponding balance hydrodynamic equations for the densities
of mass, momentum, and kinetic energy can easily be derived from the
properties (5)-(8) of the Boltzmann collision operators J;|f;, fj]. They
are given by’

D,ni+niV~U+&=0, (9)
m;
DU+ p'V-P=0, (10)

Vi
DT—fE —J4 = . P: = —(T. 11
! n m Sn(v a+ VU) - (an

i=1 i

In Egs. (9)-(11),

ii= miJ avVfi(v) (12)

is the mass flux for component i relative to the local flow U,

P=

2

P, = Zjdv mVVfi(v) (13)

i=1 i=1

is the (total) pressure tensor and,

2
q=> g
i=1

is the (total) heat flux. The first equality in Eqgs. (13) and (14) defines
the partial contributions P; and q; to the pressure tensor and the heat
flux, respectively. A consequence of the definition (12) is that
ji = —j,- In addition, for the sake of simplicity, we take the
Boltzmann constant kg = 1 throughout the paper.

It is quite obvious that the hydrodynamic equations (9)-(11) are
not a closed set of differential equations for the hydrodynamic fields
n;, U and T. This can be achieved by expressing the fluxes and the
cooling rate as functions of the hydrodynamic fields and their gra-
dients (constitutive equations). To obtain these equations, for small
spatial gradients, one can solve the Boltzmann equation (1) using the
Chapman-Enskog method” conveniently adapted to dissipative colli-
sions. For IHS, approximate forms for the Navier-Stokes transport
coefficients have been derived by considering the lowest Sonine
approximation.” 7o

Given the difficulties associated with the complex mathematical
structure of the Boltzmann collision operators Jj;{ f;, f;] for IHS, a possi-
ble way to overcome them while preserving the structure of the above
operators is to consider the so-called IMM.'™'***"" As for elastic

> [ —V2Vfi(v) (14)

i=1
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Maxwell models,”® the collision rate for IMM does not depend on the
relative velocity of the colliding spheres, and so one can evaluate
exactly the collision moments of Jj;[ f;, f;] without explicit knowledge of
the distributions f; and f;. This property allows an exact determination
of the Navier-Stokes transport coefficients’” as well as the rheological
properties of a sheared granular mixture.'® However, despite their
practical usefulness, these IMMs do not interact according to a given
potential law and can be considered as a toy model for unveiling the
influence of dissipation on transport in granular flows. As an alterna-
tive to IMM for obtaining accurate results in granular mixtures of IHS,
one can consider kinetic models.

A. Kinetic model for granular mixtures

As mentioned in Sec. I, the idea behind the construction of a
kinetic model is to replace the operator J;[f;, f;] for THS by a simpler
mathematical collision term that retains its relevant physical proper-
ties. While in the case of molecular mixtures many different kinetic
models have been proposed in the literature,”” * kinetic models for
granular mixtures are much more scarce. To the best of our knowl-
edge, only one kinetic model has been reported in the granular litera-
ture: the model proposed years ago by Vega Reyes et al.”* This model
is essentially based on the equivalence between a system of elastic
spheres subject to a drag force proportional to the (peculiar) velocity
v —U; with a gas of THS.” According to this equivalence, the
Boltzmann collision operator J;[f;, f;] is replaced by the term™

Qij [v‘flvf] gz] ij [v‘flaf} +77 (Vﬁ Ur)fl (15)

While the quantities ¢;; and e;; are determined by optimizing the agree-
ment between the kinetic model and the Boltzmann equation, the
term Kj[v|f;,f;] can be modeled as a simple relaxation term, which
can be chosen from among the various kinetic models proposed in the
literature for molecular (elastic) mixtures.”” > It is quite obvious from
Eq. (15) that the quantity ¢; > 0 can be regarded as the coefficient of
the drag (friction) force F; = —(m;e;;/2)(v — U;) felt by the (elastic)
particles of species i. The main goal of this non-conservative force is to
mimic the loss of energy that occurs in a granular mixture when par-
ticles of species i collide with particles of species j.

The parameters ¢; and ¢;; of the model are determined by requir-
ing that the collisional transfer of momentum and energy of species i
due to collisions with particles of species j must be the same as those
obtained from the Boltzmann kinetic equation. Given that these later
collisional moments cannot be exactly obtained, one replaces the true
velocity distributions f; by their Maxwellian forms

i) = (52 Ve R A B

i
where

~ m;

= [av v = - B v a7
By using the Maxwellian approximation (16), &; is simply given by
1+ OC,'J'

while ¢;; is™
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1 m;il;  3m; )
€; = —viils |1+ — 4+ —-——(U; — U; 1—o3). 19
g 2 l]lu]t ]T; 6 Tl ( ) ( zj) ( )
Here,
8 27, 27\
3 d m; mj

is an effective collision frequency for IHS and ¢;; = (a; + ;) /2.

It is quite obvious that the use of the Maxwellian approximation
to estimate the parameters ¢j; and ¢;; could introduce potential devia-
tions of the results derived from the kinetic model from those obtained
from the original Boltzmann equation. These differences could be
partially mitigated by considering the first few terms in the Sonine
polynomial expansion of f;. However, although the inclusion of these
non-Gaussian corrections to ¢; and €;; could reduce the discrepancies
between the kinetic model and the Boltzmann equation for strong dis-
sipation, it would result in a rather complicated kinetic model.
Therefore, for practical purposes, it is more desirable to estimate ¢j;
and ¢; using the Maxwellian approximation (16). As will be shown
later, the accuracy of the estimates (18) and (19) is justified, for exam-
ple, by the excellent agreement found between the theoretical predic-
tions of the temperature ratio T) /T, obtained from the kinetic model
in the HCS and computer simulations (see Fig. 3).

To complete the definition of the kinetic model, it remains to
choose the form of the term Kj[f;, f;]. As mentioned in Sec. I, Kj;{f;, f;]
is chosen as the relaxation term

Kylfio fi] = —viil(fi = fi), (21)

where the form of the reference distribution f; is provided by the
kinetic model for gas mixtures proposed by Gross and Krook

mi 3/2 mi 2
ﬁJ(V) = n; (znle) exp |:— Z—Tg (V — Ul]) :| . (22)
In Eq. (22), we have introduced the quantities
m; m]'
U; = U; U; 23
T mi+m; '+mi+mj J’ (23)
~ 2m;m;
Tj=Ti+—5
(ml- + T’I’Ij)

- . (U —U)? T —T,
X Tz—T,.+(’ ) m; + = T 7:’ . (24)
) ]
6 Ti/mi+Tj/mj

In summary, the kinetic model for a low-density granular binary mix-
ture of IHS (which can be seen as the natural extension of the GK
model to granular mixtures) is given by

1+ o 2 0
ot =3 )+ Jav (VU

j=1 j=1

(25)

where €, vj;, and fj are defined by Egs. (19), (20), and (22), respec-
tively. The kinetic model (2) is the starting point to analyze
different nonequilibrium problems. This study will be carried out in
Secs. III-V.

pubs.aip.org/aip/pof

lll. HOMOGENEOUS COOLING STATE

We assume that the granular binary mixture is in a spatially
homogeneous state. In contrast to the (conventional) molecular mix-
tures of hard spheres, the mixture does not evolve toward an equilib-
rium state characterized by the Maxwellian distribution (16) with
U; =0 and T; = T. This is because the Maxwellian distributions are
not solutions of the inelastic version of the homogeneous set of
Boltzmann equations. On the other hand, if one assumes homoge-
neous initial conditions, after a few collision times the mixture reaches
a special hydrodynamic state: the so-called HCS."”*" In the HCS, the
granular temperature T'(¢) monotonically decays in time. In this case,
without loss generality, U; = U, = 0 and hence the set of kinetic
equations (25) for f; and f, becomes

1 [0} +w
Oh = _Ewlfl +M th (26)
1 w +w 19}
8tf2:—5w2fz +M+%g'vfz. 27)

In Egs. (26) and (27), o,
€1 = €11 + €, € = € + €1,and

1/2
8\/n 2T, 2T;
—injafj<m_ —0——]) , (28)

= w1 + W2, Wy = Wy + Wy,

CUU = (1 + O(i]')l/,'j, I/,‘j

3 m;
1, m;T;
In addition, in the HCS the quantities Tj; are given by
2m,-mj
Tj=Ti+—— (T, - T)). (30)
(m,- + mj)

For homogeneous states, the mass and heat fluxes vanish (j, = q = 0)
while the pressure tensor Pxy = pdxs, where p = nT is the hydrostatic
pressure. Thus, the balance equations (9) and (10) trivially hold and
the balance equation (11) of the granular temperature yields

or

2= T% (31

where the cooling rate { is

2
(= xmids (32)
i=1

The definition of the partial cooling rates {; can be easily obtained
from Egs. (8) and (32) as

2 o
{i=— 3nTZJdvmu],, [finfi]- (33)

j=1

Within the context of the kinetic model (25), the operator J;[f;, f] is
replaced by the term

AT I I N A

Substitution of Eq. (34) into Eq. (33) allows us to exactly evaluate the
partial cooling rates {;. They are given by
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Ti—T]‘ 1—0(,] m] T

where x; = n;/n is the concentration or mole fraction of species i and
y; = T;/T is the temperature ratio of species i. It must be remarked
that the expression (32) for the cooling rate coincides with the one
obtained from the original Boltzmann equation®' when one
approaches the distributions f; by their Maxwellian forms (16).

At a kinetic level, it is also interesting to analyze the time evolution
of the partial temperatures T;. From Eqs. (26) and (27), one easily gets

BTI a T2
b NS 2=
ot 14/1 ’ ot
where the cooling rates {; are glven by Eq. (35). The time evolution of
the temperature ratio y(¢) = T;(t) /T, (¢) follows from Eq. (36) as
0
ait):”/(é’z*(l)- (37)

m,+mj

—Tol,, (36)

As computer simulations clearly show,'>*” after a transient period, the

granular mixture reaches a hydrodynamic regime where the time
dependence of the distributions f; is only through their dependence on
the (global) granular temperature T'(¢). This implies that the tempera-
ture ratio y is independent of time. However, in contrast to molecular
(elastic) mixtures, 7 # 1 and so, in general the total kinetic energy of
the mixture is not equally distributed between both species (break—
down of energy equlpartltlon) Results derived from kinetic theory,
computer simulations,*” ! and even real experiments in driven’ 5253
and freely cooling mixtures”* have clearly shown that the temperature
ratio Ti(t)/T>(t) is in general different from 1; it exhibits in fact a
complex dependence on the parameter space of the mixture. Since the
temperature ratio y reaches a steady value in the HCS, then according
to Eq. (37) the partial cooling rates must be equal

=06 (38)

The numerical solution to the condition (38) provides the dependence
of y on the parameters of the binary granular mixture.

Regarding the distribution functions f;(v; t), dimensional analysis
shows that in the HCS these distributions adopt the form

fitvit) = nvg? (1) i (c), (39)
where ¢ = v/vy, (), vm(t) = \/2T(t)/m is a thermal velocity defined

in terms of the (global) granular temperature T(¢t) and m = (m;
+ my) /2. In the context of the original Boltzmann equation, the explicit
form of the scaled distribution ¢; is not yet known. Approximate
expressions for this distribution” can be obtained by truncating the
Sonine polynomial expansion of ¢;. On the other hand, the use of the
kinetic model allows us to provide an exact form of the scaled distribu-
tions ¢; in the HCS. This is done in Subsection III C. The possibility of
obtaining the exact form of ¢; is probably one of the major advantages
of considering a kinetic model instead of the true Boltzmann equation.

A. Relaxation of the velocity moments toward their
HCS forms

Apart from the partial temperatures, it is worthwhile studying the
time evolution of the high-degree velocity moments. To do it, let us
introduce the canonical moments

ARTICLE pubs.aip.org/aip/pof

oo fi(vit),  (i=1,2). (40)

M (6) = [ v

The time evolution of these moments can be easily derived when one
multiplies both sides of Egs. (26) and (27) by vfiv "2 % and integrates
over velocity. The result is

a]1+k€1 1 1
DMy, 4, + 2 My, = St (007 2 4 012057 Do

(41)

where k = k; + k, + k3 is the degree of the moment, 0, = m; T/
(mT),and 01, = m, T /(mT,). Moreover, in Eq. (41), we have intro-
duced the shorthand notation

1 1 1
s (),

if k1, k,, and k3 are even, being zero otherwise. The time evolution

equation of the moments M,(clz?kzh(t) for species 2 can be easily

inferred from Eq. (41) by making the change 1 < 2.
It is convenient to introduce the dimensionless velocity moments

*(1 —1.,—k i
Mkfjl)qks(t) = n; oy MI(<11>,k2,k3(t)' (43)

In the HCS, one expects that after a transient regime the dimensionless
moments Mk<,)( & () reach an asymptotic steady value. The time evo-
lution of the dimensionless moments M k lk) 1, (t) is obtained from Eq.
(41) when one takes into account the time evolution equation (31) for
the granular temperature T'(t). It can be written as

oy +k(ef =) )
2 ik ks

T 03057 ) T, (44)

*(1)
My, i, p, +
1 k)2
=3 <wT191 /
where o} = w;/v, o] =w/v, € =¢e/v, and " ={/v.

Furthermore, v(t) = na?,vu(t) is an effective collision frequency and
7 is the dimensionless time

T= Jt dsv(s). (45)

0

The parameter T measures time as the number of (effective) collisions
per particle. The solution to Eq. (44) is

x(1) x(1) x(1 )t (1
Mk,<Akz,k3(T) = Mkl(Akz«,k3 (0) - Mk1,227k3(00)}€ U+ Mkhk)bkj(ool
(46)
Here, the eigenvalue ),*{ is

o O k(e =)
nTTTT

8\/m a\? [21+ua 8y/nm 1+ua
_ ixl o1 2 1+ +ix2 + oip
3 012 0, 2 3 2

1/2 _
" <01 + 92) | _ f__mm , -1, 7 (47)
0102 (m1 + mz) Tl

while the asymptotic steady value MZI(,Ik)z, g, (00) is
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—k/2

. s
_onb

+ oi, 0,
227

1
M 4 (00) Dk, - (48)
As mentioned before, the corresponding equation for M;;(Zk)z §,(7) can
easily be obtained from the change of 1+ 2. Since
7, = (1 — x171) /%2, the evolution equation of the moment M;;(_lk)z‘k3 is

decoupled from that of M Zl(?k)z‘ k.- This is in contrast to results derived
from the original Boltzmann equation, where the moments of species
1 and 2 are coupled in their corresponding time evolution equations.'®

According to Eq. (46), the (scaled) moments of degree k of spe-

cies le(’lk)z_’ka tend asymptotically toward their finite values

le(‘lk)z. 4, (00) if the corresponding eigenvalues 4; > 0. For elastic colli-
sions (¢; =1), Ty = T, = T, and Eq. (47) leads to the following
expression of /7

i 8 T (0'1)2+ X2
== — x| — -
b3 V s ' 012 V2

Thus, for molecular mixtures of hard spheres, all velocity moments
converge toward their equilibrium values as expected. On the other
hand, for granular mixtures (o;; # 1), a systematic analysis of the
dependence of the eigenvalues 1] on the parameter space of the mix-
ture shows that for sufficiently high-degree moments, 4] can be nega-
tive for values of o smaller than a certain critical value .. This means
that the moments M,Z(‘lk)bk3 diverge in time for o < o,. The possibility
that higher velocity moments in the HCS may diverge in time in cer-
tain regions of the mixture parameter space has also been found in the
case of IMM."®

It is quite apparent that a full study of the dependence of the
eigenvalue 4 on the parameters of the mixture is quite difficult due to
the many parameters involved in the problem: (o, 002,02,
my/my, 61/02,x1). Thus, for the sake of concreteness, we will con-
sider equimolar mixtures (x; = 1/2) with a common coefficient of
restitution (o; = o). To illustrate the a-dependence of A7, Fig. 1 shows
21 (o) for an equimolar mixture (x; = %) with o1 /0, = 2, my/m, = 4,

> 0. (49)

8+ x,=0.5 1
m,/m,=4

or c,/c,=2 |

= 4t (2) ]
= ()

2 4
(c)

1)) n
(d)

2 L L L L

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 1. Plot of the eigenvalue 2; vs the (common) coefficient of restitution o: for an
equimolar mixture (x; = %) with o1/a2 = 2, my/m, = 4, and four different values
of the degree k: k =20 (a), k = 30 (b), k =40 (c), and k = 50 (d). The eigen-
value A7 is defined by Eq. (47).
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and different values of the degree k = k; + k;, + k3 of the velocity
moments Mltl(,llgz,ky Figure 1 highlights that for k = 40 and 50, 2] ()
becomes negative for o < o, For the mixture considered in Fig. I,
o =~ 0.144 for k = 40 and o, ~ 0.351 for k = 50. This means that, if
o < o, the moments M,fl(lk)2 y, of degree 40 and 50 grow exponentially
in time.

To complement Fig. 1, Figs. 2(a) and 2(b) show phase diagrams
associated with the singular behavior of the moments MZI(‘lk)z‘k3 of
degree 50. In Fig. 2(a), x; =  and m; /m, = 2, while in Fig. 2(b), x; =
3 and 0y/0, =2. The curve a(a1/0;) (oc(my/my)) divides the
parameter space of Fig. 2(a) [Fig. 2(b)] into two regions: the region
above the curve corresponds to values of (o, 07/02) ((o, my/my))
where these moments are convergent [and thus go to the stationary
value lel(},gz,kz(oo)]. Otherwise, the region below the above curves
defines states where these moments are divergent. Fig. 2(a) shows that
the region of divergent moments grows as the size of the heavier spe-
cies decreases, while Fig. 2(b) highlights the growth of the divergent
region as the larger species becomes heavier.

As mentioned above, a similar behavior of the high-velocity
moments of the IMM in the HCS has recently been found.'® However,
in the special case of IMM, the third-degree velocity moments could
already diverge in certain regions of the parameter space of the system.

1.0 : : : : - -
Finite moments
osl @ |
’ x,=12
0.6+ m/m,=2 i
“ k=50
04+ E
02+ Divergent moments E
00 1 1 1 1 1 1
02 04 06 08 10 12 14
o,/o,
06+ . .
Finite moments
04+ E
a
02} E
Divergent moments

00 1 1 1 1

2 4 6 8 10

m,/m,

FIG. 2. (a) Phase diagram in the («, o1/a2)-plane for the asymptotic long time
behavior of the moments M;fl;ka with degree k = 50. Here, xq :% and
my/my = 2. (b) Phase diagram in the (o, m;/m;)-plane for the asymptotic long
time behavior of the moments M/:(})z,ks with degree k = 50. Here, x4 =% and
a1/ay = 2.
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This contrasts with the results derived here, since one has to consider
very high-degree moments to find such divergences. One might think
that this singular behavior could be associated with an algebraic veloc-
ity tail in the long time of the distribution function f; (v) (as in the case
of the true Boltzmann equation“). However, as we will show later in
Subsection 11I C, this is not the case, since the form of the distribution
function obtained from an exact solution of the kinetic model behaves
well for any value of the velocity particle. It could also be possible that
this singular behavior is an artifact of the kinetic model, since it gener-
ally appears for very high-degree moments. Beyond this drawback of
the model, one could argue that this unphysical behavior could be
related to the absence of the HCS solution (39) for values of the coeffi-
cient of restitution smaller than ¢,. Clarification of this point requires
further analysis; computer simulations of the original Boltzmann equa-
tion for high-degree velocity moments may shed light on this issue.

B. Temperature ratio and fourth-degree moments in
the HCS

Although the temperature ratio Ty /T, is not a hydrodynamic
quantity, its dependence on the mixture’s parameter space plays a cru-
cial role in determining the transport coefficients.” In fact, it is the
most relevant quantity in the HCS. The temperature ratio y is obtained
by numerically solving Eq. (38) where the partial cooling rates {; are
given by Eq. (35). Given that this expression coincides with the one
derived from the true Boltzmann equation when f; is replaced by the
Maxwellian distribution (16) (with T; = T; and U; = 0), one expects
that the reliability of the kinetic model for predicting 7 is quite good.
To illustrate it, the temperature ratio is plotted in Fig. 3 as a function
of the (common) coefficient of restitution o;; = « for several mixtures.
Theoretical results are compared against numerical simulation results
of the Boltzmann equation**”” obtained from the direct simulation
Monte Carlo (DSMC) method.” First, an excellent agreement between
theory and simulations is observed in the complete range of values of o
considered. In addition, as expected the breakdown of energy

40} |
L.

35

3.0

()

2.5
2.0

1.5

1.0

05 L L L L
0.5 0.6 0.7 0.8 0.9 1.0

FIG. 3. Plot of the temperature ratio y = Ty /T, vs the coefficient of restitution o for
three different mixtures: x; = § my/mp =10, o1/a, = 1, and a common coeffi-
cient of restitution ojj = o (a); X1 = % my/mp = 0.5, g1/a, = 1, and a common
coefficient of restitution o; = o (b); x4 = % m/my = a1/ =1, a1 = 0.9,
o = 0.5, and oy = o (c). The solid lines are the results obtained from the kinetic
model, while the symbols refer to Monte Carlo simulations (circles for the case (a)
and triangles for the case (c)).
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equipartition is more significant as the disparity in the mass ratio
increases. In general, the temperature of the heavier species is larger
than that of the lighter species.

Apart from the temperature ratio, the first nonzero moments are
the (dimensionless) fourth-degree moments MZS?O = MSX?O = M&%L
and M)y = M;Y, = M3, According to Eq. (48), M}y = 3035
Figure 4(a) shows the dependence of the fourth-degree moment
1

M Z(Olz) (o) relative to its elastic value M}, ;,(1) on the (common) coeffi-

cient of restitution o« for x; = %, o1/0, = 1,and my/my = 2. We have

(1}) with respect to its value for elastic colli-

reduced the moment M,
sions because we are mainly interested here in assessing the impact of
inelasticity in collisions on the high-degree moments. For the sake of
comparison, we have also plotted the corresponding result obtained
from the Boltzmann equation when the scaled distribution ¢; is

approximated by its leading Sonine approximation”'

0;(c) — n’3/29?/ze’0"2 . (50)

Q)
a 15
1+ % (9,%4 — 50,2 + Z)

T T

x=12

a @ |
_ 1.3 m,/m,=2
*HCO c,/c,=1
=12+ b
)

1*

M§100

—_
—_
T
!

0.5 06 07 038 0.9 1.0

. (b)

-0.02 - 1

FIG. 4. (a) Plot of the ratio M;(J_g)(oc) /M;‘g.g)m) as a function of the (common) coef-
ficient of restitution o for x; =3, a1/0, =1, and my/my = 2. The solid and
dashed lines correspond to the results derived from the kinetic model and the
Boltzmann equation, respectively. (b) Plot of the kurtosis ag’) vs the (common) coef-
ficient of restitution o for x; = % a1/a2 =1, and my/my = 2. The solid lines cor-
respond to the results derived here from the kinetic model, while the dashed lines
refer to the results obtained from the Boltzmann equation.
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where the kurtosis a(zi) is defined as"’
i 4
al! :EO?Jdcc4¢i(c) -1 (51)

The kurtosis (or fourth moment) quantifies the deviation of ¢;
from its Maxwellian form 73/ 29?/ %¢~0¢ We observe in Fig. 4(a) that
the prediction of the kinetic model for the fourth-degree moment

M4(0 o(a) (relative to its value for elastic collisions) agrees quite well
with that of the Boltzmann equation. In fact, the relative discrepancies
between the two predictions are less than 2% in the range of values of
the coefficient of restitution considered. However, such a good agree-
ment is not maintained when the kurtosis a,” is considered, as shown
in Fig. 4(b). The origin of this discrepancy can be partly explained by
the choice of the reference function f;; of the kinetic model in the sim-
pler case of a smgle component granular gas. In this limiting case
(where ag ) = ag )= = a,), the kinetic model (25) reduces to the sim-
plest version of the kinetic model proposed by Brey et al,”” where the
HCS distribution function fics is replaced by the Maxwellian distribu-
tion with T} = T, = T. As a result of this simplification, a, = 0 for
mechanically equivalent particles in the kinetic model for mixtures.
This result can be easily obtained from the expression (48) for the
asymptotic moments M,i) ko when ki + k, + k3 = 4. However, as
shown in the previous (apprommate) results for single component
granular gases derived from the Boltzmann equation for a,,"*”" °* the

magnitude of the kurtosis a, is generally very small but non-zero.
Therefore, based on these results, it is expected that for granular mix-
tures the theoretical prediction of ag) underestimates the value pro-
vided by the original Boltzmann equation. This trend is clearly shown
in Fig. 4(b), where we observe that while the kinetic model results pre-
dict a monotonic increase in ag) with inelasticity, the Boltzmann equa-
tion yields a non-monotonic dependence of the kurtosis on
inelasticity. Furthermore, as expected, the magnitude of a(zl) is much
smaller in the kinetic model than in the Boltzmann equation. In any
case, for practical purposes, both theoretical predictions clearly show
that the coefficients a,” are quite small and hence their impact on
transport properties can be generally neglected.

C. Velocity distribution function in the HCS

A complete description of the HCS requires the knowledge of
velocity distribution functions f;. However, as said before, an explicit
solution of the Boltzmann equation in the HCS is not known and the
information about the distribution functions is obtained only indirectly
through the (approximate) knowledge of the first few velocity
moments. On the other hand, the use of a kinetic model allows in
some situations to obtain the exact form of the distribution functions.
Based on the good qualitative agreement found for molecular gases
between the BGK results and Monte Carlo simulations,”*® one
expects that the distribution functions obtained as an exact solution of
the kinetic model in the HCS describe the “true” distributions at least
in the region of thermal velocities (let us say, ¢ ~ 1).

The kinetic equation (26) for the distribution f; (v) in the HCS
can be rewritten as

ofi + *fl*** (vfi) = (52)

where

pubs.aip.org/aip/pof
©; = oi1fi1 + onfia. (53)
According to Eq. (39), the term 0,f; can be expressed as
ofi _0hOT _ (')fl
o “oror . T (54)

where { = {; = {, and use has been made of Eq. (31). According to
Eq. (39), the dependence of the distribution f; on the granular temper-
ature T in the HCS allows us to write the identity

oh 10

Taking into account Eq. (55), Eq. (54) becomes
oh 1,0
E*g(&'("fl)v (56)
and so, Eq. (52) can be rewritten as
d
w; — 3¢ —élV'a fi(v) = Dy (v), (57)

where

8\/_ mimy

— N0 1+0(2
3 12 (m1+m2)z( 1 )

2T, 20\ */T
x (—1+—2) (—2— 1). (58)
my my T,

For elastic collisions, Ty = T, = Ty, = T, &, = 0 and the solution to
Eq. (57) is the Maxwellian distribution

o\ 3/2 2
fia(v) = mn; (%) exp (— %) (59)

For inelastic collisions, &; # 0 and the hydrodynamic (formal) solu-
tion to Eq. (58) is

a—(=

e
Il

hv) = (w1 -3¢ — flv-%) 71¢>1 (v)

= J ds e_(‘”‘_351)5251w'%(l)1 (v). (60)
0

The action of the scaling operator ™% on an arbitrary function F(v)
is

e’"l’%F(v) = F(ev). (61)

Equation (60) can be more explicitly written when one takes into
account the relationship (61)

filv) = jm ds e (-3 (i)

0

00 ; 3/2 )
3/2
m M1 a¢s 2
— ——e! . 62
o (ZTIZ) exp< 2T128 ! >:| ( )

Phys. Fluids 37, 023384 (2025); doi: 10.1063/5.0250607
Published under an exclusive license by AIP Publishing

37, 023384-8

€1:92:2} G20z Aenigad Gz


pubs.aip.org/aip/phf

Physics of Fluids

Equation (62) can be expressed in dimensionless form by introducing
the dimensionless time © = vs. In terms of the dimensionless quanti-
ties ] = w1 /v, & = &, /v, and ¢ = v/uvy, one writes f; in the form
(39) where the scaled distribution ¢, (¢) is given by

@, (c) =32 J dre(@i—34)r [w’{lﬁi/z exp(—0,61°)
0

+ w’;zeff exp(7912e257152)]. (63)

The corresponding expression for ¢, can be easily obtained by making
the change 1 « 2.

The knowledge of the scaled distribution ¢, allows us to compute
the dimensionless moments M;l ,lkz 1, defined as

Ml = Jdc dddo(c). (64)

Further technical details of this evaluation are provided in Appendix A.

As anticipated, the corresponding expression for M;;(}k)zvk3 is consistent

with Eq. (48), confirming the coherence of the results presented here
for the HCS.

According to Eq. (63), we observe that ¢, diverges to infinity at
¢ = 0 when o} < 3¢&". This singularity primarily arises from the colli-
sional dissipation due to the inelastic nature of the collisions. As seen
in Eq. (63), two competing exponential terms appear in the form of
the distribution @,. The term e~“i" essentially represents the fraction
of particles of species 1 that have not collided after 7 effective collision
times, while €317 results from the inelasticity of the collisions. In the
quasi-elastic limit (o5 < 1, where w} > 3&7), the collisional dissipation
is not large enough to dominate the effects of the collisions, and thus
¢, remains finite at ¢ = 0. However, if the inelasticity is strong enough
that 3¢} > w7, the opposite occurs, leading to a “condensation” of par-
ticles of species 1 around ¢ = 0.

To illustrate the dependence of ¢,(c) on the (dimensionless)
velocity ¢, let us consider the marginal distribution

+00 +00
ousle) = | d | et

—00

o0
S J dre (@i-¢)r [w’{lﬁi/z exp(—0,e47 )
0

+ 01,015 exp(—0,28*5°2)] (65)

For elastic collisions (o5 = 1), & =0, 0, = 01, = 2,5, and Eq. (65)
becomes

oSl (c) = 1712 (2pyy) P2, (66)

Figure 5 plots the ratio Ry «(cx) = @ ,(cx)/ @S (cy) as a function of
the (scaled) velocity ¢, for x; = %, my/my = 10, o, /0, = 2, and three
different values of the (common) coefficient of restitution oj; = o. In
the cases considered in Fig. 5, w; — ¢} >0 and hence ¢, (cx)
remains finite at ¢, = 0. As expected, we observe that the deviation
from the Maxwellian distribution function (R; . = 1) becomes more
pronounced as inelasticity increases. Additionally, for sufficiently large
velocities, the population of particles relative to its elastic value
increases as the coefficient of restitution decreases.

ARTICLE pubs.aip.org/aip/pof

R 1 ,x(cx)

FIG. 5. Plot of the ratio Ry x(cx) = ¢@1,(cx)/ (p?[x(cx) vs the (scaled) velocity ¢,
for x4 = % my/my =10, o1/02 = 2, and three different values of the (common)
coefficient of restitution o = o: ¢ = 0.9, 0.7, and 0.5.

IV. CHAPMAN-ENSKOG METHOD: NAVIER-STOKES
TRANSPORT COEFFICIENTS

Once the HCS is well characterized, the next step is to determine
the Navier-Stokes transport coefficients of the mixture. These coeffi-
cients can be obtained by solving the kinetic model (25) by means of
the application of the Chapman-Enskog method” conveniently gener-
alized to inelastic collisions. Since the extension of this method to gran-
ular gases has been extensively discussed in some previous works (see,
for example, Ref. 2), only some details on its application to granular
mixtures are given in Appendix B.

It is quite obvious that the balance equations (9)-(11) become a
closed set of hydrodynamic equations for the fields #;, U, and T once
the mass, momentum, and heat fluxes [defined by Egs. (12)-(14),
respectively] and the cooling rate { [defined by Eq. (8)] are expressed
in terms of the hydrodynamic fields and their gradients. As discussed
in previous works,”” while the pressure tensor has the same form as
for a one-component system, there is greater freedom in the represen-
tation of the heat and mass fluxes. Here, as in Refs. 7, 8, and 10, we
take the gradients of the mole fraction x; = n;/n, the pressure
p = nT, the temperature T, and the flow velocity U as the relevant
hydrodynamic fields.

For times longer than the mean free time (where the granular gas
mixture has completely “forgotten” the details of its initial preparation)
and for regions far from the boundaries of the system, the granular
mixture is expected to reach a hydrodynamic regime. In this regime,
the Boltzmann kinetic equation admits a special solution, called the
normal (or hydrodynamic) solution, characterized by the fact that the
distribution functions f; depend on space and time only through a
functional dependence on the hydrodynamic fields w = (x;, U, p, T).
For simplicity, this functional dependence can be made local in space
and time when the spatial gradients of @ are small, and one can write
f; as a series expansion in a formal parameter ¢, which measures the
nonuniformity of the system:

ﬁ=ﬁ(0)+8ﬁ(l)+82ﬁ(2)+“', (67)
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where each factor of ¢ means an 1mphc1t gradient of a hydrodynamic
field. The local reference state f is chosen to give the same first
moments as the exact distribution f;.

Use of the Chapman-Enskog expansion (67) in the definitions of
the fluxes (12)-(14) and the cooling rate (8) gives the corresponding
expansion for these quantltles The tlme derivatives of the fields are
also expanded as 0; = 8 + 3 +---. The coefficients of the
time derivative expansion are identified from the balance equations
(9)-(11) after expanding the fluxes and the cooling rate {. This is the
usual procedure of the Chapman-Enskog method.”

A. Zeroth-order distribution function
In the zeroth order, f,.(()) obeys the kinetic equation

2
(©) 1 i 0 o) _1 (0)
A (u,f 2av -Vf, 72]_2103 L (68)
where
O ) — () e 2
fi (V)fn,(znTij) exp 2TijV . (69)

The macroscopic balance equations to zeroth-order give

0V =0, 8%U=0, 9InT=0"Inp=-09 (70

where (¥ is the zeroth-order approximation to the cooling rate. Its

form is given by Eq. (35). Since fim) is a normal solution, according to
Eq. (70), then

<Vf,.(°>)7 71)

where fi(o) has been assumed to be of the form (39). Substitution of Eq.
(71) into Eq. (68) yields

Y = orf 00T + 9,0 0" p = —g

1 0
Lov () o v =S o

Equation (72) has the same form as that of the HCS [see Egs. (52) and

(56)] except that f )(r v; t) is the local HCS dlstrlbutlon function of
the species i. Thus, the distribution function f is given by Eq. (39)
with the replacements n; — ni(r,t), v—V=v—U(rt), and
T — T(r,t). Since f o s isotropic in V, it follows that

j(10) =0, q(O) =0, P('O) - pélp (73)

where we recall that p = nT.

B. Transport coefficients

The derivation of the kinetic equation obeying the first-order dis-
tributions is quite large and follows similar mathematical steps as those
previously made in the original Boltzmann equation.”'” Some specific
details on this calculation as well as on the determination of the Navier-
Stokes transport coefficients are offered in Appendix B. For the sake of
brevity, only the final expressions are displayed in this section.

pubs.aip.org/aip/pof

To first order in the spatial gradients, the phenomenological con-
stitutive relations for the fluxes in the low-density regime have the
forms®

jgl) _ mﬂnanvx1 _Pp Vp——DTVT (74)
p p
‘ 2
Py = po — 1 (vk Ve + Vel = 3 0uV - U) ' 72)
qV) = —T*D'Vx, — L,Vp — rVT. (76)

In Egs. (74)-(76), the transport coefficients are the diffusion coefficient
D, the thermal diffusion coefficient Dr, the pressure diffusion coeffi-
cient D,, the shear viscosity #, the Dufour coefficient D”, the thermal
conductivity A7, and the pressure energy coefficient L.

1. Diffusion transport coefficients

The expressions of the transport coefficients associated with the
mass flux are

1 -1
D= p (VD ——C(O))
mymyn 2

9 8C(0)
——X1) + D, + Dr)|, 77
Wizsn), +o(%) eoaf, o
~1
_i’llTl 7m1nT 7% (0) &
b= () (4, 20 )
C(O)

In Egs. (77) and (78), we have introduced the collision frequency

1 4 X1
vp = — — [0}
D=5 Hay % Hip ) @12

_ % P (91 + 02
3 n(m1 + mz) (‘)102

1/2
) (l + 0612)1/. (80)

It must be remarked that the expressions (77)-(79)) are identical to
those obtained from the Boltzmann equation in the first-Sonine
approx1mat10n when one neglects non-Gaussian corrections to the dis-
tributions f (ie. a? =0).”'" This agreement is in fact a conse-
quence of one of the requirements of the kinetic model. The coefficient
D is symmetric, while the coefficients D, and Dy are antlsymmetrlc
under the change 1 <= 2. As a consequence of these symmetries, ]g

= ;5 ) as expected. For mechanically equivalent particles (m; = m;,

01 = 03,05 = &),y; =y = 1,D, = Dr = 0, and
31 T 1
Dy =2/ ———— 81
self 202\ m (1 i O()Z ( )
is the self-diffusion coefficient.

2. Shear viscosity coefficient

The shear viscosity coefficient 77 can be written as
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X171 X272
= + : 82
B P ST T >
where 2 2
W; + €
Bi= — (83)

For mechanically equivalent particles, Eq. (82) leads to the expression
given by the model for the shear viscosity of a dilute granular gas

p

= m ) (84)
2

n

where

V2 242
p=YT(5—0)(1+aw, (©=2Y"T

3 3
The expression (84) matches the one derived from the original
Boltzmann equation” in the standard first Sonine approximation

when f is replaced by the collision frequency

(1 — o). (85)

BE :%ﬂ(37u)(1+a)(1+%az>y, (86)

n

. . 40
where the kurtosis a, is

o 16(1 —a)(1—20)
81— 170+ 30(1 — o)

a, (87)

3. Heat flux transport coefficients

As usual, the study of the heat flux is much more involved. Its
constitutive equation is given by Eq. (76) where the transport coeffi-
cients are

D'=D{+D), Ly=Lyi+Lys, Ar=JAr1+ara.  (88)
Here, in contrast to the results derived from the Boltzmann equa-
tion,”'” the equation defining the partial contributions of species 1
(D, Ly1, and Ar;1) is decoupled from their corresponding counter-

parts of species 2. In the case of species 1 and by using matrix notation,
the coupled set of three equations for the unknowns

{D{,Lp1, 271} (89)
can be written as
AI,JG’XLJ’ = Yl,a- (90)

Here, X, » is the column matrix defined by the set (89), A 4o is the
square matrix

3 0C(O) (%(0)
W(fﬂ”—ﬁ> p< T
2 ! axl p.T 8x1 »T

A= )
1 0 20— T

0 —pt%/er (Y- py

and the column matrix Y, is

5 5nT? O
__mlle’lA D n (xl"')%)

T 2m ox
5 5m T?
vi=| —22ap,-2Br (1 _TPY (g
4p 2 mp pT1
5p 5mT?
haayy _2
4T T o T
In Eq. (92),
T ny, —ny T T
Ay = wnflﬂLwlz#]z 2 1712+€171 (93)
my ny my my
Analogously, the matrix equation defining the unknowns
{D},Lps. o7} (94)
can be written as
AZ,U(T’XZ,G’ = Y2,zr7 (95)

where X; » is the column matrix defined by the set (94), A, 5, is the
square matrix

R év(o) B ) 6C<0) 8(:(0)
T (2g BZ P 8x1 r 6x1
pT p.T
A= 540 © , ©96)
0 EC - B, T /p
0 —pt/2r (V- p

and the column matrix Y is

EmlmznAD 5nT? 0

s 2
4 2 2 my Ox; (xzy2)
5 5n,T?
Y,= | 2Lap, 222 (TP | (97)
4p 2 myp pT2
504 5, T?
4T 2w, T

Here, A, is given from Eq. (93) by making the change 1 < 2.

As expected, Egs. (90)-(97) shows that the Dufour coefficient D"
is antisymmetric with respect to the change 1 < 2, while the coeffi-
cients L, and A7 are symmetric. The first property implies necessarily
that D" vanishes for mechanically equivalent particles. In this limiting
case, Egs. (90)-(97) yield the following expression for the heat flux

q(l) = —xVT — uVn, (98)
where

., _op 1

K_/LT+nLP_i%m7 (99)
T 0

p=Tnly=——2"—. (100)

n (0)

B3t

Upon writing Eq. (98) use has been made of the relation
Vp = nVT + TVn. As in the case of shear viscosity, expressions (99)
and (100) for k and p are consistent with those obtained from the
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Boltzmann equation®® in the standard first Sonine approximation

when one takes a, = 0 and f is replaced by the collision frequency

B :%\/Z_R(lnLa) <gfu+1910563aa2)1/, (101)
where a; is defined by Eq. (87). Moreover, in contrast to the results
obtained from IMM,”” " the heat flux transport coefficients are well-
defined functions (i.e., they are always positive) for monocomponent
granular gases in the complete range of values of the coefficient of res-
titution o.

C. Comparison with the transport coefficients of the
Boltzmann equation

Let us compare the predictions of the kinetic model for the
Navier-Stokes transport coefficients with those derived from the origi-
nal inelastic Boltzmann equation.”*'” We first consider the three dif-
fusion coefficients D, D, and Dr. As mentioned before, the differences
between the two descriptions for these coefficients are only due to the
non-zero values of the kurtosis a,”. Since the magnitude of these coef-
ficients is generally small (except for rather extreme values of dissipa-
tion), one expects a very good agreement between the kinetic model
and the Boltzmann equation for the diffusion transport coefficients.
This is illustrated in Figs. 6(a) and 6(b) for the reduced diffusion coeffi-
cients D(a)/D(1) and D,(x)/D,(1); an excellent agreement between
the two theories is observed except for very strong inelasticities. For
example, at o =0.5 the discrepancies for D(x)/D(1) and
Dy()/Dy(1) are about 4% and 5%, respectively, for m;/m, = 4,
while they are about 1% and 3%, respectively, for m; /my = 0.5.

We now consider the shear viscosity coefficient #. Figures 8(a)
and 8(b) show the (reduced) coefficient #(a)/n(1) for a single compo-
nent granular gas [Fig. 8(a)] and two different mixtures [Fig. 8(b)]. In the
cases studied here, although the kinetic model tends to overestimate
the Boltzmann results, the agreement between the two approaches
is reasonably good for moderate dissipation values (e.g., o= 0.8).
As expected, the relative differences increase with increasing dissipa-
tion. Moreover, the combined effect of mass and diameter ratios on
these differences shows very little sensitivity, indicating that the
model captures the influence of both m; /m, and ¢, /0, on the shear
viscosity quite well. It is also worth noting that for the single compo-
nent granular gas [Fig. 8(a)], the so-called modified first Sonine
approximation (an approximation where the Maxwellian distribu-
tion for the zeroth-order approximation f(®) is replaced by the HCS
distribution)”' shows better agreement with the simulation data
than the standard first Sonine approach.”

More significant discrepancies between the kinetic model and the
Boltzmann equation are expected at the level of the heat flux transport
coefficients. To illustrate this, for the sake of simplicity, we consider
the single component granular gas. Figures 8(a) and 8(b) show the o
dependence of the (reduced) heat flux transport coefficients rc(a) /(1)
and np(o)/Tr(1), respectively. The coefficients x and p are defined
by Egs. (99) and (100), respectively. In the case of elastic collisions
(o0 = 1) the diffusive heat conductivity coefficient y vanishes. We find
that the kinetic model qualitatively captures the trends observed in the
original Boltzmann equation. On a more quantitative level, however,
the discrepancies become more pronounced: while the model overesti-
mates the Boltzmann values of x, it underestimates the Boltzmann
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FIG. 6. (a) Plot of the (reduced) diffusion coefficient D(«) /D(1) as a function of the
(common) coefficient of restitution o for three different mixtures: my/m, =1,
61/0'2 =1 (a), X1 = 0.2, m1/m2 =4, 0’1/62 =1 (b), and X1 = 0.2,
my/my = 0.5, a1/a2 = 1 (c). Here, D(1) is the value of the diffusion coefficient
for elastic collisions. The solid lines refer to the results obtained here from the
kinetic model, while the dashed lines are the Boltzmann results obtained in the first
Sonine approximation.” '’ The symbols refer to Monte Carlo simulations.””"" (b)
Plot of the (reduced) pressure diffusion coefficient D, (a) /D, (1) as a function of the
(common) coefficient of restitution o for two different mixtures: x; = 0.2,
my/my =4, a1/a, =1 (a), and x; = 0.2, my/mp = 0.5, a1/a, = 1 (b). Here,
Dy(1) is the value of the pressure diffusion coefficient for elastic collisions. The
solid lines refer to the results obtained here from the kinetic model, while the
dashed lines are the Boltzmann results obtained in the first Sonine
approximation.” '

values of p. Figures 8(a) and 8(b) also show the disagreement between
the standard first Sonine approximation and computer simulations for
cases with strong dissipation. These differences are significantly
reduced by the modified first Sonine approximation.”

In summary, the kinetic model captures, at least on a semi-
quantitative level, the influence of inelasticity on the Navier-Stokes
transport coefficients. In particular, the three diffusion coefficients (D,
D,, and Dr) are almost the same in both Boltzmann and model kinetic
equations, while the shear viscosity # is underestimated by the kinetic
model. More pronounced discrepancies occur in the case of the heat
flux transport coefficients. For example, in the limiting case of a one-
component granular gas, the relative differences between the kinetic
model and the original Boltzmann equation for the thermal conductiv-
ity x are about 11% at oo = 0.5 and 10% at o = 0.8.

D. Origin of the discrepancies between the kinetic
model and Boltzmann results

In an attempt to understand the origin of the discrepancies
observed, particularly in the case of the shear viscosity and thermal
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FIG. 7. (a) Plot of the (reduced) shear viscosity coefficient #()/17(1) as a function
of the coefficient of restitution o for a monocomponent granular gas. Here, (1)
refers to the shear viscosity coefficient for elastic collisions. The solid and dashed
lines correspond to the results derived from the kinetic model and the Boltzmann
equation in the standard first Sonine approximation.”® The dashed-dotted line refers
to the results obtained from the Boltzmann equation by using the modified first
Sonine approximation.”' The symbols correspond to Monte Carlo simulations.”” (b)
Plot of the (reduced) shear viscosity coefficient #(c) /5 (1) as a function of the coef-
ficient of restitution o for two different mixtures: x; = % m/my, =2, a1/a2 =2,
o = o (a), and x; = %, m1/m2 =2, 0'1/0'2 =2, 041 = 0, 0lgp = (1 +O{)/2, and
o = (3 + o) /4 (b). Solid lines refer to the results obtained here from the kinetic
model, while the dashed lines are the Boltzmann results obtained in the first Sonine
approximation.” '’

conductivity coefficients, let us consider the limiting case of a simple
granular gas (m, = m,, 61 = 03, and oy = oy = Ap2).

In this limiting case, as mentioned in previous works,”’ one of the
main drawbacks of the kinetic model is that all relaxation processes are
accounted for by only a single relaxation time. In other words, in the
kinetic model, all non-zero eigenvalues of the linearized Boltzmann col-
lision operator are collapsed into a single eigenvalue. This implies that
the shear viscosity coefficient #, the heat conductivity coefficient x, and
the diffusive heat conductivity coefficient u are given in terms of the
(single) collision frequency /3 instead of the collision frequencies ﬁ?E for
n and ﬁEE for the coefficients x and p. Thus, to optimize the agreement
with the Boltzmann results for single component granular gases for the
transport coefficients, one could consider f§ as a free parameter of the
model to reproduce either 5 (if f = ﬂgE) orkand pu (if f = [)’EE).

Another possible source of discrepancy between the results
derived from the Boltzmann equation and the kinetic model for a sin-
gle granular gas could be the relevance of the non-Gaussian corrections
(measured by the kurtosis a,) to the Maxwellian distribution

3/2 2
V) = ﬂ(%) exp (— W;‘;, ) (102)
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FIG. 8. (a) Plot of the (reduced) thermal conductivity coefficient x(a) /(1) as a
function of the coefficient of restitution o for a monocomponent granular gas. Here,
(1) refers to the thermal conductivity coefficient for elastic collisions. The solid
and dashed lines correspond to the results derived from the kinetic model and the
Boltzmann equation in the standard first Sonine approximation.”® The dashed-
dotted line refers to the results obtained from the Bolzmann equation by using the
modified first Sonine approximation.”' The symbols correspond to Monte Carlo sim-
ulations.” (b) Same as in panel (a) but for the (reduced) diffusive heat conductivity
coefficient nu(et) / Tre(1).

These corrections can play an important role in extreme inelasticity
regimes. Although the Maxwellian distribution can be considered as a
good approximation for the zeroth-order approximation f(© in the
region of thermal velocities (which is the relevant one for the lowest
degree velocity moments of the first-order distribution (1)), significant
differences between f(©) and fy; are expected for strong inelasticity in
the case of higher velocity moments (such as the pressure tensor
and the heat flux). Since the single limiting case of the model (25)
yields a, = 0, the discrepancies between the kinetic model and
the Boltzmann equation for the transport coefficients #, x, and u
are expected to increase with increasing dissipation, as Figs. 7(a), 8(a),
and 8(b) clearly show.

Apart from the above two reasons, the deviations of the kinetic
model results from the Boltzmann results for binary granular mixtures
are also expected to increase with increasing the disparity in mass and/
or diameter of the constituents of the system.

V. UNIFORM SHEAR FLOW STATE

The Chapman-Enskog solution of the inelastic Boltzmann equa-
tion for states with small spatial gradients is technically difficult but
accessible. For more complex far from equilibrium states, the
Boltzmann equation for granular mixtures becomes intractable. In
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these cases, kinetic models are used as a reliable alternative. Here, as a
third problem in the paper, we study in this section the so-called simple
or uniform shear flow (USF) state. Although this state has been exten-
sively studied in the case of single component granular gases,* * the
studies for granular mixtures are more scarce.”'**”**"* At a macro-
scopic level, the USF is defined by constant densities 7;, a uniform
granular temperature T, and the linear velocity field

Uk = Upp = Ux = apre,  are = adgduy, (103)

where a is the constant shear rate. At the microscopic level, one of the
main advantages of the USF over other non-equilibrium problems is
that in this state the spatial dependence of the distribution functions
fi(x,v; t) arises only from their dependence on the peculiar velocity
Vi = vx — agere. Thus, when the particle velocities are expressed in
the Lagrangian frame moving with the flow velocity Uy = ayry, the
USF becomes spatially homogeneous. This means that fi(r,v;t)
= fi(V;t). This property is probably the main reason why this state
has been studied extensively in molecular and granular gases, as it pro-
vides a clear framework for studying the nonlinear response of the sys-
tem to strong shear.

However, the nature of the USF state is quite different for molec-
ular and granular fluids, since in the latter a steady state is possible
(without introducing external thermostats) when the viscous heating
term is exactly compensated by the energy dissipated by collisions.
Here, we are mainly interested in obtaining the non-Newtonian trans-
port properties of the mixture under steady conditions. In the steady
state (0,f; = 0), the set of kinetic equations (25) for the model reads

0 0

_ZaVyT'QC+ wlfl — €] W . (Vfl) = (D17 (104)
0 0

_ZuV),a—J‘EX—Q— Lszz — GZW . (sz) = (DQ. (105)

In the USF problem, the mass and heat fluxes vanish by symmetry rea-
sons (j, = q = 0) and the only nonzero flux is the pressure tensor Py,.
As a consequence, the relevant balance equation in the USF is that of
the granular temperature T, Eq. (11). In the steady state, Eq. (11)
becomes

2
—aP,, + (T =0, (106)
3n

where the pressure tensor Py, is defined by Eq. (13) and the expression
of the cooling rate in the kinetic model is given by Eq. (35). As men-
tioned earlier, there are two competing effects in the granular tempera-
ture equation according to Eq. (106). On the one hand, the viscous
heating term (aP,, < 0) causes the granular temperature to increase
monotonically with time. On the other hand, since collisions are
inelastic, there is a continuous loss of energy due to the collisional cool-
ing term ({T > 0). In the steady state, these two effects cancel each
other out. Due to the coupling between the shear stress P, and the
inelasticity (measured by the cooling rate (), the reduced shear rate
a* = a/v (where we recall that »(T) o +/T) is only a function of the
coefficients of restitution o;; and the parameters of the mixture (mass
and diameter ratios as well as concentration).

A. Velocity moments in the steady USF

As in the HCS, we are first interested in determining the velocity
moments of the distributions f;(V). They are defined as

ARTICLE pubs.aip.org/aip/pof

My, = [aV vEVEVER) (107)

The symmetry properties in the USF of the velocity distribution func-
tions f;(V) are”

ﬁ(VX’ V)’7 VZ) :ﬁ(VX7Vy7_Vz)7 (108)

fi(anvy’ Vz) :fi(_VX7_Vy7 Vz)- (109)

According to these symmetry properties, the nonzero velocity

moments are when k; + k, and k3 are even numbers.
1 .
Let us focus on the moments M]il kok, SinCE the moments

M,(f)k «. corresponding to the distribution of species 2 can be easily
1,42,43

obtained from the former by making the change 1« 2. To get
M ]({ll)kz k> One multiplies both sides of Eq. (107) by Vfl VJ’,<2 Vf and inte-
grates over velocity to achieve the result

(1) (1) _ A7
2akiMy " g1 p (01 Hke) M0 =N g (110)

where

Nk = [dv vivivhe, (v)

k/2 k/2

2T 2T

= nlrklyklyki |:(Ull < 1) + wlZ( 12) :| . (111)
my my

Here, we recall that Iy, x, x, is defined in Eq. (42). The solution to Eq.
(110) can be written as (see Appendix A of Ref. 90)

ky | q

(1) kl. (—Za)
M = E N, - . 112
b 4=0 (ky — g)! (o + k€1)1+q fimaktak (1)

Equation (112) is still a formal expression as we do not know
the dependence of both the temperature ratio y = T}/T, and the
(reduced) shear rate a* on the coefficients of restitution and the
parameters of the mixture. To determine these quantities, one can con-
sider, for example, the dimensionless version of Eq. (106), which leads
to the relation

4= §x1V1G + 20,0

2 lel.xy + x2P2,xy
where (; = {;/, P{y, = Piss/ (xip), and
T1 VY T2 1
=m=—"—, p=m=——. 114
n T X + X1y V2 T X3 + X1y ( )
Finally, for i = 1 and 2, the requirements
. . . n.T;
My + Mo+ Mgy =37 (115)
1
yield the condition
(1) (1) (1)
M40+ My, + M,
2,0,0 0,2,0 002 _ ﬂ()*ﬂ (116)

2 2 2
Mﬁ&o + M<() z>,0 + M((),g,z *2

where we recall that 0 = m; T, /m;,T). For given values of the parame-
ter space of the mixture, the numerical solution to Eq. (116) gives the
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temperature ratio y. Once y is known, Eq. (113) gives a*, while the
explicit dependence of the (dimensionless) moments on the parame-
ters of the mixture is given by Eq. (112).

B. Rheological properties

The most relevant moments are those related to the nonzero ele-
ments of the pressure tensor. From Eq. (112), one gets the results

% * .
_On) Tt 0ORYn

wa =P, = o} +2¢; Pl =31 - ZPT_},},, (117)
2P;

pr=——2 g 118

Ly ;) + 2¢€; (118)

Here, 7, = Ti2/T = 7 + 24412441 (72 — 71)- The expression of P;,
can be easily derived from Eq. (117) by the change 1« 2. The
(reduced) pressure tensor of the mixture Py, = Py /p is

Py = x1P gy + %P5 gy (119)

For mechanically equivalent particles, 7, =y, =7, =1 and Egs.
(117) and (118) yield
pro_ 2  p__3 @ (120)
o 3—oa Y V2 (1+a)(3 —a)
The a-dependence of the (reduced) shear rate a* for a monocompo-
nent dilute granular gas is obtained from Eqs. (113) and (120) as

a*? =§n(3fa)2(l+a)2(1 — ). (121)

Figure 9 shows the o-dependence of the (reduced) elements of the
pressure tensor, Py, P, and Py, for a single component granular gas
under USF. The results obtained here in Eq. (120) are compared with
the approximate results of Refs. 91 and 85, which were derived by solv-
ing the Boltzmann equation using Grad’s moment method.”” For com-

. . 82388 .
pleteness, numerical solutions of the Boltzmann equation

FIG. 9. Plot of the (reduced) elements of the pressure tensor as functions of the
coefficient of restitution o for a monocomponent granular gas. The solid lines are
the results derived here from the kinetic model, while the dashed lines correspond
to the results obtained by solving approximately the Boltzmann equation by means
of Grad’s moment method.°" Symbols refer to Monte Carlo simulation results
obtained in Ref. %,

ARTICLE pubs.aip.org/aip/pof

employing the DSMC method™ are also shown. Both the Boltzmann
equation and the kinetic model clearly predict anisotropy in the diago-
nal elements of the pressure tensor in the shear plane (P}, # P}, but
P}, = P_). It is important to indicate that the simulations also show
anisotropy in the plane orthogonal to the flow velocity; in fact, P}, is
slightly larger than Pj,. However, the difference P, — P} is generally
small and tends to zero as the inelasticity decreases in collisions.””**

We observe in Fig. 9 that the predictions of the kinetic model are
in qualitative agreement with the results of the DSMC, although there
are some quantitative differences, especially under strong dissipation
for P},. The approximate results derived from the Boltzmann equation
show better agreement with computer simulations than those from the
kinetic model. As mentioned in Subsection 11 B, the kinetic model
results could be improved (as shown, for example, in Fig. 5 of Ref. 82)
by adjusting the effective collision frequency in Brey et al’s original
kinetic model™* (which can be treated as a free parameter) to match
the Boltzmann value for the Navier-Stokes shear viscosity for elastic
collisions. However, since the expressions in Eq. (120) are obtained by
solving the set of Eqs. (104)-(105) in the limiting case of identical par-
ticles, the model has no free parameters, since the collision frequencies
vj; are defined by Eq. (20).

Complementing the results shown in Fig. 9, Figs. 10(a) and 10(b)
show the dependence of both the temperature ratio T,/T, and the
(reduced) elements of the pressure tensor, respectively, on the (com-
mon) coefficient of restitution o for different mixtures. The theoretical
results derived here from the kinetic model are compared with those
obtained by solving the Boltzmann equation by means of Grad’s
moment method®™”' and Monte Carlo simulations.* Similar to Fig. 9,
there is reasonably good agreement between the Boltzmann and
kinetic model results, especially for the temperature ratio. Also, as in
the case of single component gases, the approximate Boltzmann results
show better agreement with simulations than those from the kinetic
model. A comparison between Figs. 9 and 10(b) clearly shows the
weak influence of the mass ratio on the rheological properties of the
system.

C. Velocity distribution function in the USF

As in the case of the HCS, the explicit forms of the velocity distri-
bution functions f;(V) of the granular binary mixture under USF can
be also obtained. Let us focus on the velocity distribution f; (V) of spe-
cies 1. Equation (104) can be cast into the form

g 0
((1)1 — 361 — €1V . W — 2aVy 87‘/)()‘](1 (V) = (Dl (V) (122)

A formal (hydrodynamic) solution to Eq. (122) is

d o\
fl(V) = (CL)] - 361 - 61V . a_V — 2{1Vy 8V ) (DI(V)
00 sV i 2asV, ——
= J dse” (@3 " Ve OV, (v). (123)
0

4 2. .
The action of the shift operators ev% and e**V¥7% in velocity space
on an arbitrary function g(V) is

egl.sV‘(;—iV (Vam V)’7 Vz) = g(eEISVJm eE‘SV}’? eFISVZ)? (124)
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FIG. 10. (a) Plot of the temperature ratio T1/T, as a function of the (common) coef-
ficient of restitution « for a binary granular mixture with x; = % a1/o2 =1, and
two different values of the mass ratio my/my: my/mp = 10 (a) and my/m, = 2
(b). Solid and dashed lines correspond to the results obtained here from the kinetic
model and the Boltzmann equation, respectively. Symbols are DSMC simulations
reported in Ref. 88 (b) Plot of the (reduced) elements of the pressure tensor as
functions of the (common) coefficient of restitution o for a binary granular mixture
with x4 = % a1/a2 =1, and my/m, = 2. The solid and dashed lines correspond
to the results obtained here from the kinetic model and the Boltzmann equation,
respectively. Symbols refer to Monte Carlo simulation results obtained in Ref. 88.

Viatig(Vy, V,, V) = g(Vie + 2asV,, Vy, V2). (125)

Taking into account Eqs. (124) and (125), the velocity distribution
function f; (V) can be written as

00 3/2
A(V)= J dse” (@135, {wn <ﬂ) exp {fﬂeze's

0 2T1 2T1

2 22172 mi \ 2
x (V2 4asV,V, 4405V, )} +o (o

X exp {—%ezﬂs <V2 +4asV.V, +4a252Vj)] } (126)

As in the study of the HCS, it is convenient to express f (V) in dimen-
sionless form by introducing the dimensionless quantities T = vs, ],

ARTICLE pubs.aip.org/aip/pof

€;> 01, 012, and c. Thus, the velocity distribution function of species 1
in the USF problem can be cast into the form

A(V) =nog’ o (c), (127)

where the scaled distribution ¢, (c) is

pi(e) = ZJ

0

00

dre (@139 {w;@i/z exp[ — 0,e°
X <c2 + 4a*tecc, + 4u*2126;)] + w{ZO%Z

X exp {—leez‘ff (cz +4a"tecc, + 4a*272c§>] } (128)
It can be checked (see Appendix A for some technical details) that the
expression (128) reproduces the moments (112). This agreement con-
firms the consistency of the results reported in this section for the USF
problem.
To illustrate the dependence of ¢,(c) on the (dimensionless)
velocity ¢, we define the marginal distribution

=00 +00

¢Q1.(cx) = J dcyj de, ¢,(c). (129)
Substituting Eq. (128) into Eq. (129) and performing the velocity inte-
grals one gets

?1(c ):nfl/zj‘xdriei(miism o] Hl/zexp(—ﬁwz‘ffic" )
e o Vitdaz2| M 1+4a*27

2
x nl/2 2¢; 2
+ 00 exp(—@lze ITHT{:*Z‘LJ)} (130)

For elastic collisions, €] =0, a* =0, 0; = 01 =2y, and ¢, (cx)
reduces to the equilibrium distribution (66), as expected. '
Figure 11 shows the ratio Ry (c,) = @1 (cx) /@5 (cy) as a func-
tion of the (scaled) velocity ¢, for the binary mixtures with x; = %,
my/my =5, 61/0, = 2, and three different values of the (common)
coefficient of restitution a; = oz @ = 0.9, 0.7, and 0.5. As in the case of

x,=1/2

I m,/m,=5

c,/0,=2

FIG. 11. Plot of the ratio Ry x(cx) = ¢1(cx)/ @5, (cx) vs the (scaled) velocity ¢
for x; = % mi/my, =5, 61/, = 2, and three different values of the (common)
coefficient of restitution oj = o: o« = 0.9, 0.7, and 0.5. The scaled USF distribution
@1, is given by Eq. (130).
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HCS, we observe quite a distortion of the USF distribution ¢, ,(c)
with respect to its equilibrium value ¢¢ (c,). The deviation of ¢, ,(cy)
from @' (c,) increases with increasing dissipation. Furthermore, a
comparison with the (marginal) distribution of the HCS (see Fig. 5)
shows that the growth of R; ,(c,) with ¢, is more pronounced in the
USF than in the HCS. Thus, although the collisional cooling effect
(measured by the term (T) is balanced by the viscous heating effect
(measured by the term —aP,,) in the (steady) USF state, for large
velocities the particle population (relative to its elastic value) is larger
in the USF state than in the HCS. Finally, it must also be remembered
that in a kinetic model one cannot expect to be able to accurately
describe the population of particles whose velocities are beyond the
thermal one, since the evolution of the distributions f;(V) is essentially
given only in terms of the first five velocity moments (in the USF in
terms of the partial temperatures T} and T5).

VI. DISCUSSION

The determination of transport properties of multicomponent
mixtures from the Boltzmann equation is in general a rather compli-
cated problem. Because of these technical difficulties, researchers have
usually considered kinetic model equations in which the Boltzmann
collision operators Jj;[ fi, fi] are replaced by terms that retain the rele-
vant physical properties of these operators but are mathematically sim-
pler. This procedure has been widely used in the past years in the case
of molecular mixtures, where several models™ ** have been proposed
to obtain explicit expressions for the transport coefficients of the mix-
ture. However, much fewer models have been proposed for granular
mixtures (mixtures of mechanically different hard spheres undergoing
inelastic collisions). In fact, as mentioned in Sec. I, we are only aware
of the kinetic model proposed by Vega Reyes et al.”* for a mixture of
inelastic hard spheres. This model is inspired by the equivalence
between a gas of elastic hard spheres subject to a drag force with a gas
of THS.”" In this paper, we have considered the model of Vega Reyes
et al.,”* where the elastic Boltzmann collision operators present in the
original model are replaced by the relaxation terms of the well-known
GK model for molecular mixtures.”” In this context, the kinetic model
used here can be considered as a natural extension of the GK model to
granular mixtures.

Three different non-equilibrium situations were considered. As a
first step, the HCS was analyzed. The study of this state is crucial for
the determination of the Navier-Stokes transport coefficients of the
mixture, since the local version of the HCS plays the role of the refer-
ence state in the Chapman-Enskog perturbative method.””
Surprisingly, depending on the parameters of the mixture, our study of
the relaxation of the velocity moments to their HCS forms has shown
the possible divergence of these moments, especially for sufficiently
high-degree moments. This kind of divergence could question the
validity of a normal (or hydrodynamic) solution of the Boltzmann
equation in the HCS. Once the HCS is well characterized, as a second
problem we have obtained the exact forms of the Navier—Stokes trans-
port coefficients in terms of the parameter space of the system. Finally,
as a third problem, the rheological properties of a sheared granular
mixture have also been derived.

The use of the kinetic model has allowed not only to obtain the
exact forms of the linear and nonlinear transport properties of the mix-
ture but also to obtain the explicit forms of the velocity distribution
functions. This is one of the main advantages of considering a kinetic
model of the Boltzmann equation.

ARTICLE pubs.aip.org/aip/pof

Comparison with both the (approximate) theoretical results of
the Boltzmann equation and computer simulations shows in some
cases an excellent agreement (temperature ratio in the HCS and the
diffusion transport coefficients), in others a reasonable quantitative
agreement (the Navier-Sokes shear viscosity and the rheological prop-
erties), while more significant discrepancies are present in the case of
the heat flux transport coefficients. Regarding the velocity distribution
functions, based on previous comparisons with DSMC results,”” it is
expected that the model gives accurate results for small velocities, but
important differences are likely to appear in the high-velocity region.
We hope that the present paper will stimulate the performance of these
simulations to confirm the above expectations.

As discussed in Subsection III A, one of the surprising results
derived from the kinetic model in the HCS is the divergence of high-
degree velocity moments under certain parameter conditions. On the
other hand, in contrast to the results recently obtained for IMM in the
HCS,"” this kind of divergence appears for very high-degree moments
(see, for example, Fig. 1). Thus, this unphysical behavior precludes the
failure of a hydrodynamic description of the granular mixture from
the kinetic model. As mentioned before, the singular behavior of these
high-degree moments could have some implications on the existence of
the (scaled) HCS solution (39) for values of the coefficient of restitution
smaller than the critical value o,.. Needless to say, elucidation of this point
requires computer simulations of the Boltzmann equation™ to clarify
whether such a divergence is also present in the original Boltzmann equa-
tion or whether it is actually a drawback of the kinetic model.

Another approach for studying transport in granular mixtures
different from the one followed in this paper is the possibility of estab-
lishing a linear relationship between driving forces and moment matri-
ces through a large resistance matrix. This type of approach has
recently been used to model macrotransport processes of elongated
microswimmers involving anisotropic diffusion.”” In the case of non-
equilibrium steady states for granular mixtures, from a kinematic point
of view, the introduction of non-zero, albeit small, driving forces could
be considered as an interesting alternative to the use of kinetic models.

In conclusion, the results reported here can be considered as a
testimony of the reliability of the kinetic model (25) for the study of
nonequilibrium problems where the use of the original Boltzmann
equation turns out to be unapproachable. In particular, the derivation
of the transport coefficients of a granular binary mixture characterizing
the transport around the USF is an interesting project for the near
future. Given the technical difficulties involved in such a calculation,
the kinetic model (25) can be considered as a useful starting point.

ACKNOWLEDGMENTS

The work of V.G. was funded by MCIN/AEI/10.13039/
501100011033 (Grant No. PID2020-112936GB-100).

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

Pablo Avilés: Formal analysis (equal); Investigation (equal); Software
(equal); Writing — review & editing (equal). David Gonzalez Méndez:

Phys. Fluids 37, 023384 (2025); doi: 10.1063/5.0250607
Published under an exclusive license by AIP Publishing

37, 023384-17

€1:92:2} G20z Aenigad Gz


pubs.aip.org/aip/phf

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Formal analysis (equal); Investigation (equal); Software (equal); Writing — review & editing (equal). Vicente Garzé: Formal analysis (equal);
Investigation (equal); Writing — original draft (equal); Writing — review & editing (equal).

DATA AVAILABILITY

The data that support the findings of this study are available from the corresponding author upon reasonable request.

APPENDIX A: VELOCITY MOMENTS FROM THE DISTRIBUTION FUNCTIONS

In this appendix, we obtain the expressions of the velocity moments of the HCS and the USF problems from their corresponding velocity
distribution functions.
Let us start with the HCS. The dimensionless moments MZl(lk)z «, are defined as

M0 = [ded &b (A1
where we recall that ¢ = v/vy, and ¢, (c) in the HCS is given by Eq. (63). Substitution of Eq. (63) into Eq. (A1) yields
M}jf‘lk)bk; = n’3/2J dre (@734 [dc o ckz ks [w1103/2 exp(—0,e21°) + a)lzf) 1 exp(—leezéhcz)}
e 0
S L dre (@360 {wTIOIk/zef(kH) + wi,0), k2 g=(k+3) ] (dew wﬁzwhe*mz)
=Tk ok (wH@ k24 0,0 k/2> J dr e~ @itk (A2)
0

where I', i, k, is defined by Eq. (42). The integral over 7 in the third line of Eq. (A2) is finite if
o] + k& > 0. (A3)

As shown in Subsection III A, inequality (A3) gives the condition for which the dimensionless moments in the HCS are convergent.
According to the expression (58) of &}, the condition (A3) can be written more explicitly as

2
g1 2 01+02
— 1 1
k<x1<‘712) V01( o)+ % 0,0, (1+o2)

(A4)
X 0, +0, (T — T, (14 o)
22101 0,0, T, 12
If the condition (A4) holds, then Eq. (A2) leads to the result
k/2 k/2
«(1) 007 + wi,0),
Mkl,k27k3 - Fkl«,kz, ks w] + k & (AS)
Equation (A5) agrees with Eq. (48).
In the case of the USF, to get the (dimensionless) velocity moments Mk( k) &, one has to take into account the property
JdVg(VX, Vy, V.) Z“Sth(V V,, V. L) = JdVg(Vx —2asV,,V,, V. )h(V,, Vy, V,). (A6)
Substitution of the form (128) of the USF distribution into the definition (A1) and taking into account Eq. (A6), one achieves the result
o0
MZl(}k)z‘k3 = 7r73/2J~ dre (@3 Jdc( - 2a*‘z:c},)kl c’;zclf [(u;‘ﬁi/z exp(—0,e*1°?) + a)lzf)ﬂz exp(— Glzezgﬁcz)}
w 0
ki
Z ql Fkl —q:ka+qks ‘ d‘C —2a" T) o (leofk/z + wTZHIZk/z)7 (A7)
q=0

where Iy, x, «, is defined in Eq. (42) and in the last step we have expanded (¢, — 2a*rcy)k‘ and integrated over c. After performing the t-inte-
gration in Eq. (A7), one finally gets the result

ki | *\q
(1) ky! (—2a") « n—k/2 « n—k/2
M =) T ghrgt— 1= (@107 + 0},05,7 ). (A8)
ki .,ky ks P (kl )| 1—q:k2+qk3 (Uff + kET)H—q 1171 12712
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Equation (A8) is identical to Eq. (112) when you write it in dimensionless form. This shows the consistency of our results.

APPENDIX B: FIRST-ORDER DISTRIBUTION FUNCTION—MASS, MOMENTUM, AND HEAT FLUXES

In the first-order of the spatial gradients, the first-order distribution function ffl> verifies the kinetic equation

! o 1 1 1 1 1 0 e .0) 0 L0
8( )f( 3 w]fl <8V Vfl( >) =3 (w11f1<1) + @12f1(z)) - (DE SV V)ff ) _2_le<1 ) '8_Vf1( ) (B1)
where

il = Jdvafo” B2)

is the first-order contribution to the mass flux,

) f11 ) ) [y 1y — © m; \ 42 mo

v Mk j oM —5= V), B3
fi (V)= m T s fi (V) T flz V), f; n (27‘[Tij) exp 2T (B3)

and D o 8<1) +U-V.

leen that the action of the operator (D( J4v. V) on the zeroth-order distribution f1 is formally the same as in the original inelastic
Boltzmann equation,”'” we can omit part of the steps followed by the derivation of the kinetic equation of f1 D We refer to the interested
reader to Appendix A of Ref. 10 for more spec1ﬁc details. The kinetic equation for the first-order distribution function f1 ( ) is

1 1
VY +5w1f1(1) a5y (Vf1 ) =A,-Vx, + B, - Vp+C - VT + Dy ;V,Uj

(0)
S(1) fiu Hip 2 =M o) |y, €1 O
+J1 |:<w11 21’11 Tl + @12 2T12 niny f12 ) 2p anl

; (B4)
where
©) 0
1/ pr P
1 19 oY 1. 9
CI(V):T[J(HJFEW (foo)ﬂVv Dyy(V) = g; S OE glv (B6)

The mass, momentum, and heat fluxes can be directly determined from the kinetic equation (B4). Let us consider the mass flux. To
achieve it, one multiplies both sides of Eq. (B4) by m,V and integrates over V. After some algebra, one gets

0
<at(0) + VD)ﬁ1> =P (6—xlxl“/1> Vi, — <X1V1 - %) Vp, (B7)
p,T

where vp is defined by Eq. (80) and upon deriving Eq. (B7) use has been made of the constitutive equation (74) of the mass flux.
Dimensional analysis shows that D T1/2, D, T2 /p, and Dy o T'/2. Thus, taking into account the constitutive equation (74), one has

the result
0 = 0 x0r -+ ,
(0) (0) (0)
— |Mmrmn o) D, +D 9 Pt éD D —£D T B
2 4 +p( p + ) o, o Vx; + » 2 » + Dr | Vp T VT, (B8)
where use has been made of the identities (9 OvT = V(1¢?) and 0§O)Vp = —V(p¢™). Inserting Eq. (B8) into Eq. (B7) allows us to deter-

mine D, D, and Dr. Their expressions are given by Eqs (77)-(79).
The pressure tensor is given by Eq. (13), where the first-order contributions P,( w are defined as

Pl(ké = Jdvm Vszf ( )- (B9)

We multiply both sides of Eq. (B4) (for i = 1,2) by m;V}V; and integrates over velocity to get
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2
<8¢<0> + ﬁi)PS()[ = —nT; (VéUk + ViU — E(MV : U>7 (B10)
where we recall that f§; = (w; + €;)/2. The solution to Eq. (B10) has the form
2
Pf}gz = - (V/Uk + ViUp — 35MV : U)~ (B11)
Dimensionless analysis requires that #; oc T%/? so that, 8,(0)P£Q£ = —(C(O) / 2)Pf}3¢ Substitution of this term into Eq. (B10) yields Eq. (82) for

the shear viscosity coefficient = 1, + 1.

The first-order contribution to the heat flux q'V) = q(ll) + qé”, where
g = Jdv% Vv (v). (B12)
As in the previous calculations, to achieve qgl) we multiply both sides of Eq. (B4) (for i = 1,2) by % m;V*V and integrates over V. The result
is
5pT (0 5n;T? mip 5n;T? 5 .
oY ) W= 2B 2 (x2)) v =2 (1-2E ) vp — 2D g 4 2 4 B13
( t +ﬁz q; 27”’1,‘ axl (x /1) o X1 Zmip pT, P 2m,~T +4 )i ( )

where we recall that A, is defined by Eq, (93) while A, can be easily obtained by interchanging 1 < 2. According to the right-hand side of

Eq. (B13), the constitutive equation for qgl) is

q\" = —T?D!'Vx, — L,;Vp — /i, VT. (B14)

From dimensional analysis, D; oc T~V/2, L, ; oc T%?/p, and Ar; oc T'/2. Taking into account these results, Gfo)q

terms of the spatial gradients of the fields as

8C<0)

! Ox 1

3
at(o)q(l) _ EC(O) T2D§/
b,

(1)

i

can be explicitly written in

2T

5 T)» i L i
(PLp; + Thr;) |V + (@ (E Ly + —pT" )Vp + (@ (AT,,- _ P, )VT. (B15)
T

Substitution of Eq. (B15) into Eq. (B13) and taking into account the constitutive equation (74) for the mass flux, one obtains the matrix equa-

tions (90) and (95) for the coefficients D;, L, ;, and Ar ;.

REFERENCES

N. Brilliantov and T. Péschel, Kinetic Theory of Granular Gases (Oxford
University Press, Oxford, 2004).
2y, Garz6, Granular Gaseous Flows (Springer Nature, Cham, 2019).
3S. Chapman and T. G. Cowling, The Mathematical Theory of Nonuniform
Gases (Cambridge University Press, Cambridge, 1970).
1. T. Jenkins and F. Mancini, “Balance laws and constitutive relations for plane
flows of a dense, binary mixture of smooth, nearly elastic, circular disks,”
J. Appl. Mech. 54, 27-34 (1987).
57. T. Jenkins and F. Mancini, “Kinetic theory for binary mixtures of smooth,
nearly elastic spheres,” Phys. Fluids A 1, 2050-2057 (1989).
©7. Zamankhan, “Kinetic theory for multicomponent dense mixtures of slightly
inelastic spherical particles,” Phys. Rev. E 52, 4877-4891 (1995).
7V. Garzé and J. W. Dufty, “Hydrodynamics for a granular binary mixture at
low density,” Phys. Fluids 14, 1476-1490 (2002).
8V. Garzé, J. M. Montanero, and J. W. Dufty, “Mass and heat fluxes for a binary
granular mixture at low density,” Phys. Fluids 18, 083305 (2006).
°D. Serero, I. Goldhirsch, S. H. Noskowicz, and M. L. Tan, “Hydrodynamics of
granular gases and granular gas mixtures,” |. Fluid Mech. 554, 237-258 (2006).
10y, Garzé and J. M. Montanero, “Navier-Stokes transport coefficients of d-
dimensional granular binary mixtures at low-density,” J. Stat. Phys. 129, 27-58
(2007).
V. Garzé, J. W. Dufty, and C. M. Hrenya, “Enskog theory for polydisperse granular
mixtures. I. Navier-Stokes order transport,” Phys. Rev. E 76, 031303 (2007).
"2y, Garzé, C. M. Hrenya, and J. W. Dufty, “Enskog theory for polydisperse gran-
ular mixtures. II. Sonine polynomial approximation,” Phys. Rev. E 76, 031304
(2007).

3E. Ben-Naim and P. L. Krapivsky, “Multiscaling in inelastic collisions,” Phys.
Rev. E 61, R5-R8 (2000).

AL V. Bobylev, J. A. Carrillo, and I. M. Gamba, “On some properties of kinetic
and hydrodynamic equations for inelastic interactions,” J. Stat. Phys. 98, 743
773 (2000).

'SM. H. Ernst and R. Brito, “High-energy tails for inelastic Maxwell models,”
Europhys. Lett. 58, 182-187 (2002).

16V. Garzé, “Nonlinear transport in inelastic Maxwell mixtures under simple
shear flow,” J. Stat. Phys. 112, 657-683 (2003).

V. Garzé and A. Santos, “Third and fourth degree collisional moments
for inelastic Maxwell models,” J. Phys. A: Math. Theor. 40, 14927-14943
(2007).

18C. Sénchez Romero and V. Garz6, “High-degree collisional moments of inelas-
tic Maxwell mixtures-Application to the homogeneous cooling and uniforms
shear flow problems,” Entropy 25, 222 (2023).

191, W. Dutty, in Lectures on Thermodynamics and Statistical Mechanics, edited
by M. Lépez de Haro and C. Varea (World Scientific, Singapore, 1990), p. 166.
20y, Garzé and A. Santos, Kinetic theory of gases in shear flows: Nonlinear

Transport (Springer, Netherlands, 2003).

217, 7. Brey, F. Moreno, and J. W. Dufty, “Model kinetic equation for low-density
granular flow,” Phys. Rev. E 54, 445-456 (1996).

22) J. Brey, J. W. Dufty, and A. Santos, “Kinetic models for granular flow,” J. Stat.
Phys. 97, 281-322 (1999).

23], W. Dufty, A. Baskaran, and L. Zogaib, “Gaussian kinetic model for granular
gases,” Phys. Rev. E 69, 051301 (2004).

2%F, Vega Reyes, V. Garzé, and A. Santos, “Granular mixtures modeled
as elastic hard spheres subject to a drag force,” Phys. Rev. E 75, 061306
(2007).

Phys. Fluids 37, 023384 (2025); doi: 10.1063/5.0250607
Published under an exclusive license by AIP Publishing

37, 023384-20

€1:92:2} G20z Aenigad Gz


https://doi.org/10.1115/1.3172990
https://doi.org/10.1063/1.857479
https://doi.org/10.1103/PhysRevE.52.4877
https://doi.org/10.1063/1.1458007
https://doi.org/10.1063/1.2336755
https://doi.org/10.1017/S0022112006009281
https://doi.org/10.1007/s10955-007-9357-2
https://doi.org/10.1103/PhysRevE.76.031303
https://doi.org/10.1103/PhysRevE.76.031304
https://doi.org/10.1103/PhysRevE.61.R5
https://doi.org/10.1103/PhysRevE.61.R5
https://doi.org/10.1023/A:1018627625800
https://doi.org/10.1209/epl/i2002-00622-0
https://doi.org/10.1023/A:1023828109434
https://doi.org/10.1088/1751-8113/40/50/002
https://doi.org/10.3390/e25020222
https://doi.org/10.1103/PhysRevE.54.445
https://doi.org/10.1023/A:1004675320309
https://doi.org/10.1023/A:1004675320309
https://doi.org/10.1103/PhysRevE.69.051301
https://doi.org/10.1103/PhysRevE.75.061306
pubs.aip.org/aip/phf

Physics of Fluids

25E. P. Gross and M. Krook, “Model for collision processes in gases. Small ampli-
tude oscillations of charged two-component systems,” Phys. Rev. 102, 593-604
(1956).

261, Sirovich, “Kinetic modeling of gas mixtures,” Phys. Fluids 5, 908-918 (1962).

27B. B. Hamel, “Kinetic model for binary gas mixtures,” Phys. Fluids 8, 418-425
(1965).

281, H. Holway, “New statistical models for kinetic theory: Methods of construc-
tion,” Phys. Fluids 9, 1658-1673 (1966).

29E. Goldman and L. Sirovich, “Equations for gas mixtures,” Phys. Fluids 10,
1928-1940 (1967).

30y, Garzé, A. Santos, and J. J. Brey, “A kinetic model for a multicomponent
gas,” Phys. Fluids A 1, 380-383 (1989).

31p. Andries, K. Aoki, and B. Perthame, “A consistent BGK-type kinetic model
for gas mixtures,” J. Stat. Phys. 106, 993-1018 (2002).

32J. Haack, C. Hauck, C. Klingenberg, M. Pirner, and S. Warnecke, “Consistent
BGK model with velocity-dependent collision frequency for gas mixtures,”
J. Stat. Phys. 184, 31 (2021).

33Q. Li, J. Zeng, and L. Wu, “Kinetic modelling of rarefied gas mixtures with dis-
parate mass in strong non-equilibrium flows,” J. Fluid Mech. 1001, A5 (2024).

34A. Santos and A. Astillero, “System of elastic hard spheres which mimics the
transport properties of a granular gas,” Phys. Rev. E 72, 031308 (2005).

35D. Serero, S. H. Noskowicz, and I. Goldhirsch, “Exact results versus mean field
solutions for binary granular gas mixtures,” Granular Matter 10, 37-46 (2007).

58], A. Carrillo, C. Cercignani, and I. M. Gamba, “Steady states of a Boltzmann
equation for driven granular media,” Phys. Rev. E 62, 7700-7707 (2000).

37E. Ben-Naim and P. L. Krapivsky, “The inelastic Maxwell model,” in Granular
Gas Dynamics, Lectures Notes in Physics Vol. 624, edited by T. Poschel and S.
Luding (Springer, 2003), pp. 65-94.

*8C. Truesdell and R. G. Muncaster, Fundamentals of Maxwell’s Kinetic Theory of
a Simple Monatomic Gas (Academic Press, New York, 1980).

39V, Garzé and A. Astillero, “Transport coefficients for inelastic Maxwell mix-
tures,” J. Stat. Phys. 118, 935-971 (2005).

40T, P, C. van Noije and M. H. Ernst, “Velocity distributions in homogeneous
granular fluids: The free and heated case,” Granular Matter 1, 57-64 (1998).

“1V. Garzé and J. W. Dufty, “Homogeneous cooling state for a granular mixture,”
Phys. Rev. E 60, 5706-5713 (1999).

2] M. Montanero and V. Garz6, “Monte Carlo simulation of the homogeneous
cooling state for a granular mixture,” Granular Matter 4, 17-24 (2002).

435, R. Dahl, C. M. Hrenya, V. Garzé, and J. W. Dufty, “Kinetic temperatures for
a granular mixture,” Phys. Rev. E 66, 041301 (2002).

“*A. Barrat and E. Trizac, “Lack of energy equipartition in homogeneous heated
binary granular mixtures,” Granular Matter 4, 57-63 (2002).

“SR. Pagnani, U. M. B. Marconi, and A. Puglisi, “Driven low density granular
mixtures,” Phys. Rev. E 66, 051304 (2002).

“6A. Barrat and E. Trizac, “Molecular dynamics simulations of vibrated granular
gases,” Phys. Rev. E 66, 051303 (2002).

“7R. Clelland and C. M. Hrenya, “Simulations of a binary-sized mixture of inelas-
tic grains in rapid shear flow,” Phys. Rev. E 65, 031301 (2002).

“8p, Krouskop and J. Talbot, “Mass and size effects in three-dimensional vibro-
fluidized granular mixtures,” Phys. Rev. E 68, 021304 (2003).

“9H. Wang, G. Jin, and Y. Ma, “Simulation study on kinetic temperatures of
vibrated binary granular mixtures,” Phys. Rev. E 68, 031301 (2003).

59J. J. Brey, M. J. Ruiz-Montero, and F. Moreno, “Energy partition and segrega-
tion for an intruder in a vibrated granular system under gravity,” Phys. Rev.
Lett. 95, 098001 (2005).

STM. Schréter, S. Ulrich, J. Kreft, J. B. Swift, and H. L. Swinney, “Mechanisms in
the size segregation of a binary granular mixture,” Phys. Rev. E 74, 011307
(2006).

52R. D. Wildman and D. J. Parker, “Coexistence of two granular temperatures in
binary vibrofluidized beds,” Phys. Rev. Lett. 88, 064301 (2002).

53K, Feitosa and N. Menon, “Breakdown of energy equipartition in a 2D binary
vibrated granular gas,” Phys. Rev. Lett. 88, 198301 (2002).

54D, Puzyrev, T. Trittel, K. Harth, and R. Stannarius, “Cooling of a granular gas
mixture in microgravity,” npj Microgravity 10, 36 (2024).

55M. Garcia Chamorro, R. Gémez Gonzélez, and V. Garzé, “Kinetic theory of
polydisperse granular mixtures: Influence of the partial temperatures on trans-
port properties-A review,” Entropy 24, 826 (2022).

ARTICLE pubs.aip.org/aip/pof

56G. A. Bird, Molecular Gas Dynamics and the Direct Simulation Monte Carlo of
Gas Flows (Clarendon, Oxford, 1994).

57A. Goldshtein and M. Shapiro, “Mechanics of collisional motion of granular
materials. Part 1. General hydrodynamic equations,” J. Fluid Mech. 282, 75—
114 (1995).

581 7. Brey, M. J. Ruiz-Montero, and D. Cubero, “Homogeneous cooling state of
a low-density granular flow,” Phys. Rev. E 54, 3664-3671 (1996).

59, M. Montanero and A. Santos, “Computer simulation of uniformly heated
granular fluids,” Granular Matter 2, 53-64 (2000).

6ON. V. Brilliantov and T. Poschel, “Breakdown of the Sonine expansion for the
velocity distribution of granular gases,” Europhys. Lett. 74, 424-430 (2006).

S'E. Coppex, M. Droz, J. Piasecki, and E. Trizac, “On the first Sonine correction
for granular gases,” Phys. A 329, 114-126 (2003).

2. Santos and J. M. Montanero, “The second and third Sonine coefficients of a
freely cooling granular gas revisited,” Granular Matter 11, 157-168 (2009).

63]. Gémez Ordonez, J. Brey, and A. Santos, “Velocity distribution function of a
dilute gas under uniform shear flow: Compariosn between a Monte Carlo simu-
lation method and the Bhatnagar-Gross-Krook equation,” Phys. Rev. A 41, 810
(1990).

E;"]. M. Montanero, A. Santos, and V. Garzd, “Monte Carlo simulation of the
Boltzmann equation for uniform shear flow,” Phys. Fluids 8, 1981 (1996).

655. R. de Groot and P. Mazur, Nonequilibrium Thermodynamics (Dover, New
York, 1984).

86J.J. Brey, J. W. Dufty, C. S. Kim, and A. Santos, “Hydrodynamics for granular
flows at low density,” Phys. Rev. E 58, 4638-4653 (1998).

87 A. Santos, “Transport coefficients of d-dimensional inelastic Maxwell models,”
Phys. A 321, 442-466 (2003).

88J. 1. Brey, M. L. Garcia de Soria, and P. Maynar, “Breakdown of hydrodynamics
in the inelastic Maxwell model of granular gases,” Phys. Rev. E 82, 021303
(2010).

89]. J. Brey, M. J. Ruiz-Montero, D. Cubero, and R. Garcia-Rojo, “Self-diffusion
in freely evolving granular gases,” Phys. Fluids 12, 876-883 (2000).

70V, Garzé and J. M. Montanero, “Diffusion of impurities in a granular gas,”
Phys. Rev. E 69, 021301 (2004).

7. Garz6, A. Santos, and J. M. Montanero, “Modified Sonine approximation for
the Navier-Stokes transport coefficients of a granular gas,” Phys. A 376, 94-107
(2007).

72]. M. Montanero, A. Santos, and V. Garzé, “First-order Chapman-Enskog
velocity distribution function in a granular gas,” Phys. A 376, 75-93 (2007).

73], J. Brey, M. ]. Ruiz-Montero, P. Maynar, and M. I. Garcia de Soria,
“Hydrodynamic modes, Green-Kubo relations, and velocity correlations in
dilute granular gases,” J. Phys: Condens. Matter 17, $2489-S2502 (2005).

74C. K. K. Lun, S. B. Savage, D. J. Jeffrey, and N. Chepurniy, “Kinetic theories for
granular flow: Inelastic particles in Couette flow and slightly inelastic particles
in a general flowfield,” J. Fluid Mech. 140, 223-256 (1984).

75]. T. Jenkins and M. W. Richman, “Plane simple shear of smooth inelastic cir-
cular disks: The anisotropy of the second moment in the dilute and dense lim-
its,” J. Fluid Mech. 192, 313-328 (1988).

76C. S. Campbell, “The stress tensor for simple shear flows of a granular mate-
rial,” J. Fluid Mech. 203, 449-473 (1989).

77M. A. Hopkins and H. H. Shen, “A Monte Carlo solution for rapidly shearing
granular flows based on the kinetic theory of dense gases,” J. Fluid Mech. 244,
477-491 (1992).

78C. K. K. Lun and A. A. Bent, “Numerical simulation of inelastic frictional
spheres in simple shear flow,” |. Fluid Mech. 258, 335-353 (1994).

791, Goldhirsch and M.-L. Tan, “The single-particle distribution function for
rapid granular shear flows of smooth inelastic disks,” Phys. Fluids 8, 1752-1763
(1996).

80N, Sela, 1. Goldhirsch, and S. H. Noskowicz, “Kinetic theoretical study of a sim-
ply sheared two-dimensional granular gas to Burnett order,” Phys. Fluids 8,
2337-2353 (1996).

81, Goldhirsch and N. Sela, “Origin of normal stress differences in rapid granular
flows,” Phys. Rev. E 54, 4458-4461 (1996).

32}. J. Brey, M. J. Ruiz-Montero, and F. Moreno, “Steady uniform shear flow in a
low density granular gas,” Phys. Rev. E 55, 2846-2856 (1997).

83C.-S. Chou and M. W. Richman, “Constitutive theory for homogeneous granu-
lar shear flows of highly inelastic hard spheres,” Phys. A 259, 430-448 (1998).

Phys. Fluids 37, 023384 (2025); doi: 10.1063/5.0250607
Published under an exclusive license by AIP Publishing

37, 023384-21

€1:92:2} G20z Aenigad Gz


https://doi.org/10.1103/PhysRev.102.593
https://doi.org/10.1063/1.1706706
https://doi.org/10.1063/1.1761239
https://doi.org/10.1063/1.1761920
https://doi.org/10.1063/1.1762389
https://doi.org/10.1063/1.857458
https://doi.org/10.1023/A:1014033703134
https://doi.org/10.1007/s10955-021-02821-2
https://doi.org/10.1017/jfm.2024.1047
https://doi.org/10.1103/PhysRevE.72.031308
https://doi.org/10.1007/s10035-007-0058-y
https://doi.org/10.1103/PhysRevE.62.7700
https://doi.org/10.1007/s10955-004-2006-0
https://doi.org/10.1007/s100350050009
https://doi.org/10.1103/PhysRevE.60.5706
https://doi.org/10.1007/s10035-001-0097-8
https://doi.org/10.1103/PhysRevE.66.041301
https://doi.org/10.1007/s10035-002-0108-4
https://doi.org/10.1103/PhysRevE.66.051304
https://doi.org/10.1103/PhysRevE.66.051303
https://doi.org/10.1103/PhysRevE.65.031301
https://doi.org/10.1103/PhysRevE.68.021304
https://doi.org/10.1103/PhysRevE.68.031301
https://doi.org/10.1103/PhysRevLett.95.098001
https://doi.org/10.1103/PhysRevLett.95.098001
https://doi.org/10.1103/PhysRevE.74.011307
https://doi.org/10.1103/PhysRevLett.88.064301
https://doi.org/10.1103/PhysRevLett.88.198301
https://doi.org/10.1038/s41526-024-00369-5
https://doi.org/10.3390/e24060826
https://doi.org/10.1017/S0022112095000048
https://doi.org/10.1103/PhysRevE.54.3664
https://doi.org/10.1007/s100350050035
https://doi.org/10.1209/epl/i2005-10555-6
https://doi.org/10.1016/S0378-4371(03)00593-4
https://doi.org/10.1007/s10035-009-0132-8
https://doi.org/10.1103/PhysRevA.41.810
https://doi.org/10.1063/1.868979
https://doi.org/10.1103/PhysRevE.58.4638
https://doi.org/10.1016/S0378-4371(02)01005-1
https://doi.org/10.1103/PhysRevE.82.021303
https://doi.org/10.1063/1.870342
https://doi.org/10.1103/PhysRevE.69.021301
https://doi.org/10.1016/j.physa.2006.10.081
https://doi.org/10.1016/j.physa.2006.10.080
https://doi.org/10.1088/0953-8984/17/24/008
https://doi.org/10.1017/S0022112084000586
https://doi.org/10.1017/S0022112088001879
https://doi.org/10.1017/S0022112089001540
https://doi.org/10.1017/S002211209200315X
https://doi.org/10.1017/S0022112094003356
https://doi.org/10.1063/1.868951
https://doi.org/10.1063/1.869012
https://doi.org/10.1103/PhysRevE.54.4458
https://doi.org/10.1103/PhysRevE.55.2846
https://doi.org/10.1016/S0378-4371(98)00265-9
pubs.aip.org/aip/phf

Physics of Fluids

8"]. M. Montanero, V. Garzé, A. Santos, and J. J. Brey, “Kinetic theory of simple
granular shear flows of smooth hard spheres,” J. Fluid Mech. 389, 391-411 (1999).

85A. Santos, V. Garzé, and J. W. Dufty, “Inherent rheology of a granular fluid in
uniform shear flow,” Phys. Rev. E 69, 061303 (2004).

88M. Alam and S. Luding, “How good is the equipartition assumption for the
transport properties of a granular mixture?,” Granular Matter 4, 139-142
(2002).

87M. Alam and S. Luding, “Rheology of bidisperse granular mixtures via event-
driven simulations,” J. Fluid Mech. 476, 69-103 (2003).

88] M. Montanero and V. Garzé, “Rheological properties in a low-density granu-
lar mixture,” Phys. A 310, 17-38 (2002b).

ARTICLE pubs.aip.org/aip/pof

89 F. Lutsko, “Rheology of dense polydisperse granular fluids under shear,”
Phys. Rev. E 70, 061101 (2004).

90V, Garzé and M. Lépez de Haro, “Tracer diffusion under shear flow for general
repulsive interactions,” Phys. Fluids 7, 478 (1995).

9. Garzé, “Tracer diffusion in granular shear flows,” Phys. Rev. E 66, 021308
(2002).

92H, Grad, “On the kinetic theory of rarefied gases,” Comm. Pure Appl. Math. 2,
331-407 (1949).

93M. Guan, W. Jiang, L. Tao, G. Chen, and J. H. W. Lee, “Migration of confined
micro-swimmers subject to anisotropic diffusion,” J. Fluid Mech. 985, A44
(2024).

Phys. Fluids 37, 023384 (2025); doi: 10.1063/5.0250607
Published under an exclusive license by AIP Publishing

37, 023384-22

€1:92:2} G20z Aenigad Gz


https://doi.org/10.1017/S0022112099005182
https://doi.org/10.1103/PhysRevE.69.061303
https://doi.org/10.1007/s10035-002-0110-x
https://doi.org/10.1017/S002211200200263X
https://doi.org/10.1016/S0378-4371(02)00786-0
https://doi.org/10.1103/PhysRevE.70.061101
https://doi.org/10.1063/1.868646
https://doi.org/10.1103/PhysRevE.66.021308
https://doi.org/10.1002/cpa.3160020403
https://doi.org/10.1017/jfm.2024.349
pubs.aip.org/aip/phf



