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The Mpemba and Kovacs effects are two notable memory phenomena observed in nonequilibrium relaxation
processes. In a recent study [Phys. Rev. E 109, 044149 (2024)], these effects were analyzed within the framework
of the time-delayed Newton’s law of cooling under the assumption of instantaneous temperature quenches. Here,
the analysis is extended to incorporate finite-rate quenches, characterized by a nonzero quench duration σ . The
results indicate that a genuine Mpemba effect is absent under finite-rate quenches if both samples experience the
same thermal environment during the quenching process. However, if σ remains sufficiently small, the deviations
in the thermal environment stay within an acceptable range, allowing the Mpemba effect to persist with a slightly
enhanced magnitude. In contrast, the Kovacs effect is significantly amplified, with the transient hump in the
temperature evolution becoming more pronounced as both the waiting time and σ increase. These findings
underscore the importance of incorporating finite-time effects in nonequilibrium thermal relaxation models and
offer a more realistic perspective for experimental studies.
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I. INTRODUCTION

The Mpemba effect originally refers to the counterintu-
itive observation that, under certain conditions, hot water can
freeze faster than cold water [1–27].

Despite extensive research, a definitive explanation of
the physical mechanisms responsible for the Mpemba effect
remains elusive. Proposed explanations range from evap-
oration effects and convective heat transfer to differences
in dissolved gas content, the influence of supercooling,
or the role of surface interactions in nucleation processes
[2–4,7,9,12,16,23,28–37]. At the same time, skepticism re-
mains regarding whether the effect is genuinely present in
water [36,38,39].

Beyond its historical context, Mpemba-like behavior has
been reported in a wide range of systems. For a recent review,
see Ref. [40]. Particularly, there has been growing interest
in its manifestation in quantum systems, as highlighted in
Refs. [40,41].

A simple yet instructive framework for studying thermal
relaxation processes is Newton’s law of cooling [42–44],

Ṫ (t ) = −λ[T (t ) − Tb], (1)

where Tb is the bath temperature, and λ is the heat trans-
fer coefficient. The value of λ depends on multiple factors,
including material properties, geometry, and surrounding con-
ditions. In the case of water, for example, it typically ranges
between 10−3s−1 and 10−2s−1, depending on the temperature
difference and volume [45].

*Contact author: andres@unex.es

The general solution to Eq. (1) is T (t ) = Tb + (T0 −
Tb)e−λt , where T0 is the initial temperature. It is therefore
evident that the Mpemba effect cannot occur within the frame-
work of Eq. (1).

To account for memory effects that could explain anoma-
lous relaxation behaviors like the Mpemba effect, a natural
extension is to introduce a time delay τ in the cooling
dynamics [46,47]:

Ṫ (t ) = −λ[T (t − τ ) − Tb(t )]. (2)

This formulation allows the system’s temperature evolution to
depend on its past state rather than solely on its present de-
viation from equilibrium. The delay parameter τ thus plays a
crucial role in capturing nontrivial thermal relaxation dynam-
ics. Note that in Eq. (2), we have accounted for the possibility
of a time-dependent bath temperature, Tb(t ).

Another important memory effect in nonequilibrium ther-
modynamics is the Kovacs effect, initially observed in
polymer glasses [48,49] and later in various complex systems
[50–61]. In a typical Kovacs experiment, a system is first
equilibrated at a high temperature T −

b and then quenched to
a lower temperature T +

b , where it evolves for a waiting time
tw. If the bath temperature is then suddenly shifted to T w

b =
T (tw), the system exhibits a transient response: instead of
staying at T (t ) = T w

b for t � tw, the temperature T (t ) forms a
characteristic hump before eventually settling to equilibrium
at T w

b . This effect highlights how a system’s thermal history
influences its relaxation behavior.

In a recent study [47], I analyzed the Mpemba and Kovacs
effects within the framework of Eq. (2), assuming instanta-
neous temperature quenches. The analysis showed that the
Mpemba effect arises only within a specific range of the
control parameters τ and tw, and that the direct (cooling)
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and inverse (heating) Mpemba effects are formally equivalent.
Moreover, a quantitative measure of the Kovacs effect was in-
troduced, revealing an enhancement as both τ and tw increase.

While theoretical studies often assume idealized instanta-
neous quenches, real thermal processes typically occur over
finite time scales [40,62]. To model finite-rate quenches, the
bath temperature Tb(t ) can be represented as

Tb(t ) =
{

T −
b , t � 0,

T +
b + (T −

b − T +
b )e−t/σ , t � 0,

(3)

where σ characterizes the duration of the quenching process.
The limit σ → 0 recovers an instantaneous quench.

The objective of this paper is to extend the analysis of
Ref. [47] by incorporating finite-rate quenches and assess-
ing their impact on the Mpemba and Kovacs effects. In the
case of the Mpemba effect, a key distinction arises: since the
two systems being quenched experience, in general, different
thermal environments during the process, perfect equivalence
between them no longer holds. Nonetheless, if σ is sufficiently
small, deviations remain within an acceptable range, and the
Mpemba effect persists with a slightly enhanced magnitude.
For the Kovacs effect, the presence of a nonzero σ signifi-
cantly amplifies the observed response, further emphasizing
the role of finite-rate processes in nonequilibrium relaxation
phenomena.

The rest of the paper is organized as follows. Section II
derives the general solution of the time-delayed Newton’s
law of cooling for a single finite-rate quench. This solution
is governed by an exponential-like function, Eσ (t ), which
depends on both τ and σ and plays a central role in the
subsequent analysis. Section III extends the solution to the
case of two consecutive quenches separated by a waiting time
tw. The Mpemba effect under finite-rate quenches is revisited
in Sec. IV, with an examination of how the quench duration σ

influences thermal relaxation dynamics. Section V focuses on
the Kovacs effect, highlighting the amplification of the tran-
sient temperature hump due to finite-time quenching. Finally,
Sec. VI presents the main conclusions and outlines potential
directions for future research.

II. SINGLE QUENCH

For simplicity, henceforth we take λ−1 = 1 as the unit of
time. Let us first assume that the bath temperature experiences
a single quench, as described by Eq. (3). In order to solve
Eq. (2) under those circumstances, it is convenient to work in
Laplace space, as done in Ref. [47].

The Laplace transform of Eq. (3) is

T̃b(s) = T +
b s−1 + T −

b − T +
b

s + σ−1
. (4)

Therefore, Eq. (2) yields

T̃ (s) = T +
b s−1 + (T −

b − T +
b )Ẽσ (s), (5)

with

Ẽσ (s) = Ẽ0(s) + F̃σ (s), (6)

where

Ẽ0(s) ≡ s−1 − s−2

1 + s−1e−sτ

= s−1 −
∞∑

n=0

(−s)−(n+2)e−nsτ , (7a)

F̃σ (s) ≡ s−1

(1 + s−1e−sτ )(s + σ−1)

= −
∞∑

n=0

(−s)−(n+1)e−nsτ

s + σ−1
. (7b)

Note that limσ→0 F̃σ (s) = 0, meaning that only the func-
tion Ẽ0(s) is relevant in the special case of an instantaneous
quench.

In real time, Eq. (5) becomes

T (t ) =
{

T −
b , t � 0,

T +
b + (T −

b − T +
b )Eσ (t ), t � 0,

(8)

where Eσ (t ) = L−1[Ẽσ (s)] = E0(t ) + Fσ (t ). Here,
E0(t ) = L−1[Ẽ0(s)] is given by [47]

E0(t ) = 1 +
�t/τ�∑
n=0

(nτ − t )n+1

(n + 1)!
, t � 0, (9)

where �·� denotes the floor function. To obtain
Fσ (t ) = L−1[F̃σ (s)], we need the property

L−1

[
s−(n+1)

s + a

]
= e−at

(−a)n+1
+ lim

s→0

1

n!
∂n

s

est

s + a

= Rn(at )

(−a)n+1
, (10)

where

Rn(x) ≡ e−x −
n∑

k=0

(−x)k

k!
(11)

is the remainder of the exponential series. Therefore,

Fσ (t ) = −
�t/τ�∑
n=0

σ n+1Rn((t − nτ )/σ ). (12)

Note that

Ėσ (t ) = e−t/σ −
{

1, 0 � t � τ,

Eσ (t − τ ), t � τ.
(13)

Equation (13) implies that Ėσ (0) = 0 if σ �= 0, while
Ė0 = −1.

The expressions for E0(t ), Fσ (t ), and Eσ (t ) in the absence
of a time delay (τ = 0) are detailed in Appendix A. Addi-
tionally, Appendix B provides the formulation of Fσ (t ) in the
quasi-instantaneous quench regime (σ � 1).

As Fig. 1 shows, at a given delay time τ , the relaxation of
Eσ (t ) becomes slower as σ increases. In the absence of time
delay (τ = 0), one has Eσ (t ) ≈ e−t/(1 − σ ) [see Eq. (A3)],
while the decay is much faster if τ �= 0.

Let us now analyze the asymptotic behavior of E0(t ) and
Fσ (t ) for long times. From the first line of Eq. (7a) we see
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FIG. 1. Plot of Eσ (t ) for σ = 0, 0.2, and 0.4. The values of the
delay time are τ = 0 (upper curves) and τ = 0.36 (lower curves).

that the poles of Ẽ0(s) are the roots of the transcendental
equation s + e−sτ = 0. If τ < τmax = e−1 
 0.368 [47], there
are two real roots, namely s = −κ0 and s = −κ1, where κ0 =
−τ−1W0(−τ ), κ1 = −τ−1W−1(−τ ), W0(z) and W−1(z) being
the principal and lower branches of the Lambert function [63],
respectively. The remaining complex roots of s + e−sτ = 0
have a real part more negative than κ0 and κ1, so they can
be neglected in the asymptotic form for E0(t ). Therefore, for
asymptotically long times,

E0(t ) ≈ κ−1
0 e−κ0t

1 − κ0τ
− κ−1

1 e−κ1t

κ1τ − 1
. (14)

Since 1 < κ0 < e 
 2.718 < τ−1 < κ1, the first term on
the right-hand side of Eq. (14) dominates over the second
in the regime t � 1. Nonetheless, the inclusion of the
second term ensures that Eq. (14) excellently approximates
E0(t ) for all t , especially when t > 2τ . The maximum
deviation of the approximation given by Eq. (14) from
E0(t ) occurs at t = 0 and τ = τmax = e−1, with a value of
8
3 e−1 −
1 
 −0.019.

Equation (7b) shows that the poles of F̃ (s) are s = −σ−1

and the roots of s + e−sτ = 0, Therefore,

Fσ (t ) ≈ σe−κ0t

(1 − κ0σ )(1 − κ0τ )
− σe−t/σ

1 − σeτ/σ

− σe−κ1t

(1 − κ1σ )(κ1τ − 1)
. (15)

The approximate form for Eσ (t ) is then

Eσ (t ) ≈ κ−1
0 e−κ0t

(1 − κ0σ )(1 − κ0τ )
− σe−t/σ

1 − σeτ/σ

− κ−1
1 e−κ1t

(1 − κ1σ )(κ1τ − 1)
. (16)

Again, this provides an excellent approximation for all t . Note
also that, since limτ→0 κ0 = 1 and limτ→0 κ1 = ∞, Eq. (16)
reduces to Eq. (A3) in the limit τ → 0.

FIG. 2. Plane σ vs τ showing the region where Eσ (s) decays
asymptotically as e−κ0t (below the curve σ = κ−1

0 ) and the re-
gion where Eσ (s) decays asymptotically as e−t/σ (above the curve).
The circle denotes the end of the curve, where κ−1

0 (τmax) = τmax =
e−1 
 0.368.

In the long-time limit, the leading behavior of Eσ (t ) is
determined by the first term on the right-hand side of Eq. (16)
if σ < κ−1

0 , while the second term dominates if σ > κ−1
0 .

On the line σ = κ−1
0 both competing poles coalesce into a

common double pole, so that, in that case,

Eσ (t ) ≈
[

1 + κ0t

κ0(1 − κ0τ )
− κ0τ

2

2(1 − κ0τ )2

]
e−κ0t . (17)

Figure 2 illustrates the regions in the σ vs τ plane where
each type of asymptotic behavior prevails. These regions are
divided by the line σ = κ−1

0 . Note that Eσ (t ) is always larger
than e−t/σ , even if σ > κ−1

0 , implying that Tb(t ) relaxes to
T +

b earlier than T (t ), as expected. On the other hand, only
if σ < κ−1

0 does Tb(t ) relaxes exponentially faster than T (t ).
Suppose that two samples (A and B) undergo the quench

described by Eq. (3), except that their initial bath temperatures
differ, with T −

b,A > T −
b,B, while the quench time (t = 0) and

final bath temperature (T +
b ) remain the same for both. Accord-

ing to Eq. (8), their relative temperature difference evolves as

TA(t ) − TB(t )

T −
b,A − T −

b,B

=
{

1, t � 0,

Eσ (t ), t � 0.
(18)

Since Eσ (t ) > 0 (provided that τ < τmax), Eq. (18) demon-
strates that a Mpemba effect is not possible under a
simultaneous single-quench protocol, regardless of the value
of σ .

III. DOUBLE QUENCH

Now, instead of considering the single-quench protocol
described by Eq. (3), let us assume a double-quench protocol,
where the material is initially held at a prior temperature T −

b
for t < −tw, then quenched to an intermediate bath temper-
ature T −∗

b for −tw � t < 0, and finally quenched again to a
final bath temperature T +

b at t = 0. The corresponding bath
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temperature profile is given by

Tb(t ) =

⎧⎪⎨⎪⎩
T −

b , t � −tw,

T −∗
b + (T −

b − T −∗
b )e−(t+tw )/σ , −tw � t � 0,

T +
b + (T̂ −∗

b − T +
b )e−t/σ , t � 0,

(19)

where

T̂ −∗
b = Tb(0) = T −∗

b + (T −
b − T −∗

b )e−tw/σ . (20)

Note that Tb(t ) is a continuous function, which in turn guaran-
tees continuity in Ṫ (t ), in contrast to the case of instantaneous
quenches (σ = 0).

The double quench described by Eq. (19) can be decom-
posed as the sum of two single quenches:

Tb(t ) = Tb,I(t ) + Tb,II(t ), (21)

where

Tb,I(t ) =

⎧⎪⎪⎨⎪⎪⎩
T −

b − T −∗
b + T +

b

2
, t � −tw,

T +
b

2
+ (T −

b − T −∗
b )e−(t+tw )/σ , t � −tw,

(22a)

Tb,II(t ) =

⎧⎪⎪⎨⎪⎪⎩
T −∗

b − T +
b

2
, t � 0,

T +
b

2
+ (T −∗

b − T +
b )e−t/σ , t � 0.

(22b)

From Eq. (8), we can write

TI(t ) =

⎧⎪⎪⎨⎪⎪⎩
T −

b − T −∗
b + T +

b

2
, t � −tw,

T +
b

2
+ (T −

b − T −∗
b )Eσ (t + tw), t � −tw,

(23a)

TII(t ) =

⎧⎪⎪⎨⎪⎪⎩
T −∗

b − T +
b

2
, t � 0,

T +
b

2
+ (T −∗

b − T +
b )Eσ (t ), t � 0.

(23b)

Therefore, since T (t ) = TI(t ) + TII(t ), the solution corre-
sponding to the double quench given by Eq. (19) is

T (t ) =

⎧⎪⎪⎨⎪⎪⎩
T −

b , t � −tw,

T −∗
b + (

T −
b − T −∗

b

)
Eσ (t + tw), −tw � t � 0,

T +
b + (

T −
b − T −∗

b

)
Eσ (t + tw)

+(T −∗
b − T +

b )Eσ (t ), t � 0.

(24)

A sketch of the double finite-rate quench is shown in Fig. 3,
which also includes the case of the instantaneous quench
(σ = 0).

IV. IMPACT OF FINITE-RATE QUENCHES
ON THE MPEMBA EFFECT

To investigate the possibility of a Mpemba effect with
finite-rate quenches (σ �= 0), we consider the single-quench
(A) and double-quench (B) protocols summarized in Table I.
Those protocols are the same as considered in Ref. [47] with

FIG. 3. Sketch of a generic double finite-rate quench. Here,
T −

b = 4 (in arbitrary units), T −∗
b = 1, T +

b = 3, σ = 0.1, τ = 0.36,
and (a) tw = 0.2, (b) tw = 0.4. The dashed lines represent the bath
temperature Tb(t ), while the solid lines represent the system temper-
ature T (t ). For comparison, also the cases of instantaneous quenches
(σ = 0) are included, where the dotted and dash-dotted lines repre-
sent Tb(t ) and T (t ), respectively.

σ = 0. As we see, only two thermal reservoirs are considered,
a hot one (at temperature T h

b ) and a cold one (at temperature
T c

b ). The protocols A and B are illustrated in Fig. 4, which
displays the cases with σ �= 0 and σ = 0.

According to Eq. (24),

TA(t ) =
{

T h
b , t � −tw,

T c
b + (

T h
b − T c

b

)
Eσ (t + tw), t � −tw,

(25a)

TB(t ) =

⎧⎪⎨⎪⎩
T c

b , t � −tw,

T h
b − (

T h
b − T c

b

)
Eσ (t + tw), −tw � t � 0,

T c
b + (

T h
b − T c

b

)
[Eσ (t ) − Eσ (t + tw)], t � 0.

(25b)

Therefore, for t � 0,

TA(t ) − TB(t )

T h
b − T c

b

= �σ (t ), t � 0, (26)

where the difference function is

�σ (t ) = 2Eσ (t + tw) − Eσ (t ). (27)

From Eq. (16), we see that the approximate, asymptotic form
of �σ (t ) is

�σ (t ) ≈κ−1
0 (2e−κ0tw − 1)e−κ0t

(1 − κ0σ )(1 − κ0τ )
− σ (2e−tw/σ − 1)e−t/σ

1 − σeτ/σ

− κ−1
1 (2e−κ1tw − 1)e−κ1t

(1 − κ1σ )(κ1τ − 1)
. (28)

TABLE I. Protocols A and B for the Mpemba effect and protocol
for the Kovacs effect. Note that in the Mpemba effect, the quenches
take place at t = −tw and t = 0, whereas in the Kovacs effect they
take place at t = 0 and t = tw.

Protocol T −
b T −∗

b T +
b

A (Mpemba) T h
b T c

b T c
b

B (Mpemba) T c
b T h

b T c
b

Kovacs T h
b T c

b T w
b
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FIG. 4. Illustration of the protocols (a) A and (b) B described
in Table I. Here, T h

b = 4 (in arbitrary units), T c
b = 1, σ = 0.1,

τ = 0.36, and tw = 0.4. The dashed lines represent the bath temper-
ature Tb(t ), while the solid lines represent the system temperature
T (t ). For comparison, also the cases of instantaneous quenches (σ =
0) are included, where the dotted and dash-dotted lines represent
Tb(t ) and T (t ), respectively.

According to Eq. (26), the existence of a Mpemba effect
requires (i) �σ (0) > 0 and (ii) limt→∞ �(t ) < 0.

A. Apparent Mpemba effect with τ = 0 and σ �= 0

Let us first assume Newton’s cooling law without any delay
time (τ = 0) but with finite-rate quenches (0 < σ < 1). In that
case, from either Eqs. (A3) or (28), we have

�0
σ (t ) ≡ lim

τ→0
�σ (t )

= (2e−tw − 1)e−t − σ (2e−tw/σ − 1)e−t/σ

1 − σ
. (29)

One can see that �0
σ (0) > 0 if the waiting time is smaller than

a maximum value t̃max
w given by the solution to the equation

e−t̃max
w − σe−t̃max

w /σ = 1 − σ

2
. (30)

This maximum value ranges from t̃max
w = ln 2 
 0.693 at σ =

0 to t̃max
w = −W−1(−e−1/2) − 1 
 1.678 at σ = 1. Further-

more, limt→∞ �0
σ (t ) < 0 if the waiting time tw is larger than

a minimum value t̃min
w = ln 2. Within the interval t̃min

w < tw <

t̃max
w , �0

σ (t ) = 0 at a crossing time

t× = σ

1 − σ
ln

σ (2e−tw/σ − 1)

2e−tw − 1
. (31)

Figure 5(a) shows the σ dependence of t̃max
w and t̃min

w , high-
lighting the region where t̃min

w < tw < t̃max
w .

How can a memory phenomenon, such as the Mpemba
effect, arise in the undelayed cooling equation? To resolve
this apparent paradox, let us examine the case σ = 0.1 and
tw = 0.75, which lies within the shaded region of Fig. 5(a).
Figure 5(b) shows the time evolution of the temperatures of
samples A and B, along with the corresponding bath temper-
atures. We observe that TA(0) > TB(0), but TA(t ) < TB(t ) for
t > t× 
 0.066. This behavior arises because, unlike instan-
taneous quenches (σ = 0), the bath temperatures influencing
samples A and B for very short positive times are effec-
tively T c

b and T h
b , respectively. Consequently, this represents

an apparent Mpemba effect, not driven by memory but by

FIG. 5. (a) Phase space for the apparent Mpemba effect in the
absence of time delay (τ = 0). The lower and upper curves represent
t̃min
w and t̃max

w , respectively, as functions of the quench characteristic
time σ . If tw < t̃min

w , then �0
σ (t ) > 0 for t � 0; if, on the other hand,

tw > t̃max
w , then �0

σ (t ) < 0 for t � 0. Therefore, an apparent Mpemba
effect occurs if and only if t̃min

w < tw < t̃max
w (shaded region). (b) Evo-

lution of TA(t ) (solid line), TB(t ) (dash-dotted line), Tb,A(t ) (dashed
line), and Tb,B(t ) (dotted line) for the undelayed case (τ = 0) with
σ = 0.1, tw = 0.75, T h

b = 4 (in arbitrary units), and T c
b = 1.

the differing environmental conditions experienced by the two
samples for t > 0, even though the reservoir temperature is T c

b
in both cases.

B. Absence of a genuine Mpemba effect with σ �= 0

From Eq. (19), we see that the bath temperatures in proto-
cols A and B for t � 0 are

Tb,A(t ) = T c
b + (

T h
b − T c

b

)
e−(t+tw )/σ , (32a)

Tb,B(t ) = T c
b + (

T h
b − T c

b

)
(1 − e−tw/σ )e−t/σ . (32b)

Their relative difference is
Tb,A(t ) − Tb,B(t )

T h
b − T c

b

= (2e−tw/σ − 1)e−t/σ , t � 0. (33)

The concept of a genuine Mpemba effect requires that
samples A and B experience the same time-dependent bath
temperature for t > 0. This condition is automatically satis-
fied when σ = 0, as in this case, Tb,A(t ) = Tb,B(t ) = T c

b for
t > 0. However, when σ �= 0, Eq. (33) indicates that Tb,A(t ) =
Tb,B(t ) for t > 0 only if the waiting time is coupled to the
quench characteristic time by

tw = σ ln 2. (34)

Figure 6 illustrates the time dependence of the bath tempera-
tures Tb,A(t ) and Tb,B(t ) if (a) tw > σ ln 2, (b) tw = σ ln 2, and
(c) tw < σ ln 2. Only the scenario depicted in Fig. 6(b) allows
for a “fair” assessment of whether a Mpemba effect is present.

It can be verified that the difference function at t = 0,
�σ (0) = 2Eσ (tw) − 1, is always greater than 2(1 − ln 2) 

0.614 when tw = σ ln 2. Therefore, the presence of the
Mpemba effect would require limt→∞ �σ (t ) < 0. For tw =
σ ln 2, the second term on the right-hand side of Eq. (28)
identically vanishes, simplifying the asymptotic behavior of
�σ (t ) to

�σ (t ) ≈ κ−1
0 (21−κ0σ − 1)e−κ0t

(1 − σκ0)(1 − κ0τ )
. (35)
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FIG. 6. Bath temperatures in protocols A and B. Here, T h
b =

4 (in arbitrary units), T c
b = 1, σ = 0.1, and (a) tw = 0.1 > σ ln 2,

(b) tw = 0.0693 = σ ln 2, and (c) tw = 0.05 < σ ln 2.

Considering the mathematical property (21−x − 1)/(1 − x) >

0 for all x, we conclude that limt→∞ �σ (t ) > 0 if Eq. (34)
is satisfied. Consequently, strictly speaking, no Mpemba ef-
fect is possible when σ �= 0. In contrast, for instantaneous
quenches (σ = 0), a Mpemba effect occurs if κ−1

0 ln 2 < tw <

tmax
w , where tmax

w is the root of �0(0) = 2E0(tw) − 1 = 0 [47].

C. Admitting an imperfect Mpemba effect with small σ

As discussed in Sec. IV B, the two systems A and B
being quenched are not, in general, strictly subject to iden-
tical environmental conditions, as the bath temperatures differ
during the quenching process for t > 0. However, if σ is
sufficiently small, the deviations in environmental conditions
can be considered negligible within a certain tolerance. This
approximate equivalence allows the Mpemba effect observed
under instantaneous quenches to persist, albeit imperfectly.

If σ � tw, Eq. (33) gives |Tb,A(t ) − Tb,B(t )|/(T h
b − T c

b ) ≈
e−t/σ , which becomes smaller than a tolerance value ε for
t > σ ln ε−1. For example, if ε = 0.01 and σ = 0.02, the con-
dition |Tb,A(t ) − Tb,B(t )|/(T h

b − T c
b ) < ε holds for t > 0.092.

Figure 7 illustrates the evolution of the bath and sam-
ple temperatures for τ = 0.36, tw = 0.45, and (a) σ =
tw/ ln 2 
 0.649, (b) σ = 0, and (c) σ = 0.02. In Fig. 7(a),
Tb,A(t ) = Tb,B(t ) for t > 0, but no Mpemba effect is observed.
Conversely, Fig. 7(b) shows a clear Mpemba effect for instan-
taneous quenches (σ = 0). In Fig. 7(c), an imperfect Mpemba

FIG. 7. Bath and sample temperatures in protocols A and B.
Here, T h

b = 4 (in arbitrary units), T c
b = 1, τ = 0.36, tw = 0.45, and

(a) σ = tw/ ln 2 
 0.649, (b) σ = 0, and (c) σ = 0.02.

FIG. 8. Plot of [�σ (t ) − �0(t )]/σ vs t for τ = 0.36, tw = 0.45,
and three values of σ .

effect is depicted. Here, although Tb,A(t ) �= Tb,B(t ) for t > 0,
the relative difference |Tb,A(t ) − Tb,B(t )|/(T h

b − T c
b ) remains

below a tolerance value ε = 0.0067 for t > 0.1.
Having established the existence of an imperfect Mpemba

effect for quasi-instantaneous quenches (σ � 1), we now ex-
amine how these cases differ from instantaneous quenches
(σ = 0). Figure 8 illustrates this comparison through the time
evolution of [�σ (t ) − �0(t )]/σ for τ = 0.36, tw = 0.45, and
three small values of σ . The results reveal that, while initially
�σ (0) > �0(0), at sufficiently long times the inequality re-
verses, yielding �σ (t ) < �0(t ). This suggests that when a
Mpemba effect exists for σ = 0, its magnitude is actually
enhanced (albeit slightly) for small but nonzero values of σ .

V. IMPACT OF FINITE-RATE QUENCHES
ON THE KOVACS EFFECT

In the Kovacs effect, a first quench from T h
b to T c

b takes
place at t = 0. Subsequently, after a waiting time tw, a second
quench is performed to a reservoir at the instantaneous system
temperature T w

b ≡ T (tw), as outlined in the last row of Table I.
Thus, according to Eq. (24), the sample temperature in the
Kovacs effect is

T (t ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
T h

b , t � 0,

T c
b + (T h

b − T c
b )Eσ (t ), 0 � t � tw,

T w
b + (T c

b − T w
b )Eσ (t − tw)

+(
T h

b − T c
b

)
Eσ (t ), t � tw,

(36)

with

T w
b = T c

b + (
T h

b − T c
b

)
Eσ (tw). (37)

Figure 9 compares the Kovacs effect for τ = 0.36 and three
waiting times (tw = 0.3, 0.6, 0.9) under instantaneous (σ =
0) and finite-rate (σ = 0.1) quenches. Three key differences
are observed: (i) the temperature slope Ṫ (t ) is continuous
at t = 0 and t = tw for finite-rate quenches, whereas it is
discontinuous for instantaneous quenches; (ii) the sample
temperature T w

b at the waiting time is higher for finite-rate
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FIG. 9. Kovacs effect for T h
b = 4 (arbitrary units), T c

b = 1, τ =
0.36, and tw = 0.3, 0.6, 0.9, comparing instantaneous quenches (σ =
0, dash-dotted lines) and finite-rate quenches (σ = 0.1, solid lines).
(a) Bath temperature Tb(t ). (b) Sample temperature T (t ), where
dotted lines represent T (t ) if the system were not quenched to T (tw)
at t = tw.

quenches than for instantaneous quenches; and (iii) the Ko-
vacs hump is deeper in the case of finite-rate quenches.

To better quantify the latter property, we define the Kovacs
hump function Kσ (t ) as

Kσ (t ) = −T (t + tw) − T w
b

T w
b − T c

b

, t � 0. (38)

This formulation isolates the relative deviation of the sample
temperature from T w

b after the quench, allowing for a clearer
analysis of the hump’s magnitude. From Eqs. (36) and (37),
one finds

Kσ (t ) = Eσ (t ) − Eσ (t + tw)

Eσ (tw)
. (39)

Note that Kσ (t ) is a non-negative function that vanishes at
t = 0 and asymptotically approaches zero as t → ∞.

Using Eq. (13), we obtain

K̇σ (t ) =
[

1 − e−tw/σ

Eσ (tw)

]
e−t/σ

+

⎧⎪⎪⎨⎪⎪⎩
1

Eσ (tw ) − 1, 0 � t � max{0, τ − tw},
Eσ (t+tw−τ )

Eσ (tw ) − 1, max{0, τ − tw} � t � τ,

−Kσ (t − τ ), t � τ.

(40)

While K̇0(τ ) = −K0(0) = 0, indicating that K0(t ) reaches its
maximum at t = τ , in the case of finite-rate quenches, we
have K̇σ (τ ) = [1 − e−tw/σ /Eσ (tw)]e−τ/σ > 0, which implies
that the maximum of Kσ (t ) occurs at a time greater than τ .

Figure 10 shows the Kovacs hump function Kσ (t ) for τ =
0.36 and waiting times tw = 0.1, 0.2, . . . , 1, comparing finite-
rate quenches (σ = 0.1) and instantaneous quenches (σ = 0).
In both cases, the relative magnitude of the effect increases
with tw. Additionally, the presence of a nonzero characteristic
quench time significantly amplifies the effect.

FIG. 10. Plot of the Kovacs hump function Kσ (t ) for τ = 0.36
and waiting times tw = 0.1, 0.2, . . . , 1. (a) Finite-rate quenches with
σ = 0.1. (b) Instantaneous quenches (σ = 0).

VI. CONCLUSIONS

In this work, I have extended the study of the Mpemba
and Kovacs effects within the framework of the time-delayed
Newton’s law of cooling by incorporating finite-rate thermal
quenches. While previous analyses assumed instantaneous
temperature changes [47], this paper has explored the impact
of a nonzero quench duration on these nonequilibrium relax-
ation phenomena.

The results show that, for the Mpemba effect, the presence
of a finite quench time σ introduces deviations in the environ-
mental conditions experienced by the two initially different
samples. As a consequence, the perfect equivalence that exists
under instantaneous quenches no longer holds. However, if
σ remains sufficiently small, the effect persists, albeit with a
slightly enhanced magnitude.

For the Kovacs effect, it has been found that a finite quench
time significantly amplifies the transient hump observed in
the system’s temperature evolution. The effect becomes more
pronounced as both the waiting time and the quench duration
increase, further highlighting the role of memory in thermal
relaxation.

Although the graphs illustrate only the direct (cooling)
effects, the results naturally extend to inverse (heating) effects,
as the functions Eσ (t ), �σ (t ), and Kσ (t ) remain independent
of the reservoir temperatures.

These findings underscore the importance of considering
finite-time effects in real-world thermal processes. Future
research could explore more complex quenching protocols,
including temperature-dependent heat transfer coefficients
and nonlinear memory effects, to gain a deeper understanding
of relaxation dynamics in nonequilibrium systems.
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APPENDIX A: LIMIT OF NO TIME DELAY (τ = 0)

In the case τ = 0, Eqs. (7) become

lim
τ→0

Ẽ0(s) = 1

s + 1
, (A1a)

lim
τ→0

F̃σ (s) = 1

(s + 1)(s + σ−1)
. (A1b)

In real time,

lim
τ→0

E0(t ) = e−t , (A2a)

lim
τ→0

Fσ (t ) = σ

1 − σ
(e−t − e−t/σ ). (A2b)

Therefore,

lim
τ→0

Eσ (t ) = e−t − σe−t/σ

1 − σ
. (A3)

APPENDIX B: REGIME OF QUASI-INSTANTANEOUS
QUENCHES (σ � 1)

Let us first rewrite Eq. (7b) as

F̃σ (s) = σ

1 − σe−sτ

(
s−1

1 + s−1e−sτ
− 1

s + σ−1

)
. (B1)

If σ � 1, we can neglect σe−sτ against 1, i.e.,

F̃σ (s) ≈ σ

(
s−1

1 + s−1e−sτ
− 1

s + σ−1

)

= − σ

[ ∞∑
n=0

(−s)−(n+1)e−nsτ + 1

s + σ−1

]
. (B2)

The inverse Laplace transform is

Fσ (t ) ≈ σ

⎡⎣�t/τ�∑
n=0

(nτ − t )n

n!
− e−t/σ

⎤⎦. (B3)
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[19] M. Balážovič and B. Tomášik, The Mpemba effect, Shecht-
man’s quasicrystals and student exploration activities, Phys.
Educ. 47, 568 (2012).

[20] C. Q. Sun, Behind the Mpemba paradox, Temperature 2, 38
(2015).
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