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ABSTRACT

This work derives the Navier-Stokes hydrodynamic equations for a model of a confined, quasi-two-dimensional, s-component mixture of
inelastic, smooth, hard spheres. Using the inelastic version of the revised Enskog theory, macroscopic balance equations for mass,
momentum, and energy are obtained, and constitutive equations for the fluxes are determined through a first-order Chapman-Enskog
expansion. As for elastic collisions, the transport coefficients are given in terms of the solutions of a set of coupled linear integral equations.
Approximate solutions to these equations for diffusion transport coefficients and shear viscosity are achieved by assuming steady-state condi-
tions and considering leading terms in a Sonine polynomial expansion. These transport coefficients are expressed in terms of the coefficients
of restitution, concentration, the masses and diameters of the mixture’s components, and the system’s density. The results apply to moderate
densities and are not limited to particular values of the coefficients of restitution, concentration, mass, and/or diameter ratios. As an applica-
tion, the thermal diffusion factor is evaluated to analyze segregation driven by temperature gradients and gravity, providing criteria that dis-

tinguish whether larger particles accumulate near the hotter or colder boundaries.
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I. INTRODUCTION

A paradigmatic situation for studying transport properties in
confined granular systems corresponds to a quasi-two-dimensional
vibrating box.'” In this setup, particles are confined in a box in which
the vertical z-direction is slightly larger than the diameter of a particle.
The system is driven by vertical vibrations of the box; thus, energy is
injected into the particles’ vertical degrees of freedom as they collide
with the bottom plate of the box. This kinetic energy is subsequently
dissipated and redistributed to the particles’ horizontal degrees of free-
dom by inter-particle collisions.

Nevertheless, describing the confined system above using a
kinetic theory is quite intricate, primarily due to the restrictions
imposed by confinement on the corresponding Boltzmann/Enskog
collisional operator. Although some recent progress has been made by
considering this approach,” '’ it is common in granular literature to
start with a coarse-grained model that more effectively accounts for
the effect of confinement on grain dynamics. This was the objective of
the collisional model (referred to as the A-model) proposed in Ref. 11.

Apart from the coefficient of restitution, which characterizes the
inelasticity of collisions, the A-model introduces the factor A > 0
(which is responsible for velocity injection) to mimic the transfer of
kinetic energy from the vertical degrees of freedom of granular par-
ticles to the horizontal ones. A schematic illustration of the studied sys-
tem is provided in Fig. 1.

In the context of kinetic theory, the A-model has primarily been
used to determine the dynamic properties of monocomponent con-
fined granular gases. The results have been specially devoted to the
low-density regime, in which the inelastic Boltzmann equation is used
as a starting point.'”'® These results were then extended to moderate
densities by considering the inelastic Enskog equation.'””'* Apart from
results in kinetic theory, the A-model has been also employed in recent
years in the study of systems with long-range interactions,'” absorbing
phase transitions in driven granular systems,”””' the formation of
quasi-long-range ordered phases,””” the non-equilibrium coexistence
between a fluid and a crystal of granular hard disks,”* and the study of
hyperuniformity.”
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FIG. 1. Schematic illustration of the confined quasi-two-dimensional system.
Vertical vibration is imposed on the box to inject external energy into the system.
During nonplanar collisions between grains, the vertical energy gained from the
vibration of the plate is transferred to the xy components of the velocities. This
kinetic energy is then dissipated and redistributed among the particles” horizontal
degrees of freedom due to their collisions. It is important to note that, although
our study aims to capture the phenomenology of confined systems, we are model-
ing an unconfined two-dimensional system where collisions are described by the
A-model.

Within the context of the A-model, work focusing on confined
granular mixtures has been more scarce. This is primarily because
determining transport properties in multicomponent granular mix-
tures is more complicated than in monodisperse granular systems. Not
only is the number of transport coefficients larger but they also depend
on parameters, such as diameters, masses, concentrations, and coeffi-
cients of restitution of each one of the components (or species) of the
mixture. Thus, most of studies have been restricted to the dilute
regime. In this regime, Brito et al.” used theoretical and computational
tools to analyze the lack of energy equipartition of the homogeneous
steady state (HSS) in granular binary mixtures. They then took the
local version of the homogeneous state as the reference state to solve
the inelastic Boltzmann equation using the Chapman-Enskog
method,”” conveniently adapted to dissipative dynamics. Explicit
expressions for the Navier-Stokes transport coefficients of the binary
mixture were obtained in terms of the parameter space of the system.””
As an application of the results reported in Ref. 28, the stability analysis
of the HSS and the particle segregation problem induced by a thermal
gradient and gravity were analyzed.””’

An interesting and challenging problem is to extend previous
works on dilute granular mixtures (which have been carried in the
context of the inelastic Boltzmann kinetic equation)”>*” to the (inelas-
tic) Enskog kinetic theory for a description of hydrodynamics and
transport of confined granular mixtures at higher densities. Since this
theory applies to moderate densities (e.g., solid volume fraction of
hard spheres, $=0.25), a comparison between the kinetic theory and
molecular dynamics (MD) simulations is feasible. Due to the intrica-
cies of the general problem, it is common to first consider a binary
mixture in which one species is present at a tracer concentration,
meaning its concentration is very small. In the tracer limit, the pressure
tensor and heat flux of the mixture are the same as those of the excess
species. Thus, the relevant flux of the problem is the mass transport of
tracer particles. This flux has been recently obtained in Ref. 31, and the
corresponding forms of the diffusion transport coefficients have been
explicitly determined by considering the lowest Sonine polynomial
approximation.

The objective of this paper is to surpass the tracer limit’' and
examine a confined s-component mixture with an arbitrary
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concentration. Here, mass, momentum, and heat fluxes are calculated
up to first order in the spatial gradients of the hydrodynamic fields. As
with elastic collisions,””*” the corresponding Navier-Stokes transport
coefficients are precisely expressed in terms of a set of coupled linear
integral equations. However, explicitly determining the complete set of
Navier-Stokes transport coefficients is quite cumbersome. For exam-
ple, in a binary system (s = 2), there are 12 relevant transport coeffi-
cients (ten transport coefficients and two first-order contributions to
partial temperatures and cooling rates), and one must solve ten cou-
pled integral equations. This is a lengthy task, even for a binary mix-
ture. For this reason, in this work, although we have derived the
complete set of integral equations verifying the transport coefficients,
we will only solve the integral equations explicitly for the four diffusion
coefficients associated with the mass flux of a binary mixture, as well
as the shear and bulk viscosity coefficients.

As usual, the expressions derived for the transport coefficients are
approximate because they are obtained by solving the above-
mentioned integral equations by considering the leading terms in a
Sonine polynomial expansion of the first-order distribution function.
Here, for the sake of simplicity, we consider the relevant state of con-
fined dense granular mixtures with steady temperature, as previously
discussed for dilute granular mixtures.”* This allows us to provide ana-
lytic expressions for the transport properties in terms of the mixture’s
parameters.

Since the expressions of the diffusion transport coefficients are
available, as an application we have also obtained the so-called ther-
mal diffusion factor A.” Knowledge of this quantity provides a seg-
regation criterion showing the transition between regions of the
parameter space where A > 0 (where larger particles tend to accu-
mulate near the cooler plate) to regions where A < 0 (where larger
particles tend to accumulate near the hotter plate). The first situa-
tion (A > 0) is usually referred to in granular literature as the Brazil
nut Effect (BNE), while the second situation (A < 0) is referred to
as the Reverse Brazil nut Effect (RBNE). Since the origin of segrega-
tion is due to both gravity and the thermal gradient, we will analyze
limiting cases in which the influence of each on segregation can be
disentangled.

The plan of the paper is as follows. The A-model and the
inelastic Enskog equation for an s-component granular mixture are
introduced in Sec. II. The balance equations for mass, momentum,
and energy are also derived in this section and the kinetic and colli-
sional contributions to the fluxes are defined in terms of the one-
particle velocity distribution functions f;(r,v; ). The application of
the Chapman-Enskog method to solve the Enskog kinetic equation
to first order in spatial gradients is described in Sec. III. In Sec. IV,
the first-order distribution functions f; are expressed in terms of the
quantities A;, B;, C; ;5, and D;. These quantities obey a set of cou-
pled linear integral equations which are approximately solved in
Sec. V for the diffusion transport coefficients and the shear and bulk
viscosities by considering the leading terms in a Sonine polynomial
expansion. Some technical details on the above-mentioned calcula-
tions are provided in Appendixes A-C. The case of a binary granular
mixture is considered in Sec. VI where the dependence of the above-
mentioned transport coefficients on the inelasticity in collisions is
widely analyzed for dilute and dense mixtures. Thermal diffusion
segregation is studied in Sec. VII, while a brief discussion on the
results reported in this paper is offered in Sec. VIIL.
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Il. ENSKOG KINETIC EQUATION FOR A MODEL OF A
CONFINED QUASI-TWO-DIMENSIONAL
MULTICOMPONENT GRANULAR MIXTURE

A. Collision rules for a granular mixture in the A-model

We consider an s-multicomponent granular mixture of inelastic,
smooth hard disks (d = 2), or spheres (d = 3) of masses m; and diam-
eters ;. In the context of the A-model, the relationship between the
pre-collisional velocities (v, v,) of two spherical particles of species i
and j, respectively, and their corresponding post-collisional velocities

(v, vy) is
Vi =V — (1 + %;5)(6 - 81,)6 — 2146, 1
v/2 =Vvy+ luij(l + aij)(& : glz) + ziule G, (2)

where yi; = m;/(m; + m;), g, = V1 — Vv is the relative velocity, and
6 is the unit collision vector joining the centers of the two colliding
spheres and pointing from particle 1 of species i to particle 2 of species
j- Particles are approaching if 6 - g > 0. In Eqgs. (1) and (2), 0 < o
< 1 is the (constant) coefficient of normal restitution for collisions i—j,
and Aj is an extra velocity added to the relative motion. This extra
velocity points outward in the normal direction &, as required by the
conservation of angular momentum.”’* The relative velocity after colli-
sion is

go=Vi—Vi=g,(1+ %;)(0 - 81,)6 — 2A6. ©)

According to Eq. (3), one easily gets the following relation:
—i(6 - 81,) — 24 )

Similarly, the collision rules for the so-called restituting collisions
(v],vy) — (v1,v,) with the same collision vector ¢ are defined as

(6-81,) =

vl =vi — ,uj,-<1 + a?)(& - 812)8 — 21 A0 6, (5)

v, =v2+,ulj<1+a,;1>(&lg12) + 2000 5. (6)
Equations (5) and (6) lead to

(6-8,) = % PG 81) — 2Aij°‘i;1' @)

For practical purposes, it is also convenient to know the volume
transformation for a direct and a restituting collision. In the first case,
one has dv’dv}, = «;;dvidv,, while in the second case one has the rela-
tion dv{/dv) = oci]‘-ldvldvz.

B. Enskog kinetic equation for granular mixtures

At a kinetic level, the knowledge of the velocity distribution func-
tions f;(r,v;t) (i = 1,2,...,s) of the species i provides all the relevant
information on the state of the granular mixture. For moderate densi-
ties, in the presence of the gravity field m;g, the set of Enskog kinetic
equations are

0 of; :
5ﬁ+v-Vﬁ+gEf—j§;mr,vm,ﬁ}, ®

where the Enskog collision operators Jj; for collisions between particles
f ._,(I
of species i and j in the A-model read

pubs.aip.org/aip/pof

Jij [r Vﬂf,,f] = 6 Jdvz Jd& O(—6 - g, — 2A)(—6 - g, — 2A;)
x o2 (6, 1+ 06, Vs ) X e+ 055, v3 1)
a 03—1 Jdvz Jd& O(6 - 81,)(6 - 81,)7;(x,1 + 65)
x fi(t, vis )fi(x + 635, v 1), ©9)

Here, ©(x) is the Heaviside step function, 6¢; = 0,6, and
0jj = (0i + 0;)/2. Moreover, y;(r,r+a;;) is the pair correlation
function of two hard spheres, one of the species i and the other of spe-
cies j, at contact, i.e., when the distance between their centers is ij.
The quantities z;; account for volume excluded effects and spatial cor-
relations not present in the Boltzmann equation. As noted in our pre-
vious papers,’*****" although the A-model was mainly proposed to
describe quasi-two dimensional systems, the calculations worked
out in this paper will be performed for an arbitrary number of
dimensions d.

It should be noted that a modification of the revised Enskog
equation for molecular fluids has been recently proposed.”” This modi-
fication transforms the correlation functions from functions of densi-
ties to functionals of densities in a simple form, eliminating the series
structure. Here, we consider the series structure of the functions i in
the same manner as in the revised Enskog theory developed in Ref. 36.

As in the conventional inelastic hard sphere (IHS) model (where
A;; = 0),” an important property of the Enskog collision operators for
an arbitrary function v, (v;) is' "

I, = J dvi (V)T [evilfif] = Jdvl J dv, Jd& 0 -g,)

X (6 - g,);(r, 1 + 63)fi(x, vi; t) f(r+ o5, v2: 1)

x [Yi(v) = ¥i(v)], (10)
where v is defined by Eq. (1). A consequence of the property (10) is
that the balance equations for the densities of mass, momentum, and
energy can be derived by following similar mathematical steps as those
made for the IHS model.” They are given by
Vi

mi
DU+p'V-P=g, (12)

D,n;+niV~U+ :07 (11)

DfT‘;;Vmgl +%(V q+P:VU) = (T (13)
In Egs. (11)-(13),
- [dvﬁ(v) (14)
is the number density of species i,'

U= pflzs:m,-‘[dvvfi(v) (15)
p

is the mean flow velocity, and

:dlz Jdvvzf (16)
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is the (global) granular temperature. In addition, D; = 9, + U- V is
the material derivative, p = >, p; = > . m;n; is the total mass density,
and V = v — U is the peculiar velocity. Apart from the granular tem-
perature T, at a kinetic level, it is convenient to introduce the partial
temperatures T; for each species; they measure their mean kinetic
energies. They are defined as

m;

d
In the balance equations (11)-(13),

T Jdezf,-(v). 17)

ji :minvVﬁ(v), (18)

is the mass flux for the species i relative to the local flow, P is the pres-
sure tensor, and q is the heat flux. While the mass flux j, has only
kinetic contributions, the pressure tensor and the heat flux have both
kinetic and collisional transfer contributions, i.e., P = P¥ + P° and
q = q* + q°. The kinetic contributions are given as usual by

Pk = i Jdvm,-VVf,—(v), (19)
i=1
¢ = i Jdv %minVﬁ-(v). (20)
i=1

The collisional transfer contributions for the pressure tensor and
the heat flux can be derived by following similar steps as those made in
the A-model for monocomponent granular gases."” They are given,
respectively, by

1+ o P
pc = Z d m,-jag Jdvl Jdvz Jda‘ O - g,)

1
Jd/l
0

X fij[r = 2o, vi, v + (1 = A)635,v2, 1], (21)

1+ oy P
q = Z s ngagjdvl Jdv2 Jda B0 -gy,)
i,

. P 2A;
x (6 -8,)66 |:(°' “g1,) + 1+ ;‘ij

1

(68" 306 - Gy) + (g~ 1)1 = 95)(6 - ,)] |

X ,-j[r — Jojj,vi,r + (1 — A)ojj, va, t}
mi ~ N
_ ZzagA,—j Jdvl Jdvz Jdo'@(a “81)
ij
1

X (6 -8,)6 {4/1;A,-j + 4,ufiac,-j(6- - 81,) — 4p;(6 - G,-j)} L dz
X i]‘[r—j.o'ij,vhl'—"(l—)L)O','ﬁVz,t}. (22)

The cooling rate { is

2 ~ ~
¢ = 7%203717’15[&“ Jdvzjda' O(6 - g,)
ij

pubs.aip.org/aip/pof

In Egs. (21)-(23), my = mym;/(m; + m;) is the reduced mass,
Gj = Vi + 1 Va is the center-of-mass velocity, and f;; is defined as

fii(t1,vi,12,v2) = 73(t0, 1) fi (01, Vs £)fi (12, Va5 ). (24)

It is important to remark that, in contrast to the IHS model, the cool-
ing rate (which is due to dissipative collisions) can take negative values.
This property allows the granular mixture in the A-model to reach a
steady temperature in the homogeneous state.

As usual, the balance equations (11)-(13) do not constitute a
closed set of hydrodynamic equations for the fields #;, U and T. These
equations become a closed set once the fluxes j;, P, and q and the cool-
ing rate ( are expressed in terms of the above hydrodynamic fields and
their spatial gradients. To obtain this functional dependence one has
to solve the set of Enskog equation (8) by means of the Chapman-—
Enskog method”” conveniently modified to account for the inelasticity
of collisions.

1ll. CHAPMAN-ENSKOG METHOD

The Chapman-Enskog method”” is applied in this section to
solve the Enskog kinetic equation (8) up to first order in spatial gra-
dients. As widely discussed in many textbooks,”””* two stages are pre-
sent in the relaxation of a molecular gas (elastic collisions) toward
equilibrium. In the first stage (kinetic regime), the main effect of colli-
sions is to relax the distribution function toward the so-called local
equilibrium distribution function. During this stage, the system’s evo-
lution depends on its initial state. Then, a second, slower stage (the
hydrodynamic regime) is achieved, in which the system has completely
forgotten its initial preparation, and the microscopic state of the gas is
described in terms of hydrodynamic fields.

One also expects the existence of the above-mentioned two
stages for granular gases. However, in the kinetic stage, the distribu-
tion function generally relaxes toward a time-dependent, nonequi-
librium distribution (the homogeneous cooling state in the
conventional THS model) rather than a local equilibrium distribu-
tion. A crucial point is that, although the kinetic energy is not con-
served (since collisions between particles are inelastic), the granular
temperature T can still be considered a slow field, as in conventional
fluids. This assumption is clearly supported by the good agreement
found between granular hydrodynamics and computer simulations
in several non-equilibrium situations.””* More details on applying
the Chapman-Enskog method to granular mixtures can be found in
Ref. 37, for example.

Based on the above-mentioned arguments, in the hydrodynamic
regime, the set of Enskog equations (8) admits a normal (or hydrody-
namic) solution where all the space and time dependence of the distri-
butions f; only occurs through a functional dependence on the
hydrodynamic fields #;, U, and T. As usual,”’ this functional depen-
dence can be made explicit by assuming small spatial gradients. In this
case, f;(r,v;t) can be written as a series expansion in powers of the
spatial gradients of the hydrodynamic fields as follows:

=00+ (25)

where the approximation fi(k) is of order k in the spatial gradients.
The expansion (25) yields similar expansions for the fluxes and

. . . the cooling rate when substituted into Egs. (18)-(23):
x (6 81,) |:Az?j+aiinj(6'g12)_ 2 U(a'glz)z 8 " oS e (18)-(23)
X fi(r,vi, 1+ 65, V2, 1). (23) j, = jf.o) +jfl) 4., p=pO 4 pO L ... (26)
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q:q(0)+q(1)+..., gzg(0)+(‘;(1)+..4. 27)

Although the partial temperatures T; are not hydrodynamic quantities,

they are also involved in the evaluation of the bulk viscosity”” *' and
the cooling rate.*” Its expansion is
=T+ 1V ... (28)
Finally, the time derivatives 0; must be also expanded as
a=0"+o" + . (29)

The action of the time derivatives 8,(k> on n;, U, and T can be
obtained from the balance equations (11)-(13) after taking into
account the expansions (25)-(27) and collecting terms of the same
order in the spatial gradients. Moreover, in the presence of the
gravitational field, one has to characterize the magnitude of the
force relative to spatial gradients. As for elastic collisions,”” we
assume here that g must be considered to be at least of first order
in spatial gradients.

As usual in the Chapman-Enskog method,”” the hydrodynamic
fields n;, U, and T are defined in terms of the zeroth-order distribu-
tions f; 2

Jdv(f,-ffi(o)):o, i=1,..s (30)
i[dv{ v—vz}<, f ):{o,o}. (31)

i=1

As a consequence, the remainder distributions of the expansion (25)
must obey the orthogonality conditions as follows:

Jdvf,.(” -0 (32)

and

gjdv{mv

VZ}f,.“‘) = {0,0}, (33)

for k > 1. The identities (33) lead to the constraints

N N
Y =0, Y ur¥ =0, (34)
i=1 i=1

for k > 1. As expected, the second condition in Eq. (34) prevents
that the (global) granular temperature T is affected by the spatial
gradients.

What follows uses Latin indices to label the particle species (run-
ning from 1 to s) and Greek indices to label the spatial dimensions
(d = 2 for disks and d = 3 for spheres). In addition, Einstein summa-
tion convention over repeated Greek indices is assumed in this paper.

A. Zeroth-order approximation
In the absence of spatial gradients, the Enskog equation (8) reads

Vo3 o {VVZ@
j=1

<o>] ’ (35)

where

pubs.aip.org/aip/pof

1§ il 0] = ot Jdv2 Jd& O(—6 - g, — 2Ay)

(=6 - 81, — 28)05 " (V) (v7)

— oty Jdvz Jd& 06 -g,)6 - g,)f"

< (V)" (v2). (36)

The balance equations to this order give

0 =0"u, =0, T'9VT=—(0. (37)

Here, the cooling rate C is determmed by Eq. (23) to zeroth order.
After performing the angular integrals, {* can be written as

27‘[ 7
T anT ZZJU i) ij Jdvl Jdvz
2
Ai].

Vr

« d+1 gt J €%y
o) )
2 2

1— o 3
ij g
- 7r ( dljr 3> P (vl)fj@ (v2). (38)
2

Upon obtaining Eq. (38), use has been of the result”

k+1
Y
b= 4606 g6 8,) =n7 2L (9)
(k + d)
r(2—=
2
for positive integers k. Here, g,, = g,,/g12-
The time evolution equation for the partial temperatures T( )
be easily derived from Eq. (35) and the definition (17):
OV = ¢, (40)
where the partial cooling rates (o ./ are given by
L 5 00 (0
glgo) — Jdvm,-vz],-( P A (41)
dn,-Ti( 0 ; ! |:f Jj }
The relationship between the cooling rates {*) and 4’
=3 x, (42)
i=1

where x; = n;/nand y; = Ti<0> /T are the concentration (or mole frac-
tion) and temperature ratio of species i, respectively. Combining Egs.
(37) and (40), one gets the time evolution of the temperature ratio

2i(t) = T () /T(1) as
O 1y, = (O — (. (43)

According to Eq. (37), the Enskog equation (35) can be
rewritten as
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aﬁ }:JU{VV . (44)

As for the conventional THS model, the exact solution to Eq. (44) is
not known to date. However, in the hydrodynamic regime, dimen-
sional analysis and symmetry considerations yield the scaled solution

FOVit) = non(t) oAy, Lj=1,..s (45

where ¢ = V /vy, and vy, (t) = /2T(t)/m is a thermal velocity of the
mixture defined in terms of the granular temperature T'(¢). In addi-
tion, Aj; = Ajj/vey and 1 = } 7, m; /s is the average mass. It is impor-
tant to remark that the consistency of the scaled solution (45) has been
confirmed by computer simulations performed for the A-model for
monocomponent' "’ and multicomponent’® granular gases. The
Enskog equation for the scaled distributions ¢;(c) can be easily
obtained from Eq. (45) as

0o,
CO ( C(p + Z ( aAf)}k) Z ]1] |(P,, q)] (46)
]
d

where {j = C(O)/y, O Ufll]]lgo)/(n v), v = ng? vy, is an effective
collision frequency, and G=>,0i/s
Since in this apprommatlon the distribution functions f, are iso-

tropic in velocity space, then j; © = q” =0 and Pilf = pd;p. The
hydrostatic pressure p = nTp*, where

ndl2

p* =1+ 72 yjinafjl.xi]—x,-xj
ar(9)

1+ “ij)“/i

ij

+\/— (d'2|‘1> J J £
X %(Cl)ﬁl’j(cz)] . (47)

1. Steady solution: Maxwellian approximation

An interesting particular case corresponds to the steady state
solution to Eq. (44). In this situation, 6 T 8 T< ) — 0 and hence,
according to Eqs. (37) and (40), the cooling rates Van1sh

(0= ==t =0 (48)

N

According to Eq. (41), determining the zeroth-order contribu-
tions to the cooling rates requires knowledge of the distribution func-
tions f (V). In the steady state and for elastic collisions, y; = 1 and
Aj; = 0 and the solution to Eq (46) is the Gaussian or Maxwellian dis-
tribution ¢, (c) = @,(c) = --- = @,(c) = n 42, However, an
exact solution to Eq. (46) has not yet been obtamed for inelastic colli-
sions. A systematic approximation for the isotropic distributions ¢;(c)
can be found by expanding them into a complete set of orthogonal
polynomials with a Gaussian measure. In practice, generalized

pubs.aip.org/aip/pof

Laguerre or Sonine polynomials Sl(,i) (?) are used in kinetic theory.”””

Thus, @;(c) can be written as
1+ a)s)) ()

p=1

@i(c) = @;nm(c) ) (49)

where the cumulants a‘[(,i) are given in terms of the velocity moments of
;. However, results obtained for binary granular mixtures™® have
clearly shown that in general the magnitude of the coefficients a,” is
very small. For practical purposes, one can therefore take the

Maxwellian approximations
Pim(€) = nfd/207/26—{),c27 (50)

or equivalently

m; 92 m;V?
Siel¥) = (2nT.<°>) P <_ 2T.(°)) (51)

1 1

to estimate the zeroth-order contributions to the cooling rates. Here,
0; = m;/ (my) In this approximation, the (dimensionless) cooling
rate {; = C / v =3 .x7;{7 where the (dimensionless) partial cool-

ing rates (; = (; © /v are given by”°

AR S g\ 2
= () a0 )
ar(4) 7
2
1 an?? g\
ar{-|) =t
9
« A* ”Jl ‘]91/2 1+ 0 1/2 — 1+ (1 + o) (1 + 0
Hii NG ( i) #i (1 + ) i) |
(52)
where 0;; = m; TJ / m;T, , glves the ratio between the mean square

velocity of the particles of the species j relative to that of the particles
of the species i. In addition, the (reduced) pressure p* can be finally
written as

i/

pr=1+—— ] Z,uj,nal]/qx,xj
ar(?)

(1 + o)y,

ij

2 m; 0; +0;
()] -

The theoretlcal predictions of the dependence of the temperature
ratio T / T on the parameter space of a binary granular mixture
have been recentlyZ(’ compared against computer simulations. Since
the comparison shows in general a quite good agreement, one can con-
clude that the estimate (52) is quite reliable for not quite strong values
of inelasticity and/or for moderate densities.

IV. FIRST-ORDER APPROXIMATION—MASS FLUX AND
PRESSURE TENSOR

The implementation of the Chapman-Enskog method to first
order in the spatial gradients follows similar steps as those made in the

conventional THS model for dense granular mixtures"”** and more
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recently in the A-model for dilute granular mixtures.””** Some mathe-

matical details are provided in Appendix A and only the final results
for the integral equations verifying the kinetic transport coefficients
are displayed in this section.

As expected, the first-order velocity distribution function
fi(l) (r,v;t) is given by

(V)= A(V) - VInT + isﬁ(v)

=

2
X <8[gUg +0,Up — =08V - U) +Di(V)V-U. (54)

-V In i’lj + C,‘,;Lﬁ(V)

N | =

d

The unknowns \A;, Bj;, C; 5, and D; are the solutions of the fol-
lowing set of coupled linear integral equations:

DA; 1 aln«:;;) ,
e (- ) A

-y (J,.§°> (4.7 +
=1

oy %’-”;f i(,ém ENE

WWQ&D:&v (55)
7O [f,-(o)7 sz] )
=B+ n 85 A, (56)

501/ >
—(O = (LS—O) [Ci,w,]?(o)} +],-§-0> [ i(0)7Cj‘)/}i|> =Cip, (57)
=1

8T
(0) s
S LT

j=1

,4'(

JrLg(o) [fi(O)aDjD - D, (58)

where the quantities A, By, C, Jp> and D; are defined in terms of the
zeroth-order distributions f . Their explicit forms are provided in
Appendix A. The first-order contribution to the cooling rate { (LD i
given in terms of the unknown D; and is defined in Eq. (A15).
Moreover, in Eq. (55), we have introduced the shorthand notation

aA* - ZZ Av 8A* ' (59)

In the particular case A;; = A", only one of the s(s + 1) /2 terms of the
identity (59) must be considered. In the low-density limit (n,-a? — 0),
Egs. (55)-(58) are consistent with those obtained in Ref. 28 from the
Boltzmann kinetic equation.

As mentioned in Sec. I, although the solution to Eqgs. (55)-(58)
allows us to obtain the complete set of Navier-Stokes transport coeffi-
cients of the mixture, in this paper, we will focus on the explicit deter-
mination of the diffusion transport coefficients and the shear and bulk
viscosities. This will be carried out in Sec. V.

A. Diffusion transport coefficients

The constitutive equation for the mass flux jgl) to first order in
spatial gradients can be written using simple symmetry arguments. As

for the IHS model,”*’ the mass flux is given by

pubs.aip.org/aip/pof

pD{VInT. (60)

i = - Z i ’Zf"f DyVinn —
=1

According to the constraint (34), Y ;_, jl<1> = 0.In Eq. (60), Djj are the
mutual diffusion coefficients and D! are the thermal diffusion coeffi-
cients. The mass flux has only kinetic contributions. The transport
coefficients D] and Dj; can be easily expressed in terms of the solutions
of the integral equations (55) and (56), respectively. Since the first-
order contribution to mass flux is defined as

i = Jdv m VD (V), (61)
then, the diffusion transport coefficients can be identified as
T mi
Df = —— | dvV - A,(V), (62)
dp.
Dy=—-"F Jde - By(V). (63)
mjn;

B. Pressure tensor

The constitutive equation for the first-order contribution P!) to
the pressure tensor is”*

2
Pi}; = -7 (6;LUﬁ + 8/)’U/» — Eé)ﬁv . U) — (3;,/;?7hv - U, (64)

where # and 1, are the shear and bulk viscosity coefficients, respec-
tively. While # has kinetic and collisional contributions, 1;, has only
collisional contributions. As in the case of the diffusion transport coef-
ficients, since

N

K — Zjdv miV, VY (V), (65)

i=1

then the kinetic contribution #, to the shear viscosity 1 can be
written as

S
=> (66)
i=1
where the partial kinetic coefficients /¥ are defined as

k___ bV
T AT )d -

In Eq. (67), we have introduced the polynomial

J dVRM/; (V)Ci‘/l/ﬁ (V) (67)

Ri (V) =m; (VAV/; - é V251/3> ) (68)
Note that upon writing Eq. (67), we have accounted for that C; ;5(V) is
a traceless tensor.

The collisional contributions to the pressure tensor PE}) have
been worked out in Appendix B. From these contributions, one can
identify the collisional contribution #. to # and the bulk viscosity coef-
ficient 1;,. The coefficient #,, can be written as

1 11
nb=n§>+n§), (69)
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where

nd/2 s s
ny = BN > oyt gymin
er()

=1 j=1

(d+1) r@

N () A
NG r(d+3)( Ty, T4, (0
2
II S N
7];, Z Z nin;o ,]Az]“]z
ar= i=1 j=1
(2)
C d (71)
x |1+ o +40i751”A* @;
EARV: (d+1> i |
I
2
Here, I,’% and I,’,’b are the dimensionless integrals
~ | der [ dergioteny e 72)
and
1" * 2 d
I = Jdcl Jdcz I (Oicl — 5) ?;m(€1)pj(c2), (73)

where g, = f%lz /vi and the coefficients w; define the first-order con-
tributions T to the partial temperatures ™ as T( )= =w;V-U.
The colhswnal shear viscosity coefficient 7, is

22 &

Me = ZZ 1 ZJ/CtJ
FORE

HJ' ( +O€~)+L
(d+2) Y r(d+1)

(3) 2
2) mymily (6 S )
A% |7 74
r(d+1) G <0i+0j it Y
2
where the dimensionless integral I, is
ne = Jdcl Jdclgl*z lgrzzngZyQDzM(cl)q)]M(CZ) (75)

In the limit of mechanically equivalent particles (m; = m,
o;i =0, and o; = a), ; = 1, w; = 0, and Eqs. (69)-(75) agree with
previous results'” derived from the Enskog equation for monocompo-
nent granular gases. In addition, when A}, = 0, the results are consis-

tent with those obtained in the conventional IHS model.****

C. Steady state conditions

As is the case with dilute granular mixtures,” determining the
kinetic contributions to the diffusion transport coefficients and shear
viscosity requires numerically solving first-order differential equations
in the dimensionless parameters Aj,. Years ago, this type of study was
carried out within the A-model for a monocomponent dilute granular

gas."” However, the goal of the present work is to obtain simple analyt-
ical expressions for the transport coefficients. Thus, the relevant state
of a two-dimensional, confined granular mixture with a stationary
temperature is considered. In this case, the constraints (48) apply and
hence, the integral equations (55)-(57) associated with the transport
coefficients DiT, Dj;, and 7, respectively, reduce to

oc; .
b (1 ] 0 .4]) = 0

- Z (79 By f] + 1 £, By ) = By + nj%C—fAi, 77)
(=1 7

- i <],§-0> [Ci,i/hﬁ(())] + ],5-0) [fi(o),Cj‘;/;}) = Cip. (78)
=

V. SONINE POLYNOMIAL APPROXIMATION

As usual, obtaining the explicit forms of the kinetic transport coef-
ficients requires resorting to the leading terms in a Sonine polynomial
expansion of the unknowns \A;, By, Ci;p, and D;. Additionally, to
obtain the collision contributions to the shear and bulk viscosities, the
integrals I, I; and I; and the first-order contributions @; to the par-
tial temperatures T; must be estimated. However, since determining the
coefficients @; is a quite difficult task that is beyond the goal of this
paper, we will neglect the contribution of @; to #, and hence 1, ~ 7157 ),
This approximation is justified, as previous results obtained for the ITHS
model™ have shown that the influence of the coefficients @; on 1, is in
general quite small. We expect this feature to be present in the A-model
as well.

To estimate the integral I; appearing in the expression of 71571),
one takes the Maxwellian approximation (50) to the scaled distribu-
tions ¢;(c). This integral can be performed by the change of variables
gL, =c — cz and 612 = 0;c; + 0jc;, where the Jacobian is
(0; + Oj) . The result in the two-dimensional case (d = 2) is

L, = v <0i . Oj) , (79)

2 0,0;
while the integral I;, appearing in the expression of 17, for d = 2 is

3/2
3 0; + 0;
Im—nﬁ< 00, ) : (80)

With these expressions, 11(;) and 7, for d = 2 are given, respectively, by

1/2
0; + 0;
(I) \/_ZZn nio Uyl]m,]vth < Q,Hj J) ¢! +au)+qu ,

i=1 j=1

(81)

ne = ZZT’I] 1/1] ml]ml

wi(1+ o) + —=—
11] a ’ \/_mV1

0. 12
_J A
. (0; 0 + @-)) g

Equations (81) and (82) agree with the results derived in Ref. 17 for
mechanically equivalent particles and those obtained in the conven-
tional THS model."”"*

(82)

1
k (I
ni Enb ’
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A. Diffusion transport coefficients

As mentioned before, the diffusion transport coefficients D,.T and
D;; have only kinetic contributions. They are defined by Egs. (62) and
(63), respectively. To estimate them, as usual, we consider the lowest
Sonine approximations for .A; and 18;;. Since they are vectorial quanti-
ties, then their leading order Sonine polynomial is proportional to V,

namely,
p
Ai(V) — — WD,.TJ‘,-‘M(V)V, (83)
zP,
Bji(V) — —— Difim( (84)
panx

where f;m(V) is defined by Eq. (51). Multiplication of Egs. (76)
and (77) by m;V and integration over velocity leads to the algebraic
equations obeying the diffusion transport coefficients. They are

given by

N

10 )
Z(V7J+EVA aA*é

=1
* (0)
_ ppif, 1 *alnp) n;T; < 1 81ny,>
TR <1 A )T, U zA BN

/2

n T~ 4 2 m,J
+ i oy | (1 + o)
2
0 12 1 Olny
— ) A (1-=A j) 85
X (9(6,+0)> ,]:|( 2 aA* ’ ( )

P 841 pT Mi\  piop

i D - 51 n; : ——t=
ZV et = i On, + (% it anj) m; On;
il

pTp;
Z 1//(1[:“(1{
dr(_>
2
4 A 0+ 0\ 1n
+ i (o) U 2,

Olny; ay
><<] o /+L@>]+ %j
0;

my

1+ oy 2 A:}

In Egs.

the collision frequencies

1 S
Vii = —mz Jdv m;V - ]i(jo) &1MV,ﬁ(O)} ) (87)
n; T; j#i
1 [ ..

Upon obtaining Eqs. (85) and (86), use has been made of the

results

1+a,[)(rf; e
1
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)

my ﬁmw

: (0/,(01'4-00)1/2} } (86)

(85) and (86), the quantities I;;; are provided in Appendix D
for a granular binary mixture (s = 2). Moreover, we have introduced

pubs.aip.org/aip/pof

aﬁ”} 2

oT ()

2 m; 0; 12 .
+Tﬁ< 0,00, +9)) Aﬁ]

[deV ICij n,»njo*g-x,»jT (1 + o) pyp;

!
SARSS

Olny,
X (17%&‘ QZ:J), (89)
/2
o T Vi
Jdvmlv,clf[f} :| - r(d) n’n.l 1]71]mIJT ( +alj)<ml+%)
2
. 1/2
4 Ay (0 +0;
+\/——;( ) ]7 (90)
9 (0) d/2
JdeV ICit {”J g :n_d"i”jaleizmz‘/T Oje | (1 + o)
(3)
2
/2
Vi, Ve 4 A, (0;+ 00\
) (mi+ )+\/_m ( 0,0,
(?W (l +OC,/) 2 A;
Ty | e mm,

0, 1/2
s (0@(0,- + 05)) ] } oy
As in the case of I’

1 the colhslon integrals (89)-(91) have been evalu-
ated by approachmg f ( ) by its Maxwellian form f; (V) and by
following similar steps as those made for the conventional IHS

model.””** In the Maxwellian approximation, one may use the follow-
ing identity:
Ifim 10 ( 1 ,0ln ,)
T2 = = = (Vi) |1 —-2A* L. 2
3T 5oy (Vis) S8 Sh (92)

Slmllarly, explicit expressions of ; and v;; can be obtained by replac-
ing f — fim. They are given by

/2
opd-1)/2 s . 0; + 0; '
Vij = Td) Uth Z njo-ij Xt]:u]l 0191
ar( - i#i
x (1 4 ay) + x/_A,,} : 93)
2rld-1)/2 (ei AR
Vij = 771}&]1’10 /Cz]:uz] W
dr (i) Y
2
(1 + O‘zj) + ng ) l #] (94)
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When A =0, Egs. (89)-(94) agree with previous expressions
obtained 1n the ITHS model.**** Additionally, in the tracer limit
(x; — 0), Egs. (89)-(94) are also consistent with the results derived
within the A-model for moderate densities.”’

B. Kinetic shear viscosity coefficient

The kinetic contribution 7, to the shear viscosity coefficient is
defined in terms of the partial kinetic contributions #¥ by Eq. (66).
As in the case of the diffusion coefficients, to obtain the kinetic
coefficients ;¥, one takes the leading Sonine approximation to
Ciip(V),

k
Cisn(V) = ~fisa(V) — o Risp (V). (95)

il
Multiplication of Eq. (78) by R; ;5(V) and integration over v allows us

to get the algebraic equations obeying the kinetic coefficients 1*. After
some algebra, one achieves the result

=
where
Q=nT"+ ——— Zn] UX:]{ + o)
dd+2)r (2>

0: + 0; (7 = )
(3o — 1) —4———"2| —4A;
( 01_9]_ )ﬂﬂ(?)ocj ) P mj i
1/2
0; + 0; 20;
—4 i)l — 2A% b
(n@,ﬁj) 0;+0; #5i(1 + o) il } (97)

To obtain Eq. (97), use has been made of the result

9 -(0)
JdV R,-\M;(V)’C,-j‘;. |:]§
0 + 0;
00;

8V,g
(7 = )T + 2471 (d - 1)x;

d
_ ai mij
—241(d - l)x]< J> %flij¢i(1+ocij)

X (3o — 1) — 4mi o

« (% dmu v AN
g m l] i t] TEG,GJ

2,uj,A*} (98)

20,
- [Hi cg )

where we have made the replacement ]3@ — fim and have introduced
the partial volume fraction of species i as

/2

In Eq. (96), we have introduced the following collision frequencies:

n,-afl. (99)
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1 1 (0)
R CEVCEs e (ZJ Rl fibian

1

+ JdVRi,Z/f]lgO) [fl_(m fimRi, M] ) : (100)
TRV JV ol
X [fl >]§,MRj,A[f]u i ?éj~ (101)

A good estlmate of 7;; and 7;; can be obtained by replacing the true dis-
tributions f with their Maxwellian forms f; . Appendix C contains
the explicit expressions of these collision frequencies for the sake of
completeness.

C. Mechanically equivalent particles

Clearly, the expressions for the coefficients Dy, D}, 1, and 1,, dis-
played in Subsections VA and V B exhibit a quite complex depen-
dence on the parameter space of the mixture. Thus, it is convenient to
consider some specific limiting cases to more clearly see the impact of
each parameter on the transport coefficients. One of the simplest situa-
tions is a mixture constituted by mechanically equivalent particles
(m; = m, 0; = 0, Aj = A, and o;; = ). In this limiting case, since
% = x and y; = 1, careful analysis of Eq. (85) shows that its right
hand side vanishes, so the thermal diffusion coefficient DiT =0, as
expected. In the case of the coefficients Dj;, let us consider a binary

mixture for the sake of simplicity. In this case, since j(ll) = —jg”, then
D,; = —Dy; and Dy, = —Dy,. Additionally, as expected, according to
Eq. (86) Dy; = —(n1/n2)Dyy, and the constitutive equation for the
mass flux becomes

iV = —Dy V. 102

h = self V X1, ( )
where x; = n;/n is the mole fraction or concentration of species 1
and the self-diffusion coefficient D¢ in the two-dimensional case is

-1
Des = vmT/n (1 +a+ \/EA*> . (103)
ay

The expression (103) agrees with the results derived in the tracer limit
when the intruder and granular gas particles are mechanically
equivalent.”'

We consider the shear viscosity coefficient #. For mechanically
equivalent particles, @; = 0 and so, né U = 0. Furthermore, the colli-
sion integral (98) reduces to

8-6(0)
BV/;

JdVR;,;ﬁ(V)ICij‘i =24d - )x,xquﬁnT{ (14 a)(1 — 30)

\/%(1 + 20) + A } (104)

where ¢ =), ¢; is the total volume fraction of the mixture. For the
sake of simplicity, let us consider the bidimensional case. In this case,
to display the expression of 1 for d = 2, it is convenient to define it in
dimensionless form, namely, n* = /1, where

— A"
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7\Wr (105)

Mo = 20

is the low-density value of the shear viscosity in the elastic limit. The

expression of n* is
1 2
1+¢x<1 +o+ \[A*>
2 T

(1+2)(1—3a) — 4\/%

}, (107)
* 8 2 T *
My=—¢ X<1+a+\/;A>. (108)

In Egs. (106)-(108), the (reduced) collision frequency 1/,*1 ford =21is
given by

v —3y{(7—o¢)(1+a)+2\f_ﬂ(l —a)A” —gA*Z :

n=

* 1 *
”k + 5’1% (106)

where®

1
* __ oox—1 N
nk_l/n {14¢A

x (14 20)A* — 4A*™

(109)

T 871\3

The (reduced) cooling rate {* for mechanically equivalent par-
ticles is

d—1
212

In the steady state, the cooling rate vanishes. Thus, according to Eq.
(110), the condition {* = 0 yields a quadratic equation in A* whose
physical solution (i.e, A* = 0 if o« = 1) provides the o-dependence of
A" 1t is given by

ok

7(1 = 22 — 2072 — \V21m0A"). (110)

o2

1+4(1_°‘2)—1} (111)

For identical particles, we have that A® = A//2T /m. Thus, at given
values of a and A, Eq. (46) gives the value of the stationary tempera-
ture. It should be noted that the relationship (111) has been tested
against MD simulations, showing excellent agreement with deviations
smaller than 2%, except for small values of the coefficient of restitution
and/or high densities."'

Figure 2 plots the dependence of the (scaled) shear viscosity
17" (o) /17*(1) on the coefficient of restitution o for two different values
of the packing fraction, ¢: ¢ = 0 (dilute granular gas) and ¢ = 0.314
(moderately dense granular gas). Here, " (1) refers to the shear viscos-
ity for elastic collisions. The theoretical results obtained for the dense
case are compared with those obtained by performing MD simula-
tions."* For a given density, we observe that shear viscosity decreases
with increasing inelasticity. Furthermore, for a given value of o, the
shear viscosity (scaled with respect to its elastic value) decreases with
density. Regarding the comparison with MD simulations, we can con-
clude that the kinetic theory results qualitatively reproduce the trends
observed in the simulations, despite the relatively high density. At a

pubs.aip.org/aip/pof
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FIG. 2. Plot of the (scaled) shear viscosity coefficient #*(c) /#*(1) as a function of
the coefficient of restitution o for d = 2 and two different values of the solid volume
fraction ¢p: ¢ = 0 (a) and ¢ = 0.314 (b). The solid lines correspond to the results
obtained from Eq. (106). Symbols refer to MD simulations carried out in Ref. 14 for
¢ = 0.314.

more quantitative level, the discrepancies between the two become
more significant as inelasticity increases (let us say when «=<0.7).

VI. GRANULAR BINARY MIXTURES

The results displayed in Sec. V apply for a mixture with an arbi-
trary number of species. To illustrate more clearly the dependence of
both the diffusion transport coefficients and the shear viscosity on the
parameters of the mixture, we consider in this section a binary system
(s = 2). In addition, for the sake of simplicity, we will assume that
A}, = Ay, = A}, = A". This means that the effective mechanism to
transfer the kinetic energy injected by vibration in the vertical direction
to the horizontal degrees of freedom of grains is the same for all the
species.

As said before, in the case of a binary mixture (since

jgl) =— jgl) ), one has the following relations:

m m
D21 :7711)117 D22:771D123 D’1T:7D’2T (112)
My my

The expressions of the dimensionless transport coefficients Dj,, Dj,,
and D;T are displayed in Appendix D where

mimjVD

v
e Prpr. (113)

*T
b; Toar

o
Dij*

Before examining the dependence of the transport coefficients on
the system’s parameter space in the dense regime, it is helpful to con-
sider the low-density limiting case (¢; — 0).

A. Diffusion transport coefficients: Low-density limit
In the dilute regime, Egs. (D3), (D5), and (D6) reduce to

1 8”/1) P1
by ZAF _PA
DT — ™ (/1 2 o) p (114)
! . 190G ’
RPN
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o 0
E)QOD*TJFy —I—xlxza—h—&
D, =21 ~ i N (115)
D
gCOD*T—’— lgh P1
D, = al — NP (116)
D

where v}, is given by Eq. (D4) with y;, = 1. To compare with the
expressions derived in Ref. 28, one has first to express the mass flux

]( ) in terms of the spatial gradlents Vxl, Vp, and VT. In this repre-

sentation, the mass flux is written as™

iil) = ml;HZanxl —;Dpr - —DTVT (117)

where for a dilute granular mixture p = nT. In the dimensionless

form, the relationship between the coefficients Dj;, D},, and Dj”

and the coefficients D* = (mimyv/pT)D, D, = (pv/nT)D,, and
D = (pv/nT)Dr is

D" =D}, —D;,, D, =xDj +xDj,, (118)

D; = DT — xlDYl — xZDTZ' (119)

Substitution of Egs. (114)-(116) into the relationships (118) and (119)
yields Eqs. (102)-(104) of Ref 28. This shows the consistency between
the results derived here for the diffusion coefficients of dense granular
mixtures with those derived in the low-density limit.”*

In contrast to the monocomponent limiting case, for which the
dependence of A™ on « is explicitly given by Eq. (111), the dependence

of A" and Tf()) / TZ(O) on the parameters of the mixture is determined by
numerically solving the set of coupled equations {; = 0 and {; = 0.
An estimate of the partial cooling rates {; by assuming Maxwellian dis-

tributions for the zeroth-order solutions fi(o) (V) are given by Eq. (52).
As previously mentioned, the forms (52) yield good agreement with
computer simulations for both A" and TI(O) / Tz(()).%

Figure 3 shows the (reduced) diffusion transport coefficients
D;(2)/D; (1), Diy(2) /Dty (1), and D;T(a)/D;T(1) as functions of
the (common) coefficient of restitution o;; = « for d = 2 and x; = 0.5.
Three different mixtures have been considered in the low-density
regime (¢ = 0). For hard disks (d = 2), the solid volume fraction ¢ is

b= (”1‘71 + ”2‘72) (120)

Here, D, (1), D}, (1), and DTT(I) refer to the values of the diffusion
coefficients for elastic collisions (¢ = 1). It must be recalled that A* and
fo)/ Tz(o) change in Fig. 3 with the parameters of the mixture. Although
the deviations of the diffusion transport coefficients from their forms for
elastic collisions in the A-model are generally smaller than those in the
conventional THS model,”*** we observe that the effect of inelasticity on
mass transport in two-dimensional, confined granular mixtures can be
significant, especially for mixtures of particles with the same mass density
(the case 0,/0, = 3 and m; /m, = 9). Regarding the dependence on
the mass ratio, we find that the (dimensionless) coefficients Dj; and Dj,
increase monotonically with respect to their elastic forms with decreasing
o (ie., as the 1nelast1c1ty in collisions increases), except for D}, when
my /my = (61/0,)> =9, where this coefficient exhibits weak non-
monotonic dependence on o for relatively high inelasticity.
For the thermal diffusion coefficient, D}’ it is apparent that, for
a given diameter ratio, the coefficient increases with inelasticity when
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FIG. 3.Plot of the (dimensionless) diffusion coefficients Dj,(e)/Di; (1),
sz(a)/sz(D, and D;7(x)/D;T(1) vs the (common) coefficient of restitution
o = o for d =2, x =05 ¢ =0, and three different binary mixtures:
0‘1/0'2 —2 m1/m2 —2 ); 0'1/(72 —2 m1/m2 =05 (b), and (71/0'2 =3,
my/my =9 (c). Here, D (1), Dj,(1), and Di7 (1) refer to the values of the diffu-
sion coefficients for elastic coIIisions (o =1).
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the mass ratio is greater than 1 and decreases when the mass ratio is
less than 1. Conversely, for m; /m, = 9 (where both species have the
same mass density), the ratio of D; () /D;T (1) decreases monotoni-
cally with decreasing a. Figure 3 also shows that all diffusion coeffi-
cients are positive.

B. Diffusion transport coefficients. Moderately dense
mixtures

Now, we want to assess how density affects the diffusion trans-
port coefficients. As before, we will scale these coefficients with respect
to their values for elastic collisions. Figures 4-6 show the dependence
of the ratios D7, (¢)/D;, (1), Dty (2)/Dj, (1), and DT () /D;T(1) on
the (common) coefficient of restitution o;; = o for three different
values of the solid volume fraction ¢: ¢ = 0 (low-density mixture),
¢ = 0.1 (moderately low density), and ¢ = 0.2 (moderately high den-
sity). Two different mixtures are considered.

As expected, the deviations of the diffusion coefficients from their
elastic forms are generally less significant than those obtained in the

1.04 0,/0,=0.4, m/m,=0.5
x,=0.5
< 1.03
S
S
=102
Q
1.01
1.00 . ‘ . .
05 06 07 08 09 10
o
1.30 ; : .
1251 o,/ 0y,=2, m/m,=2 |
x,=0.5
= 1208 N\(®) 1
S
3 115 1
x = (c)
Q
110} -
(a)
1.05 -
1.00 : : : :

0.5 0.6 0.7 0.8 0.9 1.0

o

FIG. 4. Plot of the (dimensionless) diffusion coefficient Dj; (o) /D5 (1) vs the (com-
mon) coefficient of restitution o;; = o for d =2 and x; = 0.5, and two different
mixtures: o1/a, = 0.5, my/m, = 0.4, and 61/, = 2, my/my = 2. Three differ-
ent values of the solid volume fraction ¢» have been considered: ¢ = 0 (a), ¢ =
0.1 (b), and ¢ = 0.2 (c).
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FIG. 5. Plot of the (dimensionless) diffusion coefficient D, (o) /D3, (1) vs the (com-
mon) coefficient of restitution o;; = a for d = 2, x; = 0.5, and two different mix-
tures: o1/a2 = 0.5, my/my = 0.4, and o1/02 = 2, my/my = 2. Three different
values of the solid volume fraction ¢ have been considered: ¢ = 0 (a), ¢ = 0.1
(b),and ¢ = 0.2 (c).

IHS model (see, for instance, Figs. 5.5, 5.6, and 5.7 of Ref. 37). In gen-
eral, we observe that the three dimensionless diffusion coefficients
increase monotonically with decreasing o, except for the coefficient
Dj, at high density (¢ =0.2) when ¢, > 0, and m; > m,. The
increase in the diffusion coefficients with increasing inelasticity is con-
sistent with the trends observed in the THS model.”” Regarding the
influence of density on diffusion transport coefficients, the effect of
density on Dj; (Dj,) is more significant when the mass and diameter
ratios are greater than (smaller) than 1. The effect of density on the
thermal diffusion coefficient, D;T, is generally weaker than on the
other two diffusion coefficients. Additionally, for a given coefficient of
restitution, we observe that D}, increases with increasing density when
the mass and diameter ratios are greater than 1 and decreases when
they are smaller than 1. However, the opposite occurs for Dj,.

C. Shear and bulk viscosities

In the case of a binary mixture, the shear viscosity
n = nf +nk + 5, where
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FIG. 6. Plot of the (dimensionless) diffusion coefficient D;" () /DT (1) vs the (com-
mon) coefficient of restitution o;; = o for d = 2, x; = 0.5, and two different mix-
tures: a1/a2 = 0.5, my/my = 0.4, and a1/a2 = 2, my/my = 2. Three different
values of the solid volume fraction ¢ have been considered: ¢ = 0 (solid line),
¢ = 0.1 (dashed line), and ¢ = 0.2 (dashed—dotted line).

n’f _ 720 — 11260 ’1;2( _ 1 — 1Y ) (121)

7
T11T22 — T12721 T11T22 — T12721

Here, Q; is given by Eq. (97) and the expressions of the collision fre-
quencies t;; are displayed in Appendix C. For a two-dimensional sys-
tem, the collisional shear viscosity 7, is given by Eq. (82).

The dependence of the (scaled) shear viscosity #*(«)/5*(1) on
the (common) coefficient of restitution o is shown in Fig. 7 for d = 2,
x1 =0.5, ¢ =0.1, and three different binary mixtures. Here, n*
= (v/nT)n and 17*(1) refers to the value of #* for elastic collisions.
Depending on the mass and/or diameter ratios, the ratio of shear vis-
cosities n* (o) /n*(1) decreases with increasing inelasticity or shows
non-monotonic dependence on «. To complement Fig. 7, Fig. 8 shows
the influence of the density on the (dimensionless) shear viscosity. We
plot 1% (o) /n* (1) vs « for two different mixtures and three values of
the solid volume fraction ¢. As with confined single-component gran-
ular gases,'” it is quite apparent that the scaled shear viscosity coeffi-
cient in the A model exhibits weaker density dependence than the
conventional THS model.””"*” We also observe that, when m; < mj,
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FIG. 7. Plot of the (scaled) shear viscosity coefficient #* (o) /5#*(1) as a function of
the (common) coefficient of restitution o for d =2, x4 = 0.5, and ¢ = 0.1 and
three different mixtures: a1/a2 = 2, my/m, = 2 (a); a1/02 = 2, my/my = 4 (b);
and o1/07 = 2, my/m, = 0.5 (c).

the ratio #*(o)/n7*(1) decreases with decreasing o, whereas, when
my > m,, the ratio exhibits a non-monotonic dependence with inelas-
ticity. In the latter case, the shear viscosity of the confined granular
mixture is in general larger than its corresponding value for elastic col-
lisions. Additionally, the effect of inelasticity on the shear viscosity of a
confined granular mixture is much less significant than that found in
previous works in the IHS model (see, for example, Figs. 5.8 and 5.9 of
Ref. 37).

From Egs. (69)-(71), it is clear that evaluating the bulk viscosity
1, requires knowing the first-order contributions @; to the partial tem-
peratures. However, determining the above-mentioned coefficients is
beyond the scope of this paper, as it involves lengthy and complex cal-
culations. On the other hand, as mentioned in Sec. V, according to the
previous results derived from the THS model™ and for low-density
confined granular mixtures,’” the influence of @; on the value of the
bulk viscosity 7, is generally very small. Thus, for practical purposes,
the bulk viscosity 7, can be well estimated by 1121). The ratio
15, (2) /n; (1) is plotted in Fig. 9 as a function of the (common) coeffi-
cient of restitution o for d = 2, x; = 0.5, ¢ = 0.2, and three different
mixtures. Here, 1, = (v/nT)n,, where #;(1) is the (dimensionless)
bulk viscosity for elastic collisions. As with the case of the shear viscos-
ity, we observe that collisional dissipation has a weaker influence on
the bulk viscosity than in the THS model.*’

VIl. AN APPLICATION: THERMAL DIFFUSION
SEGREGATION IN A CONFINED GRANULAR DENSE
MIXTURE

Knowing the complete set of diffusion transport coefficients
allows us to apply our theoretical results to one of the most interesting
problems in multicomponent systems: the segregation and mixing of
dissimilar species or components in a binary mixture. In the context of
granular systems, the segregation problem is relevant not only from a
fundamental point of view, but also from a practical one. This problem
has led to significant experimental, computational, and theoretical
research in granular media, particularly when the system is fluidized
by vibrating walls. In our model, segregation is induced by the
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FIG. 9. Plot of the (scaled) bulk viscosity coefficient #; (o) /1, (1) as a function of
1.06 . the (common) coefficient of restitution « for d = 2, x; = 0.5, and ¢ = 0.2 and
three different mixtures: a1/a2 = 2, my/my = 2 (a); 1/02 = 2, my/my = 4 (b);
and a1/07 =2, my/my = 0.5 (c).
2104 ]
= A binary mixture has been considered here, and, for simplicity, it is
= assumed that, in two-dimensional systems, gradients occur only along
1.02 i the z-axis. Furthermore, without loss of generality, we assume that
/ \ a1 > 0, and that the gravitational field is parallel to the thermal gradi-
7 oy/oy=1, m/m,;=4 N ent, so g = —ge,, where e, is the unit vector in the positive direction
7 x,=0.5 ' of the z-axis. This means that the bottom plate is hotter than the top
1.00 _,// plate, so 0, T < 0 (see, for instance, the sketch of Fig. 10).
. . . . According to Eq. (122), when A > 0, the larger particles 1 rise to
0.5 06 07 08 09 1.0 the top (cold) plate, since 0, In (n;/n,) > 0. We recall that this effect
o is usually known as the Brazil nut effect (BNE). Conversely, when

A <0, the larger particles 1 sink to the bottom (hot) plate, since
FIG. 8. Plot of the (scaled) shear viscosity coefficient 17" (cz) /17" (1) vs the (common) 0. In (ny/ny) < 0. This effect is known as the reverse Brazil nut effect

coefficient of restitution o;; = oo for d =2, x4 = 0.5, and two different mixtures: (RBNE). Now, we write the thermal diffusion factor A in terms of the
o1/ay =1, my/my = 0.5, and g1/a, =1, my/m, = 4. Three different values of (dimensionless) diffusion transport coefficients D:,, D},, and D;T.
:zzszggd”r\]’g’u;z gac:no& 2‘? dg:r\]’: d—bdegt?e(;:?igzl)(,jered. ¢ =0 (solid line), ¢ = 0.1 First, the momentum balance equation (12) leads to

. . _ _— o - —Pg; (123)
combined effects of gravity and a thermal gradient. The objective here 0z
is to extend our previous results (which were derived for dilute systems
with arbitrary concentration””’ and for moderate densities in the g |o,T
tracer limit’') to arbitrary concentrations and moderate densities. ‘ Cold plate
Thus, our present study encompasses the previous two works, "’ T )
whose results are recovered when appropriate limiting cases are taken. BNE O O O | o ° Q

Thermal diffusion is well-known to be caused by the relative (A >0) O " Q@ ()
motion of species within a mixture due to a thermal gradient. The o I RBNE
motion of the species of the mixture gives rise to concentration gra- () Q .. t O (A <0)
dients that lead to diffusion processes. A steady state is reached where 2 o Qo | O o O
the segregation effect from thermal diffusion is balanced by the mixing k
effect of ordinary diffusion.”” The amount of segregation parallel to the Hot plate
thermal gradient can be measured by the thermal diffusion factor A. X

This quantity is defined in an inhomogeneous non-convecting

(U = 0) steady state with zero mass flux (j, = 0) as FIG. 10. lllustration of the segregation process behavior in a granular binary mix-

ture. The BNE effect (A > 0) occurs when the large (brown) particles tend to accu-

¥T:95:9T 9202 U2 JaN ST

olnT 9 n mulate near the cold (top) plate of the system. The RBNE effect (A < 0) occurs
—A % o2 <—) (122) when the large (brown) particles tend to accumulate near the hot (bottom) plate of
z z \m the system.
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where we have accounted for that Pj; = pd;;. According to Eq. (53), the
hydrostatic pressure p = nTp*, where the dimensionless pressure p*
depends on z through its dependence on x;, ¢, and
A" = A/vg,(T(2)). Thus, in the dimensionless form, Eq. (123) can be
rewritten as

8*

x161A1 + 06 ——A* N —(p*+g"), (124)
where
_ O Inn ~ O.lnn,
Alfazlnjﬂ zfalnT, (125)
a0 O 8p*
1 9P e PO
=T o, p + 13¢+2 (126)
_1 Op ., $0p" BP*
e —pr 22 127
= o, P T 0 Mo (127)
and
_ P (128)

()
0z

is a dimensionless parameter measuring the competing effect between
gravity and thermal gradient on segregation. In addition, according to
the constitutive equation (60) for a binary mixture, the steady state
condition ;5 ) yields the following relationship:

—DiT = x)A\D}, + x,A,D5,. (129)

The solution to the set of linear equations (124) and (129) for A; and
Az is

0,
(p*-i— —7A* p )D* — DI
A= Ly . (130
xl(C—ZDu - &Dy,)

* * * * 8 *
&DfF — (P +8 **A 19‘2 )Dn
% (605, — lelz)
According to Egs. (122) and (125), A = Ay — A; and hence the ther-

mal diffusion factor A can be finally written as

A2:

(131)

a *
D*(xi1& +x:6) — (p +g ——A* ai*)(xlD;‘l + x,D7,)

x1%2 (&, Dy — lelz)

A=

(132)

The explicit form of A on the parameters of the mixture can be
obtained when one substitutes Egs. (D3), (D5), and (D6) for the diffu-
sion transport coefficients DI*, D}, and Dy, respectively, and Eq. (53)
for p* (and its corresponding derivatives ¢;) into Eq. (132). This yields
the dependence of the thermal diffusion factor on the parameter space
of the problem, including mass and size ratios, mole fraction,
scaled gravity, solid volume fraction, and coefficients of restitution.
In particular, inspecting the dependence of the denominator
x1%2(&,D;, — £,Dj,) of Eq. (132) on the parameters of the mixture
shows that it is usually positive. Thus, the condition of setting the ther-
mal diffusion factor to zero yields the curves delineating the regimes

pubs.aip.org/aip/pof

between the segregation toward the cold and the hot wall (BNE/RBNE
transition). This yields the segregation criterion as follows:

(xlél +XZC2) (p —|— —7A* 0Z )(xlD’lﬁl +x2Df2). (133)

Since criterion (133) involves many parameters, it is helpful to first
consider some limiting cases to understand the different competing
mechanisms that appear in the segregation problem.

A. Mechanically equivalent particles

In this case, DI* = 0, D!, = —(x,/x;)D!, and hence, Eq. (133)
holds for any value of the coefficients of restitution, masses, diameters,
solid volume fraction, and A*. As expected, therefore, no segregation
appears in the mixture.

B. Low-density regime

For dilute granular mixtures, p* = 1, &, = &, = 1, and the diffu-
sion transport coefficients are given by Eqs. (114)-(116). In this
regime, Eq. (133) becomes

pI' =(1 +¢") (x1Dy; 4 x:D7,). (134)

Equation (134) agrees with the segregation criterion found in Ref. 29
when one takes into account the relations (118) and (119).

C. Tracer limit for moderate densities

In the tracer limit (x; — 0) and moderate densities, x;&; +
%8, = & =p* + ¢pOyp* and Eq. (133) leads to

_ I U
D, = <p* +g ——A ai*)(Du +Dy,), (135)

where D, = x;'D:T and Dy, = x; ! D},. Equation (135) is consistent
with the results obtained in Ref. 31 for the segregation of an intruder
in a granular confined dense gas.

D. Moderately dense regime in a confined granular
binary mixture

We now consider granular binary mixtures with an arbitrary con-
centration at moderate densities. As in Ref. 29, although gravity and
the thermal gradient are of the same order of magnitude in our analy-
sis, it is interesting for illustrative purposes to separate the influence of
each term in Eq. (133) on segregation. Thus, we first consider cases
where gravity is absent (g = 0 but 0,T # 0) or thermalized systems
where the effect of gravity on segregation is much more important
than that of thermal gradient (¢ # 0 but 9,T — 0).

1. Absence of gravity (|g*|=0)

We study here a situation where gravity is absent (|¢*| = 0) and
segregation is induced by the presence of a thermal gradient. In this
limiting case, the condition (133) for obtaining the marginal segrega-
tion curve (A = 0) reduces to

P K * 8 - < *
(x1¢ Jszfz)D;r = (P **A 8Z*)(xlD“ +xDj,).  (136)
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FIG. 11. Phase diagram for the marginal segregation curve (A =0) in the
(01/a2,my/my)-plane for a two-dimensional system with x; = 0.5, |g*| =0, a
(common) coefficient of restitution o = 0.5, and three different values of the solid
volume fraction: ¢» = 0 (a), ¢ = 0.1 (b), and ¢ = 0.2 (c).

A phase diagram delineating the regimes between BNE and
RBNE in the (a;/0,; m;/m;)-plane for a two-dimensional system is
plotted in Fig. 11. The lines are determined from the condition A = 0.
We have considered mixtures with a concentration x; = 0.5, a (com-
mon) coefficient of restitution o = 0.5, and three different values of
the solid volume fraction: a dilute mixture (¢ = 0) and two mixtures
with moderate densities (¢ =0.1 and ¢ =0.2). In general, we
observe that density primarily increases weakly the size of the RBNE
region (A < 0). This means that larger particles tend to accumulate
near the hot plate as the system becomes denser. Additionally, at a
given diameter ratio, the region with larger particles attempting to
move toward the cold plate (i.e., the BNE region where A > 0) appears
essentially when larger particles are much heavier than the other spe-
cies. Comparing these results with those obtained in the conventional
IHS model shows qualitative agreement between both models (see, for
instance, Fig. 5 of Ref. 49).

2. Thermalized systems (8,T—0)

We consider now a problem where the segregation is only driven
by the gravitational force since inhomogeneities in the temperature are
neglected. This limiting situation (gravity dominates the temperature
gradient) can be achieved in the shaken or sheared systems employed
in  numerical simulations and physical experiments.”’ >*
When |g*| — oo, Eq. (133) gives A = |¢*|(x1 D}, + x2D},)/[(x1&
+x,6,)DT*] and hence, the marginal segregation curve (A = 0) is
obtained from the following condition:

X]DYI + XzDTZ =0. (137)

To illustrate this limiting segregation case (|g*| — o00), Fig. 12
shows the dependence of the marginal segregation curve on the coeffi-
cient of restitution o4, for a two-dimensional system. The system
has the following parameters: x; = 0.5, g,/0, =2, oz = 0.9,
o1 = (011 4 %22)/2, and three values of the solid volume fraction
(¢ =0, 0.1, and 0.2). For a given value of the coefficient of restitution
011, we observe that the thermal diffusion factor A is always negative
(RBNE effect) when the larger particles are much heavier than the
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FIG. 12. Plot of the dependence of the marginal segregation curve (A = 0) on the
coefficient of restitution o4y for a two-dimensional system with x; = 0.5,
a1/02 =2, 0gp = 0.9, and o1 = (o141 + 022)/2 and three different values of the
solid volume fraction: ¢ = 0 (a), ¢ = 0.1 (b), and ¢ = 0.2 (c). The limiting case
|g*| — oo is considered.

smaller ones. In this case, the larger particles accumulate near the hot
plate. The effect of density on the marginal segregation curve is also
apparent, as the region where the thermal diffusion factor becomes
positive (and larger particles move toward the cold plate, BNE effect)
increases with increasing density.

3. General case

Finally, we consider the general case for finite values of reduced
gravity, |¢*|. To illustrate this situation, Fig. 13 plots the marginal seg-
regation curve (A = 0) vs the common coefficient of restitution o;; =
o for a two-dimensional system with x; = 0.5 and ¢,/0, =2 and
three values of the solid volume fraction (¢ = 0, 0.1, and 0.2). As can
be seen, the behavior of the marginal segregation curve with inelasticity
is quite similar to that found when |g*| — oco. At a given value of o,
the size of BNE region (A > 0) increases as the density of the system
increases.

A<0 (RBNE)

13 =2
\§N 12 0'1/0'2=2 xl:O.S i
g 1.1+ 4
(b)
1.0+
0.9

A>0 (BNE)

0.8 . . . .
0.0 0.2 0.4 0.6 0.8 1.0

a

FIG. 13. Plot of the dependence of the marginal segregation curve (A = 0) on the
(common) coefficient of restitution o; = o for a two-dimensional system with
x1 = 0.5, 1/ = 2, and |g*| = 2 and three different values of the solid volume
fraction: ¢ = 0 (a), ¢ = 0.1 (b), and ¢ = 0.2 (c).
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To the best of our knowledge, there are no computer simula-
tions available in the granular literature for comparison with the
theoretical results reported here for the BNE/RBNE transition in the
context of the A-model for mixtures. We expect the current results
to encourage the development of such simulations, which will help
assess the reliability of the theoretical results derived for the thermal
diffusion factor A.

VIil. DISCUSSION

In kinetic theory, it is well known that the most accurate descrip-
tion of multicomponent molecular mixtures is based on the revised
Enskog kinetic equation for hard spheres.”””” More than 40 years
ago,”® this kinetic equation was solved by applying the Chapman-
Enskog method”” to first order in gradients. The Chapman-Enskog
method also allowed the identification of the expressions of all the
parameters involved in Navier-Stokes hydrodynamics, including the
equation of state and transport coefficients.

This previous work™® was then extended to granular mixtures,
namely, a mixture of hard spheres with inelastic collisions.”** It is
important to note that modifying the collisions to account for inelastic-
ity yields significant differences from molecular (elastic) mixtures, but
the formal structure of the modified Chapman-Enskog expansion
remains the same. As for elastic collisions,””"* several approximations
(based on the truncation of a series of Sonine polynomials) are
required for practical evaluations.

The objective of the present study is to extend the results
derived in Refs. 43 and 44 for moderately dense granular mixtures
in the context of the conventional THS model to the A-model."" The
A-model is a coarse-grained collisional model that attempts to
incorporate collisional energy injection into the dynamics of granu-
lar particles in a minimal way, particularly in situations that mimic
vertically vibrated and confined systems. As illustrated in Fig. 1, in
this geometry the system is confined in a box in which the z-direc-
tion is slightly larger than one particle diameter. The box is vertically
vibrated, causing the particles to gain energy through collisions with
the walls. This energy gained is then transferred to the horizontal
degrees of freedom of grains when collisions between particles take
place.

Due to the technical difficulties associated with describing this
type of system using kinetic theory, the A-model is usually consid-
ered as the starting point to determine the dynamic properties of the
system. In the A-model, when particles collide, part of the gained
energy (due to their collisions with the vibrating walls) is released
into their horizontal degrees of freedom. The model accounts for
this effect by introducing positive factors, denoted by Ay, which are
added to the relative motion of colliding spheres. The quantities A;;
can be related to the intensity of vertical vibrations in
experiments.”

In the context of the A-model for granular mixtures, two differ-
ent works' """ have recently analyzed transport. However, both stud-
ies considered some special limiting situations. One study'” used the
first-order Chapman-Enskog solution to determine the Navier-
Stokes transport coefficients of a dilute binary mixture, and the
other’' considered binary mixtures at moderate densities in the
tracer limit (namely, when the concentration of one of the species is
negligible). The goal now is to develop a kinetic theory that is valid
for moderate densities and arbitrary values of the concentration of
each species.

ARTICLE pubs.aip.org/aip/pof

Unlike dilute granular mixtures,”” the transport coefficients at
moderate densities generally have kinetic and collisional contributions.
These contributions are expressed in terms of zeroth- and first-order
distribution functions, obtained by solving the Enskog equation using
the Chapman-Enskog method up to the first order of spatial gradients.
Although the exact forms of the zeroth-order distributions, fi<0> V),
are not yet known, the previous work™ has clearly shown that
Maxwellian distributions at the zeroth-order partial temperatures,
T-(O>, are a good approximation for them. The first-order distributions,
fi(ll) (V), are defined in terms of the quantities .A;(V), B;;(V), C;(V),
and D;(V), which obey the set of coupled linear integral equations
(55)-(58), respectively. Solving these integral equations provides the
kinetic contributions to the transport coefficients. However, since the
evaluation of the complete set of Navier-Stokes transport coefficients
for the mixture is quite lengthy and cumbersome, this work addresses
the determination of the diffusion transport coefficients, as well as the
shear and bulk viscosities. We plan to obtain the heat flux coefficients
in a subsequent paper.

The constitutive equation of the mass flux is given by Eq. (60)
where the diffusion transport coefficients D] and Dj; are defined by
Egs. (62) and (63), respectively. These coefficients have only kinetic
contributions. The constitutive equation of the pressure tensor is given
by Eq. (64). The kinetic contribution to the shear viscosity # is pro-
vided by Eqgs. (66) and (67), while its collisional contribution is given
by Eq. (74). As expected, the bulk viscosity 7, has only collisional con-
tributions, which are given by Egs. (69)-(71).

To achieve analytical expressions for the transport coefficients,
the relevant state of a confined mixture with a stationary temperature
has been considered. Additionally, although the analytical results have
been derived in this paper for a d-dimensional system (d = 2 for hard
disks and d = 3 for hard sphere), the case d = 2 has been specifically
considered. This is because the A-model was primarily proposed to
reproduce the results obtained in confined, quasi-two-dimensional set-
ups. We expect the main conclusions reported here for d = 2 to be
similar to those for d = 3.

The explicit forms for the diffusion coefficients D;; and D! and
the kinetic shear viscosity 7, have been obtained by taking the leading
terms in a Sonine polynomial expansion of the first-order distribution
functions. This is the standard procedure for determining these coeffi-
cients for elastic””** and inelastic”’ mixtures. In the case of the bulk
viscosity 77, the contributions coming from the first-order partial tem-
peratures @; have been neglected. This approximation is based on the
results obtained in the THS model™’ where the influence of @; on #,
has been in general shown quite small. We expect that this approxima-
tion is accurate in the A-model as well. Under the above-mentioned
approximations, for binary mixtures, the diffusion coefficients are
given by Egs. (D3), (D5), and (D6), the shear viscosity by Egs. (82)
and (121), and the bulk viscosity by Eq. (81).

To illustrate how the above transport coefficients depend on
inelasticity in a binary mixture, for simplicity, we have assumed a com-
mon coefficient of restitution (o = oy; = oy = 1) and the case
A1 = Ay = Ay, Figures 4-9 highlight the influence of the coefficient
of restitution o on the mass and momentum transport for mixtures
with different densities. As expected from the results derived in the
low-density regime, the impact of o on transport is in general smaller
than that of the conventional IHS model.””"*** Regarding the influ-
ence of density on transport, the effect of the solid volume fraction ¢
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on diffusion transport coefficients and shear viscosity is also weaker
than that found for the IHS model.

We have also analyzed thermal diffusion segregation induced by
both gravity and a thermal gradient as an application of the derived
kinetic theory. In this situation, the so-called thermal diffusion factor
A [defined by Eq. (122)] provides a segregation criterion. An explicit
expression of A in terms of the (dimensionless) diffusion coefficients
D;,, D}y, and DI, the (reduced) pressure p* and the (reduced) gravity
g" is given by Eq. (132). Assuming the lower plate of the container is
hotter than the top plate, when the thermal diffusion factor is positive
(A > 0, BNE effect), the larger particles tend to accumulate near the
cold plate against gravity, while the smaller particles sink to the bottom
plate. When the thermal diffusion factor is negative (A < 0, RBNE
effect), the opposite effect occurs. The condition A = 0 provides the
focus line between the two opposite behaviors. Comparing these
results with those obtained in the low-density regime™"” shows that
the effect of density on the phase diagrams for the marginal segrega-
tion curve (A =0) is generally significant. Specifically, the RBNE
region (A < 0) is increased as the system becomes more dense in the
absence of gravity (see Fig. 11), but decreases in the presence of gravity
(see Figs. 12 and 13).

Since the results derived in the paper have been obtained from
the (inelastic) Enskog kinetic equation, one could speculate about
the range of validity for reproducing the results obtained from MD
simulations. As for molecular (elastic) mixtures, the Enskog equa-
tion provides a semiquantitative description of the hard-sphere sys-
tem that neglects velocity correlations between the particles that are
about to collide (molecular chaos hypothesis). Although the exis-
tence of these velocity correlations restricts the range of validity of
the (inelastic) Enskog theory, the latter can be still considered as a
good approximation (especially at the level of the transport proper-
ties) for both moderate inelasticities and/or densities. In particular,
the Enskog results have been shown in general to compare quite
well with MD simulations’” °” and even with real experiments®"®*
for moderately high densities such as n6*<0.25 for d = 3. In the
case of the A-model, Fig. 2 highlights the good agreement for the
shear viscosity over the entire range of the coefficient of normal res-
titution, even at relatively high density (¢ = 0.314). Thus, within
the context of the A-model, we expect that the range of validity of
the present results to be similar to that found in previous works for
the conventional IHS model.

It is important to recall that our theory applies to relatively dilute
granular materials, in which grains mostly interact through collisions
rather than enduring contacts. This means that, since grains move
quickly, inertial effects become important. To measure the influence of
inertia on the dynamic properties of grains, the inertial number P is
usually introduced. For a monocomponent granular gas,
P =790/\/p/p,,» where 7 is the shear rate and p,, is the particle den-
sity. Since our results are restricted to the Navier-Stokes domain
(where } is very small), the transport coefficients are independent of
the shear rate or the inertia number. An interesting problem is extend-
ing our results to shearing granular flows to determine the nonlinear
dependence of the rheological properties on the shear rate, or equiva-
lently, on the inertia number. This will enable us to compare our
results with those of previous studies on polyatomic molecules”** and
with those obtained using micropolar generalized Navier-Stokes
equations.””

pubs.aip.org/aip/pof

As said before, another future challenging problem within the
A-model is to determine the heat flux transport coefficients for
dense mixtures. Knowing the complete set of Navier-Stokes trans-
port coefficients will enable us to perform a linear stability analysis
of the homogeneous steady state, among other applications. In par-
ticular, since the homogeneous steady state is stable in the dilute
limit,”® we want to see if density corrections to the transport coeffi-
cients can modify the stability of the homogeneous state.
Additionally, the reliability of the theoretical results derived here,
which were obtained under certain approximations, should be
assessed against computer simulations. One possible project is to
carry out computer simulations to measure shear viscosity. As for
dry granular mixtures,”” ** we plan to perform simulations on a
granular mixture subjected to simple shear flow, where the cooling
effects associated with collision dissipation are precisely offset by the
presence of the A parameters in the collisional rules. Work along
these lines is in progress.
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APPENDIX A: FIRST-ORDER APPROXIMATION

Given that the application of the Chapman-Enskog method”’
to granular mixtures has been carried out in several previous papers
(see, for instance, Ref. 37), we provide in this Appendix some inter-
mediate steps in the A-model to achieve the final linear integral
equations defining the Navier-Stokes transport coefficients. To first
order, the Enskog kinetic equation for the one-particle distribution
function fi(l) of species i is

s 0
AR =S A = - (Dﬁ” +V. Vg g)f,-“’), (A1)
=1

where Dﬁl) = 8,(1) +U-V and the first order contribution
Z;:1 ]151) [fi»fi] to the Enskog collision operator is given by’
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The linear operator (Qf (1)) _is defined by
(2%), = -3 (1},.°> [x.£] +7 [5°.x5) ) (A3)
=1

where ],.(jo) is given by Eq. (36) and the operator /C;;[X]] for a multi-
component mixture in the A-model is

KCi(X] = —afz; Jdvz Jd&@(—& 81— 20;)(—6 - g1, — 24;)
< o, 0 (VOX(V]) + bz, [ v [ 46006 - 51)
x (6 glz)&ﬁ (VI)X(VZ)-

0 : )
(D§1)+V~V+g~g)ﬁ(o):Z<V n; afn +
J

= p On; OV

af (8[}(] +8)U/3——(5 gV - U) —

8V2 d

With this result the kinetic equation for the first-order distri-
bution function f ( ) can be written as

A+ (2r) = A v1nT+ZB,, Vinm
+ Cisp 5 (@f U, +0,Up — g 52/;V . U)
+D;V-U, (A8)

where the coefficients of the field gradients on the right hand side
are given by

(A9)

ﬂﬁafi(m) -Vinn; +
j
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In addition, the quantities I; are defined in terms of the functional
derivative of the (local) pair distribution function y; with respect to
the (local) partial densities n,. These quantities are the origin of the
primary difference between the so-called Standard Enskog Theory
and the Revised Enskog Theory for elastic collisions.”” **’ Given
the mathematical difficulties involved in the determination of the
above-mentioned functional derivatives, these parameters are cho-
sen here to recover the results derived for molecular fluid mixtures.
Their explicit forms will be displayed in Appendix D for a binary
mixture.

The balance equations at this order provide the actions of the

(1)

operators D, over the hydrodynamic fields as

DW= -nv-U, DYU=—p'Vp+g, (A5)

ganl)T = fpV~UfgnTCUV-U. (A6)

As usual, upon writing Eq. (A6), we have taken into account
that since the cooling rate is a scalar, corrections to first order in
gradients can only arise from the divergence of the flow velocity:
4'(1) = {yV - U. The right-hand side of Eq. (Al) can be more
explicitly evaluated by taking into account Egs. (A5) and (A6).
The result is

-VInT

. Oln (9, 0
[ (1——22 5 mf) ) +Tf

(:)f af’_(o) s afi(O)
VL (w3 k)T T 2y

A mop o g %
B;(V) T om;  pon; OV /:21 Kie | On;
1 Olny;
+5<] p) €+Iﬂ]> 1Z|:g ]}> (AIO)
)
Cz Aﬂ( 8V/; + Z Z]A (All)
1y oY ( ) LY
DV = gv G (G ) 15y
) o 8fj
+ JZI:{ 8 ’C’J B OV/; . (A12)

The first-order contribution to the cooling rate {;; can be written as

Lo =+ (0, (A13)

where
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In Eq. (A14), we recall that A;} = Ajj/v. The second term in

the right-hand side of Eq. (Al4) can be explicitly evaluated

when one takes the Maxwelhan approximation (51) for the distribu-

tions f ( ) and f ( ). In this approximation, one gets the result
d+1

. r 04+ 0 1/2
2 i ]

J dVl ‘ dVZ glzﬁ(O) (Vl )f](O) (Vz) _ nin; 0.0 ] Uth -
2

(A16)
Thus, the expression of (") can be more explicitly written when
one takes into account the result (A16). It is given by

4 d/2 ;
(10 = LZyt]x,x]na { JA*

(g
2
1/2
0; + 0; 3 )
X ( 0.0 ) ] 4,uj,-yi(loc,j)}. (A17)

The solution to Eq. (A8) is
V) = A(V) - VInT + 3 By(V)
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where the integral equations obeying the unknown functions A;,
BU, Cips and D; can be obtained by substituting the expression
(A18) of f ( ) into Eq. (A8) and identifying the coefficients of the
independent gradients. To obtain them one has to take into account
the contributions from the operator 8 acting on the temperature
gradient. These contributions are given by

(0)
AOVInT = -v(© = a; 85 oV Inn
oln(

0) * 0
- <1 ~ ZZA@. AT >v1nT

=1 j=1 ]

s BC(O)
_ ;nja—njVIn nj, (A19)

where we recall that {§ = {© /v, The corresponding integral equa-
tions for the unknowns can be finally achieved when one identifies
the coefficients of the independent gradients. These integral equa-
tions are given by Egs. (55)-(58), where

vy Ly Of 0o, 2 P\ O
Di(v) = dV aV“L<é tant) T or

}. (A20)

APPENDIX B: COLLISIONAL CONTRIBUTIONS TO THE
PRESSURE TENSOR

8f}(0)
v,
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The first-order contributions to the collisional pressure tensor
P, are obtained in this Appendix. To first order in spatial gra-
dients, P 55 can be split as

_ p(A=0)c | p(AF0)
<5 =Py 0+ Pl (B1)
where P(?:())C denotes the contributions to P§ %5 obtained in the con-

ventional THS (ie., when A;=0) while Pﬁﬂm denotes the

contributions involving terms proportional to A;. Given that
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evaluation of P
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To first order in spatial gradients, P} ;""" is given by
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where the coefficients By have been defined in Eq. (39). In addition,
upon deriving Eq. (B2), we have taken into account that by s mme—
try reasons the only contributions to P /fO) coming from f only
involve the unknowns C; ,, and D;. To compute the first term on
the right hand side of Eq. (B2), we take the leading Sonine approxi-
mations to C; and D;. The case of C; is given by Eq. (95) while the
case of D; is
2
DY) = fu(VWiV) 2 wi(v) =22
T 2T 2

i

(B3)

where T,»(l) = @;V - U. Thus, taking into account the leading Sonine

approximations to C; and D;, after some algebra one gets the follow-
ing expression:
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where we recall that g}, =g,/vm, ¢ =Vi/vpn, and we have
replaced the scaled distribution ¢;(c;) by its Maxwellian form
@jm(c2) in the first identity of Eq. (B4) for the sake of simplicity.

According to Eq. (B4), the collisional transfer contributions to
1 and 1, involving terms proportional to A;; are given by
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The expressions (69)-(71) for i, and (74) for i, can be obtained
from Egs. (B5)-(B8) and those corresponding to the contributions

(A=0)c
tPﬁ‘

APPENDIX C: EXPRESSIONS OF 7;; AND 1;

Although the expressions of the collision frequencies 7;; and t;;
were displayed for dilute granular mixtures, for the sake of com-
pleteness, it is convenient to provide them for moderate densities.
To estimate them, as usual we make the replacement f — fim in
Egs. (100) and (101). In this approximation, 7; and t;; can be writ-
ten as

Ty = rg)) + rEP, T = r( ) + rfj ), (C1)
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In the case of mechanically equivalent particles, Eqs. (C2)-(C5) are 2
consistent with previous results obtained from the A-model for 1+ oy ,0lny,
dilute monocomponent granular gases.' x 5 it 1 - _A OA"
APPENDIX D: EXPRESSIONS OF THE DIFFUSION x| (14 02)py, + 2 JTPYLSTA o
COEFFICIENTS FOR A GRANULAR BINARY MIXTURE NG 0201 + 0,)
In this Appendix, we provide the expressions of the diffusion o (1- 1 K Jlny, (D3)
transport coefficients for a granular binary mlxture (s = 2) in steady 27 OA* ’
state conditions. In this case, since ;ﬁ” = ]2 , the diffusion coeffi-
cients obey the following relations: where
m m 2m(d=1)72
Dy = 771D117 Dy = 771D12, D; = 7D{. (Dl) Z/E = VT] VTZ = —Xlz(xZ:“m +x1’u12)
my ma dr <é)
For the sake of simplicity, we consider the case where 2
A1 = Ay = Aj,. We introduce the dimensionless coefficients 0 10
x LT 201 4 o) + VA | (D4)
. mmy o PV 616,
D = Dy, D"="_D (D2)
v T nT
Here, V;;- = Ujj /v.
The dimensionless thermal diffusion coefficient DT is The expression of the coefficient D}, can be written as
e MmO M pif ., mOp 2 1 Olny
VDD“:x_la_niDlT_F%—Fnla_nll_?l P +x_18_nl TN "0 g [(L4 o)y + 4ppAT 20, 1+5"1T1U
dF
1 0y J13%8 1 /2 8 . [0+ 0,
= 1 4—==A7 —= U AT [ ———
+ s, ony ( + o+ " 270, + u (d n012x1712u21 14 onp) () + py,) + ﬁﬂlz 0,0,
2
X2 Jdlny 0y, 4 Wy 0,
— I 1 — A D5
X Lxl (n o, 24 121>} +Vlzan (T4 og)u+ \/— Y 0>(0, + 02) s (D5)
where i = my /m is the mass ratio. The coefficient D7, is
w12 aSo «T oy prf . mOp n/? d Lx, x| 2 Olny, 1 9y
D, D B = - 2l 4, ATy [—— -
PR = om0 M P T T " (d> noN Gy, | I A e S ™
2
M 1 TEd/2 8 % (‘)1 + 92
<1 ot 4/_112A 2n91> } + @”G?lexlzﬂzl (1+an2) (1 + 1y,) + ﬁﬂle 0,0,
ar| -
2
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It is quite apparent that the explicit form of the transport coef-
ficients D}, and Dj, requires the knowledge of the quantities Iy;.
These parameters are given in terms of the functional derivative of
the (local) pair distribution function y; with respect to the (local)
partial densities 7, [see Eq. (C11) of Ref. 43]. The quantities I;;; are
zero if i = £, but otherwise are not zero. As said in Appendix A, in
granular mixtures, they are usually chosen to recover the results
derived by Lépez de Haro et al. for elastic mixtures’® (see Appendix
C of Ref. 44)

In a binary mixture, the nonzero parameters Ij; and Iy
appearing in Egs. (D5) and (D6) are given by’ """

1 P _—
TBZ”2012%12 0"1 6% 71,
”%‘7‘11 6711 o a)C12 D7)
”2012/(12 ony Jyp Omy’
L = o (%) —2_ ﬂalll _ ﬂalu (D)
TBy0%, 71, \Ona T 0, Oy yyp Ony

where p; is the chemical potential of the species 1. It must be
remarked that since granular fluids lack a thermodynamic descrip-
tion, the concept of chemical potential could be questionable. On
the other hand, as discussed in previous works,”' the presence
of the chemical potential y; in the theory is essentially due to
the choice of the quantities I Given that the explicit form of
the chemical potential must be known to evaluate the diffusion
transport coefficients, for practical purposes, the expression consid-
ered here for y; is the same as the one obtained for molecular
mixtures (o; = 1). Although this evaluation requires the use of
thermodynamic relations that only apply for elastic systems, we
expect that this approximation could be reliable for not too small
values of the coefficients of restitution. More comparisons with
computer simulations are needed to support the above-mentioned
expectation.

In the case of hard disks (d = 2), a good approximation for the
pair distribution function is”

v = 1 +2 (]_’) O'iGle
To1-¢ 16(1—¢) oMy’

(D9)

where ¢ = >, nn;6? /4 is the solid volume fraction for disks and

2
M, = Z Xl (D10)
k=1

The expression of the chemical potential u; of the species i
consistent with the approximation (D9) is”'

. 2 M ’
%:ln(ﬂini>_ln(l_d))+4—]\/}z|: _(/)d)
LIMip(1-109) 8 ¢ . M

8 MZ (17¢)2 M, 1_¢+W ( ¢):|O-127

+ln(1—¢)}ai

(D11)

where /;(T) is the (constant) de Broglie’s thermal wavelength.””
Note that for mechanically equivalent particles (m; = m,, 61 = 03),

pubs.aip.org/aip/pof

Io1 = Lz = 0, as expected since the SET and the RET lead to the
same Navier-Stokes transport coefficients for a monocomponent
granular gas.””

According to Egs. (D3), (D5), and (D6), it is quite apparent
that the diffusion transport coefficients are given in terms of several
derivatives. In particular, the derivatives (9y,/0A"), (y,/0x;), and
(0y,/0¢) are given by”®

(ayl) VY2 —4XZ Y

N 2X ’ (D12)

where X = NA”,

Y = MA* — 2Ny, + 7, (891), Z=ry, (8(1) —2My,. (D13)

oy, ON*
Here,
1 a¢; oG
M = |:xlyl (8i*) + X27, (a_iz*) . ] ) (D14)
1 oy ag;
N :_( 7185 +x 27’26 ) (D15)

In addition, in the above-mentioned equations,

ac\ (o oy 8})1)
(aN) = (aA*)", * (ayl) (aA* : (D16)

The derivatives dy, /0x; and (Jy,/0¢) can be written as

28 (%) .
, B lax ( 17’18 +x2/28 A oA 23’1_

8xl B 8C1 8C1 6(2 [ *(ayl) 1’
/1&/ +_ /18 +Xx 2728}} A O _2V1_

0 0 [
o, ais (”132“/2%)_

%o o ' *(awl)
18 < /a_"'x/za >-A A _2/1_

(D18)

In Egs. (D17) and (D18), it is understood that the derivatives
Oy, (7 and 94(; are taken at 7, = const. Similarly to Eq. (D16), we
have the following relations:

o™\ _ (op” ™\ (O
(k) - (aA*).,l +(3) () o
)= (), () (&)
<8A* “\aa’/), T \5;, ) \oa (P20)

Finally, since the set A = {(,,p",7,} depends on the number
densities n; and n, through its dependence on x; and ¢, we have
the identities

OA 0
711a—n1 x1xza—+ (f)l%: (D21)
oA OA oA
5} 67112 = —X1X2 67361 + ¢, %, (D22)
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OA 2 oA X2

oA
"za—nl—xza—xl‘i‘zqﬁl%a (D23)

n B_A— _xza_A_‘_ﬂ
187’127 laxl X2

where ¢; = nn;o? /4.

oA
b, 9 (D24)

REFERENCES

1].'S. Olafsen and J. S. Urbach, “Clustering, order, and collapse in a driven gran-
ular monolayer,” Phys. Rev. Lett. 81, 4369-4372 (1998).

2W. Losert, D. G. W. Cooper, and J. P. Gollub, “Propagating front in an excited
granular layer,” Phys. Rev. E 59, 5855-5861 (1999).

3A. Prevost, P. Melby, D. A. Egolf, and J. S. Urbach, “Nonequilibrium two-
phase coexistence in a confined granular layer,” Phys. Rev. E 70, 050301(R)
(2004).

“G. Castillo, N. Mujica, and R. Soto, “Fluctuations and criticality of a granular
solid-liquid-like phase transition,” Phys. Rev. Lett. 109, 095701 (2012).

5G. Castillo, N. Mujica, and R. Soto, “Universality and criticality of a second-
order granular solid-liquid-like phase transition,” Phys. Rev. E 91, 012141
(2015).

®M. Guzmin and R. Soto, “Critical phenomena in quasi-two-dimensional
vibrated granular systems,” Phys. Rev. E 97, 012907 (2018).

7G. Castillo, N. Mujica, N. Sepilveda, J. C. Sobrazo, M. Guzman, and R. Soto,
“Hyperuniform states generated by a critical friction field,” Phys. Rev. E 100,
032902 (2019).

8M. Mayo, J. J. Brey, M. I. Garcia Soria, and P. Maynar, “Kinetic theory of a
confined quasi-one-dimensional gas of hard disks,” Physica A 597, 127237
(2022).

9P. Maynar, M. L. Garcia Soria, and J. J. Brey, “Dynamics of an inelastic tagged
particle under strong confinement,” Phys. Fluids 34, 123321 (2022).

M. Mayo, J. C. Petit, M. I. Garcfa Soria, and P. Maynar, “Confined granular
gases under the influence of vibrating walls,” J. Stat. Mech. 2023, 123208.

IR, Brito, D. Risso, and R. Soto, “Hydrodynamic modes in a confined granular
fluid,” Phys. Rev. E 87, 022209 (2013).

"2 J. Brey, M. I Garcia de Soria, P. Maynar, and V. Buzén, “Homogeneous
steady state of a confined granular gas,” Phys. Rev. E 88, 062205 (2013).

3], J. Brey, P. Maynar, M. L. Garcia de Soria, and V. Buzén, “Homogeneous
hydrodynamics of a collisional model of confined granular gases,” Phys. Rev. E
89, 052209 (2014).

T4R. Soto, D. Risso, and R. Brito, “Shear viscosity of a model for confined granular
media,” Phys. Rev. E 90, 062204 (2014).

151, J. Brey, V. Buzén, P. Maynar, and M. Garcia de Soria, “Hydrodynamics for a
model of a confined quasi-two-dimensional granular gas,” Phys. Rev. E 91,
052201 (2015).

161, 7. Brey, V. Buzén, M. L. Garcfa de Soria, and P. Maynar, “Stability analysis of
the homogeneous hydrodynamics of a model for a confined granular gas,”
Phys. Rev. E 93, 062907 (2016).

7V, Garzé, R. Brito, and R. Soto, “Enskog kinetic theory for a model of a con-
fined quasi-two-dimensional granular fluid,” Phys. Rev. E 98, 052904 (2018).

'8V, Garzé, R. Brito, and R. Soto, “Erratum: Enskog kinetic theory for a model of
a confined quasi-two-dimensional granular fluid,” Phys. Rev. E 102, 059901
(2020).

9M. Joyce, J. Morand, and P. Viot, “Attractor nonequilibrium stationary states in
perturbed long-range interacting systems,” Phys. Rev. E 93, 052129 (2016).

20R, Maire, A. Plati, M. Stockinger, E. Trizac, F. Smallenburg, and G. Foffi,
“Interplay between an absorbing phase transition and synchronization in a
driven granular system,” Phys. Rev. Lett. 132, 238202 (2024).

ZIR. Maire, A. Plati, F. Smallenburg, and G. Foffi, “Dynamical and structural
properties of an absorbing phase transition: A case study from granular sys-
tems,” J. Stat. Mech. 2025, 123206.

224, Plati, R. Maire, E. Fayen, F. Boulogne, F. Restagno, F. Smallenburg, and G.
Foffi, “Quasi-crystalline order in vibrating granular matter,” Nat. Phys. 20,
465-471 (2024).

25R. Maire and A. Plati, “Enhancing (quasi-)long-range order in a two-
dimensional driven crystal,” ]. Chem. Phys. 161, 054902 (2024).

ARTICLE pubs.aip.org/aip/pof

24R. Maire, A. Plati, F. Smallenburg, and G. Foffi, “Non-equilibrium coexistence
between a fluid and a hotter or colder crystal of granular hard disks,” J. Chem.
Phys. 162, 124901 (2025).

25R. Maire and L. Chaix, “Hyperuniformity and conservation laws in non-
equilibrium systems,” J. Chem. Phys. 163, 214507 (2025).

28R Brito, R. Soto, and V. Garz6, “Energy nonequipartition in a collisional model
of a confined quasi-two-dimensional granular mixture,” Phys. Rev. E 102,
052904 (2020).

275, Chapman and T. G. Cowling, The Mathematical Theory of Nonuniform
Gases (Cambridge University Press, Cambridge, 1970).

28y, Garzé, R. Brito, and R. Soto, “Navier-Stokes transport coefficients for a
model of a confined quasi-two dimensional granular binary mixture,” Phys.

Fluids 33, 023310 (2021).

29y, Garz6, R. Brito, and R. Soto, “Applications of the kinetic theory for a model
of a confined quasi-two dimensional granular binary mixture: Stability analysis
and thermal diffusion segregation,” Phys. Fluids 36, 033326 (2024).

30V, Garzé, R. Brito, and R. Soto, “Erratum: ‘Applications of the kinetic theory
for a model of a confined quasi-two dimensional granular binary mixture:
Stability analysis and thermal diffusion segregation” [Phys. Fluids 36, 033326
(2024)],” Phys. Fluids 36, 049901 (2024).

1R, Gémez Gonzalez, V. Garzé, R. Brito, and R. Soto, “Diffusion of impurities in
a moderately dense confined granular gas,” Phys. Fluids 36, 123387 (2024).

32) H. Ferziger and G. H. Kaper, Mathematical Theory of Transport Processes in
Gases (North-Holland, Amsterdam, 1972).

33]. M. Kincaid, E. G. D. Cohen, and M. Lépez de Haro, “The Enskog theory for
multicomponent mixtures. IV. Thermal diffusion,” ]. Chem. Phys. 86, 963-975
(1987).

347, F. Lutsko, “Kinetic theory and hydrodynamics of dense, reacting fluids far
from equilibrium,” J. Chem. Phys. 120, 6325 (2004).

35S. Takata and A. Takahashi, “Enskog and Enskog-Vlasov equations with a
modified correlation factor and their H theorem,” Phys. Rev. E 111, 065108
(2025).

36M. Lépez de Haro, E. G. D. Cohen, and J. Kincaid, “The Enskog theory for
multicomponent mixtures. I. Linear transport theory,” J. Chem. Phys. 78,
2746-2759 (1983).

37V, Garzé, Granular Gaseous Flows (Springer Nature, Cham, 2019).

38. R. Dahl, C. M. Hrenya, V. Garzé, and J. W. Dufty, “Kinetic temperatures for
a granular mixture,” Phys. Rev. E 66, 041301 (2002).

9], Karkheck and G. Stell, “Bulk viscosity of dense simple fluid mixtures,”
J. Chem. Phys. 71, 3636-3639 (1979).

“OR. Gémez Gonzélez and V. Garzé, “Influence of the first-order contributions to
the partial temperatures on transport properties in polydisperse dense granular
mixtures,” Phys. Rev. E 100, 032904 (2019).

“IM. G. Chamorro, R. G. Gonzilez, and V. Garzé, “Kinetic theory of polydisperse
granular mixtures: Influence of the partial temperatures on transport properties.
A review,” Entropy 24, 826 (2022).

42T, P. C. van Noije and M. H. Ernst, “Velocity distributions in homogeneous
granular fluids: The free and heated case,” Granular Matter 1, 57-64 (1998).

“3V. Garz6, J. W. Dufty, and C. M. Hrenya, “Enskog theory for polydisperse
granular mixtures. I. Navier-Stokes order transport,” Phys. Rev. E 76, 031303
(2007).

“*V. Garz6, C. M. Hrenya, and J. W. Dufty, “Enskog theory for polydisperse
granular mixtures. II. Sonine polynomial approximation,” Phys. Rev. E 76,
031304 (2007).

455 misprint in the calculation of the collision integral (98) for monocomponent
granular gases was found in Ref. 17 while the present paper was written. The
expression (104) corrects this result. For this reason, the expression (107) for
iy, differs slightly from the one derived in Ref. 17.

“6V. Garzé and J. W. Dufty, “Hydrodynamics for a granular binary mixture at
low density,” Phys. Fluids 14, 1476-1490 (2002).

“7V. Garzé, J. M. Montanero, and J. W. Dufty, “Mass and heat fluxes for a binary
granular mixture at low density,” Phys. Fluids 18, 083305 (2006).

48y Garzé and J. M. Montanero, “Navier-Stokes transport coefficients of d-
dimensional granular binary mixtures at low-density,” J. Stat. Phys. 129, 27-58
(2007).

“9V. Garzé, “Thermal diffusion segregation in granular binary mixtures described
by the Enskog equation,” New J. Phys. 13, 055020 (2011).

Phys. Fluids 38, 033343 (2026); doi: 10.1063/5.0321569
Published under an exclusive license by AIP Publishing

38, 033343-25

¥T:95:9T 9202 U2 JaN ST


https://doi.org/10.1103/PhysRevLett.81.4369
https://doi.org/10.1103/PhysRevE.59.5855
https://doi.org/10.1103/PhysRevE.70.050301
https://doi.org/10.1103/PhysRevLett.109.095701
https://doi.org/10.1103/PhysRevE.91.012141
https://doi.org/10.1103/PhysRevE.97.012907
https://doi.org/10.1103/PhysRevE.100.032902
https://doi.org/10.1016/j.physa.2022.127237
https://doi.org/10.1063/5.0129279
https://doi.org/10.1088/1742-5468/ad0828
https://doi.org/10.1103/PhysRevE.87.022209
https://doi.org/10.1103/PhysRevE.88.062205
https://doi.org/10.1103/PhysRevE.89.052209
https://doi.org/10.1103/PhysRevE.90.062204
https://doi.org/10.1103/PhysRevE.91.052201
https://doi.org/10.1103/PhysRevE.93.062907
https://doi.org/10.1103/PhysRevE.98.052904
https://doi.org/10.1103/PhysRevE.102.059901
https://doi.org/10.1103/PhysRevE.93.052129
https://doi.org/10.1103/PhysRevLett.132.238202
https://doi.org/10.1088/1742-5468/ae23bc
https://doi.org/10.1038/s41567-023-02364-1
https://doi.org/10.1063/5.0217958
https://doi.org/10.1063/5.0250643
https://doi.org/10.1063/5.0250643
https://doi.org/10.1063/5.0300881
https://doi.org/10.1103/PhysRevE.102.052904
https://doi.org/10.1063/5.0032919
https://doi.org/10.1063/5.0032919
https://doi.org/10.1063/5.0196797
https://doi.org/10.1063/5.0209345
https://doi.org/10.1063/5.0245373
https://doi.org/10.1063/1.452243
https://doi.org/10.1063/1.1648012
https://doi.org/10.1103/3jnf-mw6y
https://doi.org/10.1063/1.444985
https://doi.org/10.1103/PhysRevE.66.041301
https://doi.org/10.1063/1.438806
https://doi.org/10.1103/PhysRevE.100.032904
https://doi.org/10.3390/e24060826
https://doi.org/10.1007/s100350050009
https://doi.org/10.1103/PhysRevE.76.031303
https://doi.org/10.1103/PhysRevE.76.031304
https://doi.org/10.1063/1.1458007
https://doi.org/10.1063/1.2336755
https://doi.org/10.1007/s10955-007-9357-2
https://doi.org/10.1088/1367-2630/13/5/055020
pubs.aip.org/aip/phf

Physics of Fluids

5°D. C. Hong, P. V. Quinn, and S. Luding, “Reverse Brazil nut problem:
Competition between percolation and condensation,” Phys. Rev. Lett. 86,
3423-3426 (2001).

S'A. P. . Breu, H. M. Ensner, C. A. Kruelle, and 1. Rehberg, “Reversing the Brazil-
nut effect: Competition between percolation and condensation,” Phys. Rev.
Lett. 90, 014302 (2003).

52T, Schautz, R. Brito, C. A. Kruelle, and 1. Rehberg, “A horizontal Brazil-nut
effect and its reverse,” Phys. Rev. Lett. 95, 028001 (2005).

53H. van Beijeren and M. H. Ernst, “The non-linear Enskog-Boltzmann equa-
tion,” Phys. Lett. A 43, 367-368 (1973).

5*H. van Beijeren and M. H. Ernst, “The modified Enskog equation,” Physica A
68, 437-456 (1973).

55H. van Beijeren and M. H. Ernst, “The modified Enskog equation for mix-
tures,” Physica A 70, 225-242 (1973).

56p, Maynar, 1. Garcfa de Soria, and J. J. Brey, “Homogeneous dynamics in a
vibrated granular monolayer,” J. Stat. Mech. 2019, 093205.

57]. F. Lutsko, J. J. Brey, and J. W. Dufty, “Diffusion in a granular fluid. IL
Simulation,” Phys. Rev. E 65, 051304 (2002).

58p_ p. Mitrano, S. R. Dhal, D. J. Cromer, M. S. Pacella, and C. M. Hrenya,
“Instabilities in the homogeneous cooling of a granular gas: A quantitative
assessment of kinetic-theory predictions,” Phys. Fluids 23, 093303 (2011).

596, Chialvo and S. Sundaresan, “A modified kinetic theory for frictional granular
flows in dense and dilute regimes,” Phys. Fluids 25, 070603 (2013).

8% p. Mitrano, V. Garzé, and C. M. Hrenya, “Instabilities in granular binary
mixtures at moderate densities,” Phys. Rev. E 89, 020201(R) (2014).

S'X. Yang, C. Huan, D. Candela, R. W. Mair, and R. L. Walsworth,
“Measurements of grain motion in a dense, three-dimensional granular fluid,”
Phys. Rev. Lett. 88, 044301 (2002).

ARTICLE pubs.aip.org/aip/pof

62C. Huan, X. Yang, D. Candela, R. W. Mair, and R. L. Walsworth, “NMR experi-
ments on a three-dimensional vibrofluidized granular medium,” Phys. Rev. E
69, 041302 (2004).
63M. Grmela and P. G. Lafleur, “Kinetic theory and hydrodynamics of rigid body
fluids,” J. Chem. Phys. 109, 6956-6972 (1998).
64B. C. Euand Y. G. Ohr, “Generalized hydrodynamics, bulk viscosity, and sound
wave absorption and dispersion in dilute rigid molecular gases,” Phys. Fluids
13, 744-753 (2001).
65A. Eringen, “Linear theory of micropolar elasticity,” Indiana Univ. Math. J. 15,
909-923 (1966).
®]. M. Montanero and V. Garzé, “Shear viscosity for a heated granular binary
mixture at low density,” Phys. Rev. E 67, 021308 (2003).
87V. Garzé and J. M. Montanero, “Shear viscosity for a moderately dense granu-
lar binary mixture,” Phys. Rev. E 68, 041302 (2003).
68M. G. Chamorro and V. Garz, “Assessment of kinetic theories for moderately
dense granular binary mixtures: Shear viscosity coefficient,” Phys. Fluids 35,
027121 (2023).
9H. van Beijeren and M. H. Ernst, “Kinetic theory of hard spheres,” J. Stat. Phys.
21, 125-167 (1979).
70]. T. Jenkins and F. Mancini, “Balance laws and constitutive relations for plane
flows of a dense, binary mixture of smooth, nearly elastic, circular disks,”
J. Appl. Mech. 54, 27-34 (1987).
7IA. Santos, A Concise Course on the Theory of Classical Liquids, Basics and Selected
Topics, Lecture Notes in Physics (Springer, New York, 2016), Vol. 923, pp. 74-76.
72T. M. Reed and K. E. Gubbins, Applied Statistical Mechanics (MacGraw-Hill,
New York, 1973).
73V. Garzé and J. W. Dufty, “Dense fluid transport for inelastic hard spheres,”
Phys. Rev. E 59, 5895-5911 (1999).

Phys. Fluids 38, 033343 (2026); doi: 10.1063/5.0321569
Published under an exclusive license by AIP Publishing

38, 033343-26

¥T:95:9T 9202 U2 JaN ST


https://doi.org/10.1103/PhysRevLett.86.3423
https://doi.org/10.1103/PhysRevLett.90.014302
https://doi.org/10.1103/PhysRevLett.90.014302
https://doi.org/10.1103/PhysRevLett.95.028001
https://doi.org/10.1016/0375-9601(73)90346-0
https://doi.org/10.1016/0031-8914(73)90372-8
https://doi.org/10.1016/0031-8914(73)90247-4
https://doi.org/10.1088/1742-5468/ab3410
https://doi.org/10.1103/PhysRevE.65.051304
https://doi.org/10.1063/1.3633012
https://doi.org/10.1063/1.4812804
https://doi.org/10.1103/PhysRevE.89.020201
https://doi.org/10.1103/PhysRevLett.88.044301
https://doi.org/10.1103/PhysRevE.69.041302
https://doi.org/10.1063/1.477332
https://doi.org/10.1063/1.1343908
https://doi.org/10.1512/iumj.1966.15.15060
https://doi.org/10.1103/PhysRevE.67.021308
https://doi.org/10.1103/PhysRevE.68.041302
https://doi.org/10.1063/5.0134408
https://doi.org/10.1007/BF01008695
https://doi.org/10.1115/1.3172990
https://doi.org/10.1103/PhysRevE.59.5895
pubs.aip.org/aip/phf



