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Abstract

Granular systems confined in a shallow box and subjected to vertical vibration provide an
attractive geometry for studying fluidized granular media. In this configuration, grains
acquire kinetic energy in the vertical direction through collisions with the confining walls,
and this energy is subsequently transferred to the horizontal degrees of freedom via
interparticle collisions. In recent years, the so-called A-model has been introduced as a
simplified yet effective description of the dynamics of granular systems in such geometries.
This review presents the results obtained from kinetic theory for the granular A-model.
To model the energy transfer mechanism, a fixed velocity increment A is added to the
normal component of the relative velocity during collisions. In this way, the vertical motion
is effectively integrated out while retaining the collisional energy injection characteristic
of the confined setup. This mechanism compensates for the energy loss due to inelastic
collisions and leads to stable homogeneous steady states that can be analyzed within the
framework of kinetic theory. The Enskog kinetic equation is formulated for this model and
first analyzed in homogeneous steady states, yielding the stationary temperature and the
equation of state. The dynamics of inhomogeneous states is then investigated using the
Chapman-Enskog method, from which the Navier-Stokes transport coefficients are derived.
The theory is further extended to granular mixtures, in which particles may differ in mass,
size, restitution coefficient, or in the value of A. In this case, the phenomenology becomes
richer; for example, energy equipartition is violated even in homogeneous steady states.
The mixture dynamics is studied through the corresponding Navier-Stokes equations, and
the associated transport coefficients are obtained in the low-density regime. The analysis of
the hydrodynamic equations shows that, in agreement with simulations, the homogeneous
state is linearly stable. Moreover, the intrinsically nonequilibrium nature of the model
leads to the violation of Onsager reciprocity relations in granular mixtures. The theoretical
predictions exhibit in general good agreement with both molecular dynamics simulations
and direct simulation Monte Carlo results.

Keywords: granular fluids; granular mixtures; Enskog/Boltzmann kinetic equation;
confined systems; Navier-Stokes transport coefficients
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1. Introduction

Granular materials constitute a broad class of many-body systems whose macroscopic
behavior emerges from dissipative interactions of the particles that are their constituents,
called grains [1-6]. Unlike molecular systems, however, collisions between grains are
intrinsically inelastic, leading to a continuous loss of kinetic energy [7,8]. This feature is
responsible for the unusual behavior of granular systems and the main source of its strong
phenomenology as opposed to their conservative counterparts [9,10]. As a consequence,
granular fluids are inherently nonequilibrium systems: in the absence of external energy
input, they cool down monotonically and eventually come to rest in the form of sand
piles [10] or, in the absence of boundaries in microgravity experiments [11] or in simula-
tions with periodic boundary conditions, via a nontrivial, nonhomogeneous state [12,13]
that generates long-range correlations [14]. Sustained dynamical states therefore require
some form of driving, which compensates for collisional dissipation and maintains a con-
tinuous motion and kinetic activity. The intrinsic nonequilibrium nature of granular matter,
together with the energy input, that drives the system out of equilibrium even further,
leads to a really powerful behavior [15]. In practice, different experimental realizations of
driven granular systems correspond to different modes of energy input. Some examples
of driving, such as avalanche flows on inclined plates [16,17], chute flows [18], rotating
drums [19,20], vibrating boundaries [21], air-fluidization beds [22], sheared systems [23],
horizontal shaking [24,25] or bulk forcing [26], result in different dynamical states, which
are typically spatially inhomogeneous, with regions of high density, eventually in solid-like
configurations. The choice of driving is therefore not just technical: it strongly influences
the stationary states, transport properties, and stability of the system [6,27]. One class of
driving is obtained by forcing via the boundaries, for instance, systems where energy is sup-
plied through collisions with vibrating or moving walls [20,28-32] or computer simulation
equivalent [33]. This type of driving is particularly relevant experimentally, but it intro-
duces shock waves or boundary layers that complicate the theoretical description [34-38].

An important class of driven granular systems corresponds to the vertical vibration of
quasi-two-dimensional (Q2D) systems [28,32,39-45]. In these systems, energy is injected
through collisions with a vertically vibrating plate or shaker, especially in monolayers. A
common way to make monolayers is to cover the experiment with a glass lid at a height
slightly larger than a diameter grain. This configuration forces the particles to remain in the
quasi-two-dimensional plane. Grain collisions with the lower and upper plate energize the
z-component of the velocity [46]. While the vertical motion is directly excited by the driving,
horizontal motion emerges indirectly through grain—grain collisions, which transfer energy
from vertical to horizontal degrees of freedom (see Figure 1). Usually, the vertical dynamics
is fast compared to the horizontal one, and therefore it is natural to seek an effective
two-dimensional description in which the net effect of confinement and vibration will be
encoded in modified collision rules for the horizontal velocities. The advantage of these
systems is twofold. On the experimental side, particles are easy to track in a monolayer, just
by placing a camera on top of the experimental setting. On the theoretical side, this system
can be treated as purely two-dimensional, eliminating configurations where particles
stack on top of each other. This Q2D setup is particularly relevant for the development
of theories of granular matter as it directly controls the particle density, from very low
gas-like regimes to dense solid-like states. Also, in a wide region of parameter space, the
system reaches steady states that are statistically homogeneous in the planar directions, as
observed both experimentally and in computer simulations [28,41,47,48]. They constitute,
therefore, an excellent playground for studying granular hydrodynamic theories, which are
normally built making gradient expansions around homogeneous states, contrary to the
case of undriven granular gases, which can become uncontrollably inhomogeneous [13,49].
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The Q2D experimental setup is the inspiration for the theoretical collisional model, the
A-model [48], which we analyze in this review.
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Figure 1. Conceptual motivation of the A-model. (a) Quasi-two-dimensional setup, where spherical
grains are placed in a vertically vibrating shallow box. Grains can collide with the vibrating walls
and among themselves. (b) Lateral view of the system. Grain collisions with the top and bottom
walls inject energy into the vertical degrees of freedom, which is later transferred to the horizontal
ones via grain—grain oblique collisions. (¢) Top view of the quasi-two-dimensional system. As the
height of the box is larger than the particle diameters, they can partially overlap at collisions when
seeing from above. (d) In the A-model, the vertical motion is abstracted out [particles moving in
the (x,y) plane, and are drawn in black], keeping its effect on injecting energy into the horizontal
degrees of freedom. If particles reach the collision with a small relative velocity, the net effect is to
gain energy but, if their normal relative velocity is large, inelasticity overcomes the injection and the
collision is dissipative. Note that, in the A-model, particles move only in x and y, implying that there
is no overlap and collisions take place when the distance is exactly equal to the particle diameter.

When the particles are sufficiently dilute and interact primarily through instantaneous
binary collisions, granular matter can be described as a granular gas or fluid if the density
is increased. In that spirit, and over the past few decades, kinetic theory has played a
central role in the theoretical understanding of granular gases. By extending the tools
originally developed for molecular fluids to dissipative dynamics, kinetic theory provides a
mesoscopic description that connects microscopic collision rules with macroscopic transport
and collective phenomena. Starting from the inelastic generalizations of the Boltzmann
and Enskog equations, it has been possible to derive hydrodynamic equations, compute
transport coefficients, analyze linear and nonlinear instabilities, and compare theoretical
predictions with numerical simulations and experiments. Comprehensive accounts of these
developments can be found in standard monographs [50-52] and reviews [53] of granular
kinetic theory.

However, when writing a kinetic equation for a granular fluid, one faces the problem
of how to model the driving. While the dissipative nature of collisions is well captured by
a coefficient of normal restitution for the inelastic hard sphere (IHS) model, the mechanism
by which energy is injected into the system is model-dependent. Modelization of transferal
from vertical to horizontal degrees of freedom that takes place in the Q2D geometry is not an
easy task. The parametrization of collisions in these confined conditions is cumbersome and
hinders a straightforward form for the kinetic equation [46,54]. An alternative approach
consists of building models that consider, in an effective way, the energy gain on the
horizontal degrees of freedom in the Q2D geometry. Among these driving mechanisms are
the so-called thermostats. These models are advantageous from the viewpoint of formulating
kinetic equations [55,56]. One widely used approach consists of adding external forces
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acting on individual particles [57-60], such as stochastic (white-noise) forcing. Such models
are analytically convenient when writing a kinetic equation, as energy injection acts on
the particles, so they preserve homogeneity. Some of these drivings appear as additional
Fokker-Planck terms in the kinetic equation and have been studied in great detail, including
the derivation of steady state solutions [55], velocity distributions [56], or hydrodynamic
descriptions [61-65], validated with computer simulations.

From a conceptual point of view, both thermostats and boundary driving introduce
energy into the system through mechanisms that are external to the collisional dynamics
between grains. Another option, inspired by the vertical-to-horizontal energy injection
in the Q2D geometry (Figure 1b,c), is to develop models in which energy injection is
incorporated more directly into the collision process itself with particles moving purely
in two dimensions (Figure 1d). The first of these models considers random restitution
coefficients with values smaller (dissipative) or larger (energy injection) than one [66].
However, the system lacks an intrinsic energy scale, and the total energy of the system
behaves like a random walk, and therefore no stationary state is reached. Moreover, it does
not reproduce the power law decay of the velocity distribution [67]. Such collisional models
modify the binary collision rules so that collisions can either dissipate or inject energy;,
depending on the velocities of the colliding pair of particles. The advantage of these models
is that they preserve the structure of the Boltzmann or Enskog equation, as they include
the driving mechanism into the collision operator. The hope is that this modification still
makes it possible to use standard techniques of kinetic theory to study such systems (driven
steady states) without introducing external forces or boundary terms, and to analyze their
properties within a unified kinetic theory framework. An alternative approach to modeling
driven dissipative systems [68,69] is based on a hybrid framework, in which energy is
injected during collisions while dissipation occurs during the free flight between them,
instead via a normal restitution coefficient. More specifically, at each collision an amount
AE > 0 is added to the post-collisional kinetic energy. In contrast, viscous damping acts
during the free-flight stage according to v; = —vv;, where 7y is the friction coefficient. These
articles derive hydrodynamic equations for the system. A key result is the emergence of
hyperuniform states, which are locally disordered (fluid-like) yet exhibit long-range order
akin to crystalline structures.

The so-called A-model [48] has emerged as a suitable description for the kinetic
treatment of these confined Q2D systems. In this model, inelastic hard-sphere (or hard-
disk) collisions, characterized by a normal restitution coefficient, are supplemented by an
additional velocity increment of fixed magnitude A along the normal collision direction.
Physically, this increment represents the effective transfer of kinetic energy from vertical to
horizontal motion during interparticle collisions in the confined geometry. The A-model
can be viewed as a minimal extension of the standard IHS model. It retains a binary
collision structure of the collision term while maintaining momentum conservation. The
inclusion of the A term that adds that amount of velocity serves as a thermostat that
balances the dissipation of the normal restitution coefficient. As a result, the energy change
per collision can be either negative or positive, depending on the pre-collisional state, and
leads to a stationary, nonequilibrium, steady state. As a matter of fact, some collisions
can dissipate energy (dissipation dominates) while some others gain energy (due to the A
injection mechanism). The steady state is reached when these two contributions balance on
average, so that the global rate of energy change vanishes and, consequently, the granular
temperature attains a stationary asymptotic value. In this aspect, the A-model differs from
the random restitution model in that, in the latter, the energy change is uncorrelated with
the pre-collisional state, resulting in the absence of a well-defined steady state.
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The steady state of the A-model for a single component is stable even for long wave-
length perturbations, as opposite to freely cooling granular fluids, where long enough
wavelength perturbations lead to vortex formation and clustering [5,13,70-73]. The stabil-
ity manifests in the equation of state of the fluid, where the dependence on density and
temperature on pressure factorizes [48]. It has then the inconvenience that the A-model
cannot reproduce the clustering effects observed in some experiments. However, this
stability allows one to control spatial gradients and to apply systematic hydrodynamic
expansions in a manner closer to that of molecular fluids, in particular Champan-Enskog-
like expansions [74], as will be shown in the present review. An extension of the A-model
considers that each particle carries an internal variable which models the energy gained in
the vertical direction since the last collision and the value of A depends on this variable.
This results in an equation of state that presents a van der Waals loop, leading to a clustering
instability [75].

Prior to a formal kinetic study of the A-model, its basic physical mechanisms and
macroscopic equations were derived in Ref. [48]. There it was demonstrated that the system
reaches a nonequilibrium steady state. The study of fluctuations around that state, via
Landau-Placzeck theory, was carried out for the density and velocity fluctuations, putting
emphasis on the relevance of the energy, strictly nonconserved, but that can be considered
a quasi-conserved quantity. In a second study [76], the shear viscosity was derived by a
simple linear response theory. Parallel to these developments, Brey and coworkers analyzed
several aspects of the model, like the velocity distribution function [77], the hydrodynamic
behavior [77,78], with special emphasis on the structure and stability of homogeneous
steady states [79] and the existence of a normal or hydrodynamic solution [77]. The evolu-
tion equations for both the in-plane temperature and the z-component of the temperature
were derived in Refs. [47,54,80], yielding explicit expressions that depend on the vibration
frequency and the separation between the plates. Remarkably, the stationary temperature
of the vibrated system qualitatively resembles that of the A-model (see, e.g., Figure 4
of Ref. [54]). References [81,82] compare the predictions of the A-model with computer
simulations of the vertically driven system, and excellent agreement between simulations
and the results of A-model is found. In contrast, alternative models such as the stochastic
thermostat model [57] show a significantly worse agreement. These results support the
conclusion that the A-model provides an accurate description of the vibrated monolayer
outside the clustering regime. As a side remark, Ref. [80] also reports the appearance of
the Mpemba effect in thin vibrated granular gases, in agreement with observation in other
dissipative systems [83].

The A-model was then extended to mixtures of granular particles, where two or more
species coexist [84]. The species may be distinguished by material properties, such as mass
or diameter, or by dynamical ones, such as restitution coefficient or different values of the A
parameter. The study of mixtures of granular materials was first addressed by Jenkins and
Mancini in Ref. [85] by assuming the equipartition of energy (i.e., T; = T, where T; is the
partial temperature of species i and T is the global granular temperature). However, later
studies [86] clearly show that granular mixtures present a phenomenology much stronger
than that of (equilibrium) molecular mixtures since, under several types of forcing, energy
equipartition is broken and each species reaches a different granular temperature [87-89].
Such lack of equipartition is quite general and is observed even in a single component
between the translational and rotational degrees of freedom [90-92]. As expected, the
A-model also displays this remarkable phenomenon [93]. Granular mixtures also exhibit
various segregation phenomena, in which particles with similar properties may cluster [30]
or preferentially migrate to different regions of the container [31], giving rise to effects such
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as the Brazil nut and reverse Brazil nut effects [94-98]. The A-model for mixtures shows
analogous Brazil and reverse Brazil nut behavior [99,100].

More recently, the A-model has attracted renewed attention through a series of studies
due to Foffi and coworkers. In a recent publication [101] they showed that a mixture of vi-
brated grains can form quasicrystals, and the A-model is a bona fide model to describe them.
Moreover, the model presents long-range order [102,103], as evidenced by hyperunifor-
mity [104]. Finally, the model has been used to study certain absorbing phases in granular
systems [104,105] (introducing a friction term as in Refs. [68,69]), the coexistence between
a fluid and a crystalline phase in granular fluids [106], and the dynamics of nonequilibrium
interfaces [69]. Variations of the A-model include models where, instead of adding a fixed
velocity, a fixed amount of energy is given at the collision [68]. The collision rules change
but the main phenomenology of the A-model is preserved. An important variation is when
A is made to depend on the time since last collision to induce phase separation [69,75,105].
The A-model can also be used as an appropriate description for a class of active matter
where activity is not in the form of self-propulsion, but in the capacity to inject energy
into the system. For example, when active spinners collide, the translational degrees of
freedom effectively gain energy at the collision [68,107]. This energy injection has been cast
into a variation of the A-model, where the additional velocity is in the tangential rather
than in the normal direction, generating a chiral fluid with odd rheological properties [108].
These results demonstrate the versatility of the A-model in linking microscopic driving
mechanisms with the emergence of complex macroscopic behavior.

The present review is organized as follows. In Section 2 we introduce the A-collisional
model and formulate the corresponding Enskog kinetic equation, from where the bal-
ance equations are obtained. Section 3 is devoted to the analysis of homogeneous states,
including the properties of the rate of energy and the existence of steady solutions. In Sec-
tion 4 we apply the Chapman-Enskog method to derive the Navier-Stokes hydrodynamic
equations and obtain explicit expressions for the transport coefficients. The extension of
the kinetic equation to granular mixtures is presented in Section 5, where the analysis of
time-dependent homogeneous states is performed. The derivation of the Navier—Stokes
equations for mixtures and the calculation of the transport coefficients is performed in
Section 6. Issues such as the breakdown of Onsager relations on granular mixtures and the
stability of homogeneous states are addressed in Section 7. Finally, we summarize the main
results and discuss open problems and possible directions for future research in Section 8.

2. Enskog Kinetic Equation for Collisional Model of Confined
Granular Fluids

2.1. Collisional Model

We consider a granular fluid modeled as a gas of inelastic hard spheres of mass m
and diameter o. For the sake of simplicity, henceforth we will assume that the spheres are
completely smooth and, so, the inelasticity of binary collisions is only characterized by a
constant positive coefficient of normal restitution « < 1. The case « = 1 corresponds to
elastic collisions. In the case of smooth particles, the inelastic character of collisions only
affects the translational degrees of freedom of grains. As mentioned in Section 1, we are
interested here in analyzing the dynamic properties in confined granular fluids. However,
due to the technical difficulties associated with the restrictions imposed by the confinement
in the Boltzmann or Enskog collision operators [46,54], is it quite usual in the granular
literature to adopt a coarse-grained approach in which the effect of confinement on grain
dynamics is accounted for in an effective way. In this context, we consider in this paper
a collisional model (the A-collisional model) proposed years ago by Brito et al. [48]. In
this model, the factor A > 0 is introduced in the scattering rules to mimic the transfer of
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kinetic energy from the vertical degrees of freedom of grains (which has been gained by
the collisions of particles with the vibrating walls) to the horizontal ones. The relationship
between the pre-collisional (v;,v,) and post-collisional (v}, v}) velocities in the A-model
is [48]

Vi=vi 2 (14+0)(0 80)o A0, vi=vat (1 +a)(F gn)o +A5. ()
In Equation (1), g1o = v1 — v is the relative velocity of the two colliding spheres, ¢ is a
unit vector pointing from the center of particle 1 to the center of particle 2, and particles are
approaching if o - g1 > 0. In addition, the parameter A is an extra velocity added to the
relative motion. This extra velocity points outward in the normal direction @, as required
by the conservation of angular momentum [109]. The relative velocity after collision is

81 =Vi — Vo =g — (1 +a)(7 g12)0 — 2A7, )
so that it is quite simple to get the relation

(0-81p) = —a(T - g12) — 2A. 3)

According to the collision rules (1), the total momentum is conserved in a binary
collision (v1 4 v, = V| + v4) but the total kinetic energy is not conserved as expected. The
change in kinetic energy upon collision is
1—a?

1 (7-812)?|. (4)

AE = %(0/12 +up— v — v%) =m {Az +aA(T - g12) —
It is quite apparent that (i) the right-hand side of Equation (4) vanishes for elastic collisions
(¢ = 1) and A = 0 and that (ii) AE > 0 (energy can be gained in collisions) or AE < 0
(energy can be lost in collisions) depending on whether ¢ - g;; is smaller than or larger than
2A/(1 — ). Moreover, as we will show later, the average value of change in kinetic energy
vanishes ((AE) = 0) in the steady state. Thus, the injection of energy due to the parameter
A and collision dissipation cancels out on average in the asymptotic steady state.

It is also convenient to consider the inverse or restituting collision where (v{,v}) are
the pre-collisional velocities while (v, v;) are the post-collisional velocities with the same
collision vector o

1 . ~ 1aa 1 1\~ ~ 1an
V’l’:vl—i(l—l—tx*l)(a-gu)o—a IAG, V/2/:V2+§(1+tx (@ - gn)o +a"1AG. (5)

According to Equation (5), the relationship between the relative velocities g{, = v{ — v/
and g2 =V —V2 is

gh=gn—(1+a1)(c gn)e—2a"1Ac. (6)

From Equation (6), one gets
(7-glh) = —a (7 - g1n) — 20 'A. @)
Additionally, the volume transformation in velocity space for the direct collision

(vy,v2) = (v’l,V’2) is
dvidvh = advidvy, (8)
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while for the inverse collision (v{,v}) — (vy,vy) itis
avidavy = a ldvydv,. 9)

2.2. Enskog Kinetic Equation

It is well known that granular materials under rapid flow conditions admit a hydrody-
namic-like description. The corresponding granular hydrodynamic equations can be
obtained from a more fundamental point of view by using the tools of the classical kinetic
theory of gases [52,74,110] conveniently adapted to dissipative dynamics [50,51]. Kinetic
theory provides a mesoscopic description of matter, midway between a formal treatment
based on Newton's equations and a more phenomenological approach based on continuum
mechanics. It has been widely employed by the engineering and physics community in the
past decades to attempt to understand the behavior of granular matter. At a kinetic level,
it is assumed that all the relevant information on the state of the granular fluid system is
provided by the knowledge of the one-particle velocity distribution function f(r, v, t). This
quantity is defined in such a way that f(r, v, t)drdv gives the average number of particles
which at time f are located in dr around the point r and with velocities in the range dv
around v.

For moderate densities, the Enskog kinetic equation is the natural extension of the
usual Boltzmann equation for dilute gases. The former equation accounts for the effects of
finite density in the dynamic properties of the gas. In the A-model and in the presence of
the gravity acceleration g, the inelastic version of the Enskog equation is [111]

) d
a—{+v-Vf+g-£:JE[r,V\f,f]/ (10)

where the Enskog collision operator Jg of the model reads

Jelovilf, ] =o' [dvy [ d50(-5 g2 —28)(~ - g1 —28)

xa 2 fo(r, x4 o, v, vh;t) — o / dvz/d?r®(?7 -g12)(7 - g12)
X fo(r,x+ 0,vy, v t). (11)

In Equation (11),

fo(r1, 10, vy, vost) = x(ry,12) f (11, vis t) f (12, Vs t), (12)

x(r1,1r2) denotes the pair distribution function, ©(x) is the Heaviside step function and d is
the dimensionality of the system (d = 2 for hard disks and d = 3 for hard spheres). Note
that, although the A-model attempts to describe confined quasi-two-dimensional systems
(d = 2), the kinetic theory exposed in this review is performed for an arbitrary number of
dimensions d.

Similar to the Boltzmann equation, the Enskog equation assumes the molecular chaos
hypothesis, which means it neglects velocity correlations among particles about to collide.
One consequence of this hypothesis is that the two-body distribution function f, factorizes
into the product of one-particle velocity distribution functions. However, unlike the
Boltzmann equation, the Enskog equation accounts for (i) the spatial correlations between
colliding pairs via the pair distribution function at contact x(r,r + o), and (ii) the variation
of distribution functions over a distance equal to the diameter of grains (excluding volume
effects). These two factors yield corrections to the Boltzmann results. In particular, there are
non-vanishing collisional transfer contributions to the fluxes due to the spatial difference in
the colliding spheres.
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Given that here our main objective is to determine the dynamic properties of the
granular fluid, we are interested in evaluating the collisional moments of the Enskog
collision operator. In other words, we want to get an expression for I(1) where 1 is an
arbitrary function of velocity and I (i) is defined as

1) = [ dvi g(v1)Jelewalf, £ (13)

By following similar mathematical steps to those made for the conventional IHS
model [50,51], I(¢) can be rewritten in a more convenient way as [76,111]

Iy :Ud’l/dvl/ dvz/d&@(a.glz)(&-gu)fz(r,rJr o, v1, v t) [p(vy) — 9(v1)], (14)

where v] is defined by Equation (1). Equation (14) gives the same result as for the IHS
model [50].

2.3. Hydrodynamic Balance Equations

The relevant hydrodynamic fields of the granular gas can be defined as the first few
velocity moments of the velocity distribution function f(r, v, f). The number density of
particles n(r, t), the mean flow velocity U(r, t), and the granular temperature T(r, t) are
given, respectively, by

n(r, t) = / avf(r,v,t), (15)
U(r, t) = n(:,t) /dvvf(r,v,t), (16)
T(r,t) = dn(lr,t) / dvmV2f(r,v,t), (17)

where V = v — U is the peculiar velocity.

The corresponding balance equations for the densities of mass, momentum and energy
can be derived by using the relation (14). Their derivation follows similar mathematical
steps to those made for the IHS model and adopts the standard form for rapid granular
flows [112,113]. They are given by

Dimn+nV-U=0, (18)
eDiU+V -P =pg, (19)
DiT + %(V-q—l—P:VU) = —ZT. (20)

In Equations (18)-(20), D; = 9J¢ + U - V is the material derivative, p = mn is the mass
density, and V; = 9d/9r;. As with molecular (elastic) fluids [74,110], the pressure tensor
P(r,t) and the heat flux q(r, t) have both kinetic and collisional transfer contributions. Thus,
P = Py + Pc and q = qx + qc. The kinetic contributions are given as usual by

Pr(r, t) = / dvmVVf(r,v,t), (21)

q(nt) = / VAV (5w, 1), 22)
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The collisional transfer contributions are [84]
1+« PN ~ PN SN 2A
Pe = ma'd/dvl/dVZ/d‘T@(‘T’ng)(‘T'gH)‘T‘T (0-812) +
4 1+a
1
></ dAfa(r— Ao r+ (1= A)a,vi,vo,1), (23)
0
1+a s N ~ ~
qc = 1 mad/dvl/dvz/da(@(aglz)((r-g12)2(¢7~G)0
1 d
x/ d/\fz[r—/\(r,r+(1—A)o-,vl,vz,t]—A%
0
< [dvi [av, [ d00(7 - g12)(7 - 812)7(A + (7 - 1) —2(7 - G)]
1
></ arfo(xr= Ao+ (1= Ao, v, v, t). (24)
0
Here, G = %(Vl + V) is the velocity of the center of mass. Finally, the rate of energy ¢ is
given by
[ = — ot /dvl /dvz /da@)(?f‘glz)(&'glz)
anT . . .
2 ~ - 2
X[A +al (0 -g12) = —— (0 g12) }fz(r,r+(f,V1,Vz,f)- (25)

The rate of energy is due to competing effects of the energy injected by A and the energy
lost by dissipative collisions. Thus, in contrast to the conventional IHS model where it
is always positive, in the A-model { can take negative values for small temperatures [see
Equation (41) below]. This property allows the system to reach stable steady states. When
A = 0, Equations (23)—(25) reduce to those obtained in the IHS model [51].

It must be noted that in this paper we will assume the Einstein summation convention
over repeated Greek indices. Additionally, when studying multicomponent granular
systems, Latin indices will be used to label the particle species (running from 1 to s) and
Greek indices will be used to label the spatial dimensions (d = 2 for disks and d = 3 for
spheres). Also, Greek indices will be used to label the hydrodynamic modes when studying
the linear stability of the homogeneous states.

As is well known, the macroscopic balance Equations (18)—(20) provide the basis for
developing a hydrodynamic description of confined, dense granular fluids. However, as
with elastic collisions [74,110], these equations are not a closed set of equations for the
hydrodynamic fields n, U and T. To become a closed set, one has to express the momentum
P and heat q fluxes as well as the rate of energy ¢ in terms of the hydrodynamic fields and
their spatial gradients. These types of equations are referred to as the constitutive equations
for the fluxes and the rate of energy. To first order in spatial gradients, these equations are
the Navier-Stokes—Fourier equations, and the corresponding expressions of the transport
coefficients are obtained by solving the Enskog kinetic Equation (10) by means of the
Chapman-Enskog method [74] conveniently adapted to account for inelastic collisions.

3. Homogeneous States
3.1. General Results

Before considering inhomogeneous states, it is convenient to analyze first homoge-
neous situations (V — 0). In this state and in the absence of a gravity field (g = 0), the
Enskog Equation (1) simply reduces to
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I = Jelvif, £ 26)

where here
JElvilf, f] = Ud_ledvzfd(?®(—3 -g12 — 20) (=G - g1 — 20) a2 f (V] 1)

X F(V 1) — o? Ty / dv, / d60(F - g12) (7 - g12) f(v1, ) f (va, 1) 27)

is the Enskog collision operator for homogeneous states. According to Equation (27), since
the pair correlation x is constant, the Enskog collision operator (27) can be recognized as the
Boltzmann collision operator for the A-model multiplied by x. For homogeneous isolated
systems, the mass and momentum balance Equations (18) and (19) are trivially satisfied
and the energy balance Equation (20) becomes

aT
= =T (28)

The rate of energy ¢ for homogeneous states is given by

2

m o g 11—«
o 1)(/dv1 /de {BlguAZ + B2g%206A — B3g%2T}f(V1, t)f(Vz, t), (29)

C= T

where for the angular integrations use has been made of the relation [55]
()
B, = / dG0®G g) (@ gk =nt02 32/ (30)

for positive integers k. In the THS model (A = 0), (t) « /T(t) and the integration of
Equation (28) leads to the well-known Haff’s cooling law [7]: T(t) = T(0)/(1 + 1z(0)t)?,
T(0) being the initial temperature and {(0) is the energy rate at t = 0. However, when
A # 0, the time-dependence of { is more complex and, so, the time dependence of the
granular temperature cannot analytically be obtained.

As in the homogeneous cooling state (HCS) for the IHS model, although the solution
to the Enskog equation (26) is not known to date, dimensional analysis and symmetry
considerations suggest the existence of an isotropic in velocity space scaling solution where
f(v,t) depends on time through the granular temperature T(t). This scaling solution
is [77,111]

(1) = now(t) (e, A%, (1)

where vy, () = /2T (t)/m is the thermal velocity and ¢ is a reduced distribution whose
dependence on T is encoded through the dimensionless velocity ¢ = v/vy, and the dimen-
sionless parameter A* = A/vy, « T(t)~1/2. Thus, in contrast to the HCS, the unknown
scaled distribution ¢ depends on the granular temperature T not only through the scaled ve-
locity ¢ but also through A*(t). This is an additional intricacy of the A-model in comparison
with the IHS model.

According to the solution (31), since the time-dependence of the distribution f is

through T, then

of _0fOT _ .p9f
at —aTar ~ lar 2
Additionally, f depends explicitly on T through the thermal velocity and implicitly through

cand A*. As a consequence,
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Tor = 20 M) 2% aaw )
and the Enskog Equation (26) reads
1,0 1, ..90f
ST (vf) + 500" 5L = Jelvlf, . 4

As said before, an exact solution to Equation (34) has not been found so far. However,
a very good approximation can be obtained from an expansion in Sonine polynomials. In
particular, the time-dependence of the kurtosis

ap = _4 / decto(c) —1 (35)

d(d+2)
of the scaled distribution ¢ has been widely studied in Refs. [77,111]. The analytical
results derived in those works (which are based on the scaling solution (31)) exhibit good
agreement with the numerical results obtained from the direct simulation Monte Carlo
(DSMC) method [114].
Since the distribution function f is isotropic in velocity space, according to
Equations (21)—(24), the pressure tensor is diagonal and the heat flux vanishes:

P = pdij, q=0. (36)

The hydrostatic pressure p can be written as p = nTp* where

21-1r(4) .
p=14 20291+ 0) + ——agd [da [deghe(eole,  G7)
Vil T)
where g}, = g12/vy, and
4/2

=— " pno 38
?= 20 14r(a/2) (38)
is the solid volume fraction. Note that, besides the standard ideal gas and excluded volume
contributions to the pressure, there is a new term proportional to A in Equation (37). This
term is due to the additional momentum transfer at collisions. Moreover, the expression
(29) of ¢ can be rewritten as

2

“ B3g*3). (39)

2 — * A K *2 Ak 1-
{= —E”Ud 1Uth?c/d€1/d62§0(C1)CP(Cz)(Blg A2 + Byag At —

3.2. Homogeneous Steady States

As has been clearly demonstrated, numerical computations are generally required to
solve the A-model in a homogeneous time-dependent state, essentially due to the intricate
dependence of the scaling distribution ¢ on A*(t). A detailed study of the A*-dependence
of ¢ and a, for different initial conditions has been carried out in Refs. [77,111].

To obtain analytical results, one typically considers the long-time limit where A*(t)
achieves a constant value A* independent of time. In this limiting case (homogeneous
steady state, HSS), an explicit expression of the kurtosis in the vicinity of the steady state
can be derived. For a two-dimensional granular gas, the dependence of a; on a was studied
in Ref. [84] showing that the magnitude of a; never exceeds 0.103. Thus, in the steady state,
contributions to { and p* coming from terms proportional to a, are generally negligible
compared to the remaining contributions. As a consequence, for practical purposes, the
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integrals (37) and (39) involving the distribution ¢ can be computed by replacing it by its
Maxwellian form @y
¢(c, A") = pm(c) = /22, (40)

Within the Maxwellian approximation, the rate of energy ¢ is given by

\ﬁﬂdz;l d
{m = — _1Uthx<1 —a? —2A*? — \/2mxA*), (41)
dr(z)

while the (reduced) hydrostatic pressure p* is

zd
=129 2 (1 + &) + ——=xpA*. 42
In the steady state, ;T = 0, and so Equation (28) implies that { = 0. According to
Equation (41), the condition Jp; = 0 yields a quadratic equation in A* whose physical
solution (i.e., A* = 0 if & = 1) provides the a-dependence of A* in the Maxwellian
approximation. This solution is

)
A&QQ::% ;al 1+4Oﬁéx)—11 (43)
Since A* = A/+/2T/m, at given values of « and A, Equation (43) gives the value of the
stationary temperature. As expected, according to Equation (43), for elastic collisions
(¢ = 1) the steady state is only achieved for Ay; = 0. The relationship (43) has been
tested against molecular dynamics (MD) simulations showing excellent agreement with
deviations smaller than 2 %, except for small values of the coefficient of restitution and/or
high densities [48]. At a fixed value of A note that Equation (43) predicts that the granular
temperature diverges when o — 1. This result has been verified in MD simulations of
the A-model (see Figure 2 of Ref. [48]). It must be remarked that this sort of divergence
has also been observed in MD simulations carried out in three-dimensional systems with
vibrating walls (see Figure 4 of Ref. [54]), with the stationary temperature scaling as the
wall velocity squared with a prefactor that depends on the height of the box. In addition,
there is a qualitative agreement between the stationary temperature T obtained from MD
simulations and its theoretical prediction derived from the A-model [48].

Since the dependence of () on the volume fraction ¢ is only through x(¢) (see
Equation (41)), Af;(«) is independent of ¢. Beyond the Maxwellian approximation to g,
one expects that the energy rate can be also written as { = x(¢){(A*, a). Hence, the steady
condition ( = 0) provides an expression of A* independent of density.

Panel (a) of Figure 2 shows the a-dependence of the (dimensionless) extra velocity
A}y As expected, A}, increases with decreasing a. To complement panel (a) of Figure 2, the
dependence of the (reduced) pressure py, on the coefficient of restitution « is illustrated by
panel (b) of Figure 2 for d = 2 and ¢ = 0.2. A good approximation to the pair correlation x
for a two-dimensional gas is [85]

_ 119
x(@) 1—¢)7 (44)
We have also included the prediction of the (reduced) pressure p* given by the IHS
model [112,113]. We observe that the effect of inelasticity on the pressure is much more
significant in the freely cooling gas of IHS than in the A-model.
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Figure 2. Panel (a): Plot of A}, versus the coefficient of restitution « in the steady state. Panel (b):
Plot of the (reduced) pressure py, versus the coefficient of restitution a for a two-dimensional (d = 2)
system with a solid volume fraction ¢ = 0.2. The solid line corresponds to the result obtained in the
A-model while the dashed line refers to the result obtained in the IHS model (A* = 0).

4. Chapman-Enskog Method Applied to the A-Model

Once the homogeneous time-dependent state is well characterized, the next step is
to obtain the Navier-Stokes hydrodynamic equations of the confined granular gas with
explicit forms for the transport coefficients. To achieve this goal we solve the Enskog
Equation (10) to first order in spatial gradients by means of a generalization of the conven-
tional Chapman-Enskog method [74] to dissipative dynamics.

As widely discussed in many textbooks (see for instance, Refs. [74,110,115,116]), there
are two separate stages in the relaxation of a molecular (elastic) fluid toward equilibrium.
For times of the order of the mean free time, a first stage (kinetic regime) is identified where
the effect of collisions is to quickly relax the fluid toward a local equilibrium state. This
stage depends on the initial preparation of the system. A second stage is then identified
in which the gas slowly evolves toward the total equilibrium. In this stage (referred to
as the hydrodynamic regime), the gas has forgotten the microscopic details of its initial
condition and its state is governed solely by the hydrodynamic fields. This special solution
is referred to as a normal or hydrodynamic solution. These two stages are also expected in
granular gases, except that in the kinetic regime relaxation occurs toward a time-dependent
nonequilibrium distribution rather than a local equilibrium distribution. It is worth noting
that, although the granular temperature T is not a conserved field due to the inelastic
collisions, it is still assumed to be a slow hydrodynamic field (i.e., its time evolution is much
slower than the remaining kinetic excitations). This assumption has been clearly confirmed
by the good agreement found between theoretical predictions based on this hypothesis and
computer simulations in different nonequilibrium problems [72,73,117-129].

According to the above scenario, in the hydrodynamic regime it is expected that the
distribution function f(r, v, ) qualifies as a normal solution and, hence, it depends on space
and time through a functional dependence on the hydrodynamic fields n, U, and T:

f(r,v,t) = flv|n(r,t),U(r, t), T(xr,t)]. (45)

As discussed previously, although the temperature is not strictly a slow field, it has been
shown in Ref. [78] in the context of the A-model for dilute granular gases that after a short
transient period the distribution function does adopt a normal solution. A similar behavior
is expected for dense granular fluids. As usual, the functional dependence (45) can be made
local in space by means of an expansion in spatial gradients of the hydrodynamic fields.
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To generate it, f is written as a series expansion in a formal parameter € measuring the
nonuniformity of the system:

F=f04efM 2@ ... (46)

where each factor of € means an implicit gradient of a hydrodynamic field. The fact
that in the A-model the homogeneous steady state is stable for any inelasticity (see
Refs. [48,79,130]) makes it possible to control the strength of spatial gradients through
initial or boundary conditions, as occurs with molecular fluids. Thus, although the results
obtained in the Navier-Stokes domain apply to sufficiently small gradients (low Knudsen
number), they are not restricted a priori to small degree of dissipation.

Furthermore, in the presence of the gravity field g, it is also necessary to characterize
the magnitude of gravity relative to spatial gradients. As for elastic collisions [74,110], the
magnitude of g is assumed to be at least to first order in the perturbation expansion.

According to the expansion (46) for the distribution function, the Enskog collision
operator and time derivative must also be expanded in powers of e:

=10, g =0+ 4. (47)

The coefficients in the time derivative expansion are identified by a representation of the
fluxes and the rate of energy in the macroscopic balance equations as a similar series
through their definitions as functionals of f. The expansion (46) yields similar expansions
for the momentum and heat fluxes, and the rate of energy when substituted into their
definitions (21)—(25), respectively:

Pp=P0) +ePl) 4, q=q®+eq+--, 48)

[=70 4eg® ... (49)

In the zeroth-order approximation, 850)11 = Bt(o) U, = 0 and GEO)T = —T¢). Here,
79 is the zeroth-order contribution to the rate of energy. An approximate form of this
quantity is given by Equation (41) in the HSS. Since the distribution f(°)(r, v, t) formally
verifies the same Equation (34) for a strictly homogeneous state, f(©) is nothing more than
the local version of the scaling solution (31), namely, it is given by Equation (31) except by
the replacements n — n(r,t), v — v —U(r,f),and T — T(r,t). As a consequence, in the
steady state, the local versions of the (approximate) expressions (41) and (42) provide the
forms of (%) and p*, respectively.

4.1. First-Order Approximation

The determination of the first-order distribution f(1) follows similar steps to those
made in the IHS model (see for instance, chapter 3 of the textbook [51]), except that in the
A-model there are new terms coming from the additional temperature dependence of f(°)
through A*. The first-order velocity distribution function f(!)(r, v, t) is given by

= A. v1nT+B.v1nn+cw;(vAu,;wﬁuA - z(swv-u> +DV-U. (50)

d
The quantities A(V), B(V), Cys(V) and D(V) are the solutions of the following linear
integral equations [84]:

0A o7

—{OTZE AT

3T 3T +LA=A, (51)
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o7 3?+53 B+ 0 (1+¢a¢lnx>A, (52)
—{OT=E 4 Ly = Cop, (53)
—g(O)Tg—? + LD =D. (54)
In Equations (51)—(54), we have introduced the linear operator £ given by
ex = (1 X+ 1% 1 01), (55)

where the operator ]éo) is defined in Equation (27) with the replacements x — x(r,t)
and f(v;t) — fO(r,v;t). The inhomogeneous terms (which depend on f(0)) in
Equations (51)-(54) are

_ of " _p N os 7of¥
B(V)= -vfO P14 A PO A lc[(‘))} (57)
_y oY of
Crp(V) =V aVs + K\ avs | (58)
10 2 of® 1 af<0
— -2 . (0) i e A T
DY) = gy (Vf )+(C”+d”>T o T a™ | ©9)
The operator IC is given by [84]
KX = oy [av, [d00(~ g1 —28)(~7 - gio — 28)7a 2 (V)X (v5)
oy [ dvz [ 470 - g12) (@ g12)f ) (V1) X(v2). (60)
In Equation (59), {17 is defined through the expression
(W =zuv-u. (61)

In the low-density limit (¢ = 0), p* = 1, K[X] — 0, and the integral Equations (51)—(59)
reduce to those obtained in Ref. [78] for dilute granular gases. With respect to the rate of
energy, in the limit ¢ — 0, the quantity D becomes

of® 1 af0
D={yT—+— -7 —HA A (62)

and, hence, {17 # 0 even for dilute granular gases. This contrasts with the results obtained
in the IHS model [71]. However, for dense gases, {i; # 0 for the IHS model [112,113].

4.2. Navier—Stokes Transport Coefficients

Based on symmetry considerations, the first-order contributions to the pressure tensor

Pi(jl) and the heat flux q(!) are given, respectively, by

2
P)%) S (vAu,g + VU — 50,V - U) — V- Udy, (63)
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q(l) = —«VT —uVn. (64)

In Equations (63)—(64), 7 is the shear viscosity, 7, is the bulk viscosity, x is the thermal
conductivity, and y is the diffusive heat conductivity coefficient. The coefficient y is an
additional transport coefficient not present in the elastic case. The contribution to the
heat flux coming from the density gradient is also present in relativistic gases [131,132]
as well as in ordinary (elastic) gases subjected to a drag force proportional to the particle
velocity [133].

While the coefficients 7, x, and ¢ have kinetic and collisional contributions, the bulk
viscosity has only collisional contributions and hence it vanishes in the low-density limit
(¢ — 0). The kinetic contributions to the transport coefficients 7, x, and u can be expressed
in terms of the solutions of the set of linear integral Equations (51)—(53).

Given that the calculations to determine the Navier-Stokes transport coefficients are
very long, here only some partial steps are offered in the calculation of the shear and bulk
viscosities. Technical details to evaluate the remaining transport coefficients and the rate of
energy can be found in Refs. [84,134,135].

4.3. Shear and Bulk Viscosities

As mentioned before, the shear viscosity # has kinetic and collisional contributions,
ie, 1 = nx +1.. However, the bulk viscosity 7, = 1, . since its kinetic contribution
1,k vanishes. The collisional contributions 7. and #, . can be obtained by expanding the
expression (23) for the collisional pressure tensor to first order in spatial gradients. After
some algebra, one gets the expressions [84]

d
n'? (d+1) F(f)
My = ————n"0" " myvg, (14+a)l, +A%], (65)
2821 () 2V T(432) *
d
/2 |14« d r (7)
= — I, A* , 66
where we have introduced the dimensionless integrals
b, = [ der [ dez gia pler)p(ca), ©7)
Iy, = / dey / dea 8178134815y pm(c1) pm(c2). (68)

It must be remarked that upon obtaining Equations (65)-(68) we have neglected the con-
tributions proportional to (i (it is expected that this quantity is in general very small).
Furthermore, given that the unknown C A 18 also involved in the determination of 7.,
we have replaced C) 4 by its corresponding leading Sonine approximation. According to
Equation (53), Cyp « Cyg &« mV, V. Thus, the leading Sonine approximation to C)g is
given by

Crp(V) = = Rap(V) fu(V), (69)
where i/ ,
m _mve
fa(V) =n(5oz) e (70)
is the Maxwellian distribution and R)4(V) is the traceless tensor
1 2
RA,B(V) =m VAV/g — 35/\,3‘/ . (71)
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We note that the Sonine expansion of Cyz(V) is different from the one usually em-
ployed for the zeroth-order distribution function f(°) (V) because the latter is isotropic in
velocity space.

It only remains to evaluate the kinetic shear viscosity 7. To get it, as usual, we
multiply both sides of Equation (53) by R;;(V) and integrate over velocity. After some
algebra, one achieves the result

dV Ryp(V)Crp(V)
_#(0) _ J AB AB
( 4 TaT*”’?)”k d—1)d+2) ' 72)
where

1 deR/\ﬁ(V)CAﬁ(V)
In the hydrodynamic regime, the kinetic coefficient #; can be written as

(1) = no(T)nc(a, ¢, A7), (74)
where 405 /4

10(T) = ’g r(2> =T =/ mT (75)

is the low density value of the shear viscosity in the elastic limit. According to Equation (74),
one has the identity

B | almyk 1 LOoInng
Tornk = (Torno)my — SIA T = Sk <1 — A ) (76)
Thus, Equation (72) reads
aA* +< ~ 26 )”k_”T d—1)(d+2) / dvRap (V)R av,3 @n

where use has been made of the explicit form (58) of Cyg. As occurs for dilute granular
gases [78], in contrast to the conventional IHS model, 7y is given as the solution of an
intricate first-order differential equation. The integral appearing on the right-hand side of
Equation (77) can be computed as [84]

/dVR/\‘B ’C/\ af = dez(d—l)x¢(l—|—zx)(l—3zx)nT
r($)
+24(d — 1) xpA*nT | ——=4—1I, —A*|, (78
( )X‘P n |:\/Ef(d'£l) ) ] ( )
where
b =2 [ dey [deap(er)o(er) 8157 (812 1) — (14 w)gh]- 79)

(Expression (79) displayed here corrects a typo found in the previous result obtained in
Ref. [136]. Moreover, Table 1 provides the correct forms for the complete set of Navier—
Stokes transport coefficients.)

It is quite apparent that to obtain analytical expressions for 7 and #;, one has to
(i) consider the steady state (¢ ) = 0) and (ii) replace ¢ by its Maxwellian form. Under
these approximations, for a two-dimensional system, one gets the following expressions
for the (dimensionless) shear 1™ = 7/19 and bulk #;; = 11,/ Vviscosities:
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* « 1

1 [2 4
1+2(PX<1+IX+ 7TAM>
* 8 2 T A%

where
" *_1 1 2 * *2
Me=vy g1 g0 | (T+a)(1=30) =4/ = (14 20)A% — 443 | o, (82)
and
., 3 7 2V2m « 2,0
vy = gX (3—tx>(1+0¢)+ - (1_“)AM_3AM1' (83)

Here, we recall that Ay, is given by Equation (43). When A}, = 0 in Equations (80)—(83),
one recovers the previous results derived for hard disks in the IHS model for vanishing
energy rate (é(o) =0) [113,137].

Table 1. Explicit expressions of the scaled transport coefficients for a two-dimensional monocompo-
nent granular gas (d = 2) at the stationary temperature.

nt= [1+§¢X<1+“+\/ZAK4>]'1§+%77§/

i = {1 dox 0+ 01 -30) 420+ 2w, - aaf)

ni=S¢%x (1+vc+\/7AM)
= [1+Z¢X(1+l¥+\/zAK,[)}Klt+72r472)(<1+06+\/gAK/I),

){1+ S0x(1-+ a2 (2n = 1) = Ty

k)

*
k=

2w + AL (ago

JIA*
[+31+1x <1fAM> S (1 +a)? Aﬁ]}f

pr= [1 +2¢ (1+oc+\/7A*>};ik,

ji = —%@c(l + 199, ln)() {gm - %@( {ZAI’(,% - 3(% - oﬂ) + %Jz?aAKA} }

vi =[G - 0) (1 +a) + D - )8y, - 387,
Vg =g = #x[% +21 —a)} — A—M)([\/Zrc(Szx— 1) 4+ 10A% }
AK/I(D‘) = %\/7 { 1+ (mxz ) _1]’

pr=1+¢x(1+a)+ 2\/%¢XAK/I'

1—-Z
i
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4.4. Thermal Conductivity and Diffusive Heat Conductivity Coefficient

The determination of the thermal conductivity coefficient x¥ and the diffusive heat
conductivity coefficient y follows analogous steps to those shown before for the shear
and bulk viscosities. Given that the calculations are very long, they will be omitted
here. We refer the interested reader to Refs. [84,134,135] for more technical details of
these calculations. In any case, for the sake of completeness, the explicit expressions of the
relevant (scaled) transport coefficients are displayed in Table 1 for a two-dimensional system
as functions of the density and the coefficient of restitution. In Table 1, ¥*(x) = x(«) /%0
where kg = (d(d+2)/2(d —1))(170/m) is the low-density value of the thermal conductivity
of an elastic gas. Moreover, {; = {m/novy, and p* = nu/Tky. Note that the coefficient p*
vanishes for elastic collisions; for this reason u*(«) has been scaled with respect to x*(1)
(the value of x* for elastic collisions). Furthermore, the (scaled) heat diffusive coefficient y*
also vanishes in the low-density regime (¢ = 0) when one neglects the contribution of the
kurtosis a; since u* « a; when ¢ = 0.

Figure 3 illustrates the dependence of the (scaled) shear viscosity coefficient 1* () /5*(1)
for d = 2 and two values of the solid volume fraction ¢: ¢ = 0.1 (dilute granular gas)
and ¢ = 0.314 (moderately dense granular gas). Here, 17 (1) refers to the value of the
(dimensionless) shear viscosity 1* for elastic collisions. For the case of ¢ = 0.314, the
theoretical results from Equations (69)—(83) are compared with the results from MD sim-
ulations [76]. It is worthwhile remarking that the molecular dynamics method is based
on Newton’s law equations and, hence, it avoids the usual assumptions involved in the
kinetic theory description (molecular chaos and Equation (128) for accounting for spatial
correlations at moderate densities). In this context, a comparison between kinetic theory
and MD simulations is a quite stringent test for the former theory.

1.00 T T T T L

0.95

0.90

N (@/m’(1)

0.85

0.80

0.75 1

0.70 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

o

Figure 3. Plot of the (scaled) shear viscosity coefficient 7* («) /57* (1) versus the coefficient of restitution
« for a two-dimensional granular gas (d = 2) and two different values of the solid volume fraction ¢:
¢ = 0.1 (a) and ¢ = 0.314 (b). The solid lines correspond to the kinetic theory results while symbols
refer to MD simulations performed in Ref. [76] for ¢ = 0.314.

According to Figure 3, we observe that, for a given value of «, the shear viscosity
(scaled with respect to its elastic value) decreases with increasing density. Moreover, for
a given density, the shear viscosity decreases with increasing inelasticity. Regarding the
comparison with MD simulations, we see that the (approximate) kinetic theory results
qualitatively reproduce the simulation trends well, despite the relatively high gas density.
At a more quantitative level, as inelasticity increases, the differences between theory and
simulations become more significant, as expected.
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Figure 4 complements Figure 3 by showing the a-dependence of the (scaled) thermal
conductivity coefficient x*(«) /x*(1) and the (scaled) diffusive heat conductivity coefficient
w*(a)/x*(1). Unlike the shear viscosity coefficient, we observe that the ratio «* («) /x* (1)
exhibits a non-monotonic dependence on «. Furthermore, dissipation and density have a
greater impact on thermal conductivity than on shear viscosity. Regarding the coefficient
u*, we observe that this coefficient is negative and it is significantly affected by density. In
any case, the magnitude of y* is quite small for any density and/or inelasticity; therefore,
one can neglect the contribution to the heat flux coming from the density gradient. This
means that, for practical purposes, one can assume that the heat flux obeys Fourier’s law
in the A-model: () = —xVT. This conclusion contrasts with the results obtained in the
conventional IHS model [51,71,112,138], since the coefficient y is always positive, and its
magnitude can exceed that of the thermal conductivity « for strong collisional dissipation.

1.0 T T T T 0.00 T T T T
=) ~ 001 i
v 0.9 12 (a)
2 3 002} 1
y .
0sN\ \@ I
' -0.03 | (b) ]
(b)
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Figure 4. Plot of the (scaled) thermal conductivity x*(a)/x*(1) and diffusive heat conductivity
w*(a)/x* (1) coefficients versus the coefficient of restitution « for a two-dimensional granular gas
(d = 2) and three different values of the solid volume fraction ¢: ¢ = 0.1 (a), ¢ = 0.2 (b), and

¢ =03().
4.5. Stability of the HSS

Knowing the Navier-Stokes transport coefficients and the rate of energy makes it
possible to analyze the stability of the HSS. This is a relevant state for confined, quasi-two-
dimensional granular fluids. The HSS is a trivial solution of the Navier-Stokes hydrody-
namic Equations (18)—(20) characterized by a uniform state with U = 0 (without loss of gen-
erality) and a steady temperature Ty; determined from the equation () (ny, Ty;) = 0. Here,
the subscripts H denote the homogeneous steady state. This state has been widely studied
in several previous papers [48,76,111] and the theoretical results compare quite well with
computer simulations. Since the HSS has been proven stable for dilute granular gases [79],
this subsection aims to investigate the stability of the HSS with respect to long enough
wavelength perturbations at sufficiently high densities. To answer the above question,
we will perform a linear stability analysis of the nonlinear Navier-Stokes hydrodynamic
Equations (18)—(20) with respect to the HSS for small initial perturbations. The Navier—
Stokes equations are obtained by substituting the constitutive Equations (63) and (64) into
the balance Equations (18)—(21).

Near the HSS, we assume that the deviations 8y, (r, t) = y.(r, t) — yy, are small, where
0Ya (1, t) denotes the deviation of {1, U, T, } from their values in the HSS. To compare with
the results obtained in the IHS model [139], we consider here the same time and space
variables: T = vyt and £ = 1(vii/von)r, where vy = nyTi/non and voy = /Ty /m.
Here, oy is given by Equation (75) with the replacement T' — Ty. The dimensionless time
scale T is a measure of the average number of collisions per particle in the time interval
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between 0 and t. The unit length vg 11 /v is proportional to the time-independent mean
free path of gas particles.
As usual, the linearized hydrodynamic equations for the perturbations

{6n(x;t),0U(x;t),0T(x; 1)} (84)

are written in the Fourier space. A set of Fourier transformed dimensionless variables are
then introduced as py (T) = ny (7) /np, Wi (T) = dU(T) /von, Ok (T) = 0Tk (T)/ Ty, where
0Yia = {0pK, Wi (7), 0k (T) } is defined as

Syiea(T) = / e e~ sy, (8, 7). (85)

Note that in Equation (85) the wave vector k is dimensionless.

As occurs in the previous studies on molecular [140] and granular [71,139] fluids, lin-
earization of the Navier-Stokes equations in py, wy, and 6y shows that the d — 1 transverse
velocity components wy | = wy — (wy - E)f( (orthogonal to the wave vector k) decouple
from the other three modes. They obey the autonomous differential equation

wi  (T) = Wki(o)ei%’]*k%/ (86)

where we have taken into account that #* does not depend on time in the HSS. Thus, since

n* > 0 (see Equation (69)), the d — 1 transversal shear modes wy | (7) are linearly stable.
The remaining (longitudinal) modes correspond to py, 6, and the longitudinal velocity

component of the velocity field, wy)| = wy - Kk (parallel to k). These modes are coupled and

obey the equation

0y (1) _
a9t = M)L‘B(Sykﬁ(T)I (87)

where iy, (T) now denotes the set { Pk, O, Wy } and M is the square matrix [130]

0 0 —ik
M= | =2 20— 2R kGt | )
—ikpyCp  —ik(py+¥p)  —LFE K — Jk?

Here, Cy(¢p) = 1+ (1 +¢dgpIn x)(1 — pirt), and it is understood that p,, 7%, Hor K5, W5,
and (y; are evaluated in the HSS. While x* and py* were determined in Refs. [84,134,135], the
first-order contribution to the rate of energy {;; was not evaluated. A good approximation
toit ford = 2is [130]

25/2 3
NE + S=ay — S(1- a?)|. (89)

Cu=¢x ﬁ

Additionally, for a two-dimensional system, in Equation (88) we have introduced the
dimensionless quantities

- aCt

¥, = TH< o > = 54>XA;§4. 91)
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Here, we recall that {; = {m/ npo+/2Ty /m where )y is given by Equation (41). For dilute
granular gases (¢ = 0), Equations (88)—(91) are consistent with the results derived in
Ref. [79] in the low-density limit.

The longitudinal three modes have the form exp([s, (k) 7] for n = 1,2, 3, where s,,(k) are
the eigenvalues of the matrix M. For given values of the coefficient of restitution a and the
density ¢, for k # 0 we find that one of the modes is real while the other two are a complex
conjugate pair of propagating modes. Furthermore, an analysis of the eigenvalues of the
matrix M for finite k and moderate densities shows that in general Re(s,,) < 0 and hence
the HSS is linearly stable in the complete range of values of the wave number k studied.
As an illustration, the dispersion relations s, (k) for a two-dimensional granular fluid with
« = 0.8 and ¢ = 0.2 are plotted in Figure 5. Only the real parts of the eigenvalues are
represented. We observe that the real part of the “heat” mode s3 exhibits a a non-monotonic
dependence on the (dimensionless) wave number k while the other modes (s; = sp and 5 )
decrease with increasing k.

0.0

Re(s)

o
~
T
1

05 . . . .
0.0 0.1 0.2 0.3 0.4 0.5

k

Figure 5. Dispersion relations for a granular two-dimensional fluid (d = 2) withx = 0.8 and ¢ = 0.2.

From top to bottom the curves correspond to the real parts of the shear (transversal) mode s, and the
remaining three longitudinal modes (s; = s and s3).

5. Granular Mixtures
5.1. Granular Mixtures: Enskog Kinetic Equation

Granular materials are usually present in nature or industry as polydisperse systems.
The extension of the Enskog equation to granular mixtures within the context of the A-
model is straightforward. We consider an s-multicomponent granular mixture of inelastic,
smooth hard disks (d = 2) or spheres (d = 3) of masses m; and diameters 0;. Collisions
among all pairs are inelastic and characterized by independent coefficients of normal

restitution a;; = a;;, where a;; is the coefficient of restitution for collisions between particles

jir
of species i and j. For moderately dense systems, in the presence of the gravity field m;g,
the set of Enskog kinetic equations is

Py Py
af1+VVfl+g% :];1 ]E,l][r,v|fl,f]], (92)
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where the Enskog collision operators Jg ;; for collisions i-j in the A-model read [93]
]E,ij [I‘,V1|f1‘,fj] = 0'5_1 /dVQ/d&@ 727\' c 812 — 2Al])(fa' - 812 — ZAl])
xuci;zlei]-(r,r + 0y, VY, V3 t) — ] / dv, / doO(c - g12) (0 - g12)
xleij(r,r—k 0ij, V1,V2; i’). (93)
Here, 0;; = 0;;0, 0 = (0; + 07) /2, and
faj(r1,12,v1, V25 t) = i (11, 12) fi (11, Vi 1) fi (12, V25 t), (94)

Xij(r1,12) being the pair correlation function for collisions i — j. In Equation (93), the
collision rules for the restituting collisions (v{,v)) — (v1,v,) with the same collision
vector o are defined as

Vfll = V1~ Hji (1 + D‘l‘;l) (5’ ’ ng)& - ZV]zAZJ‘xZ] o, (95)

Vi = Vo + i (1 + al.;l) (7 - 812)@ + 23 A0, 17, (96)

where y;; = m;/(m; 4+ m;). Analogously, the direct collisions (v1,v2) — (v}, v5) are
defined as

V’l =v] — ]/l]‘i(l + Déij) (& . glz)a' — ZyﬁAi]‘a', (97)

vy = Vo + i (1 + a;) (T - 812) 0 + 25 (98)

As in the case of monocomponent granular fluids, the property (14) for the Enskog collision
operators Jg ;[r, v|f;, fj] still applies except that f»(r,r + o, v1, v2; ) must be replaced by
f2,ij(x, ¥+ 03j,v1,v2; t) and V] is given by Equation (97).

The use of property (14) for granular mixtures allows deriving the corresponding
balance equations for the densities of mass, momentum, and energy. As expected, their
forms are similar to those obtained in the IHS model [141] and are given by

Diny+ 1,V U+ Vi (99)
i
DiU+p lVv.P=g, (100)
Vi
DT ?1;71 d—(v q+P:VU)=—(T. (101)
In Equations (99)-(101),
ni= [ dvfi(v) (102)
is the number density of species i,
S
m; / avvfi(v) (103)
is the mean flow velocity, and
1 s 2
T = ,T / AvV2fi(v (104)

is the (global) granular temperature. In addition, p = ) ; p; = }_; m;n; is the total mass
density, and we recall that V = v — U is the peculiar velocity. Apart from the granular

https:/ /doi.org/10.3390/e28040454


https://doi.org/10.3390/e28040454

Entropy 2026, 28, 454

25 of 53

temperature T, at a kinetic level it is convenient to introduce the partial temperatures T; for
each species; they measure their mean kinetic energies. They are defined as

TliTl‘ = % /dVVZfi(V)

and, hence, nT = Y ; n;T,
In the balance Equations (99)—(101)

(105)

ji = mi/dV1 Vi1 fi(v1) (106)

is the mass flux for the species i relative to the local flow. The mass flux j; has only kinetic
contributions. The kinetic contributions to the pressure tensor P and the heat flux q are
given as usual by

P, — ZS; / dvmVV fi(v), (107)
i=1
5 1
= dv =m; V2V fi(v). (108)
qx l; / v om fi(v)

The collisional transfer contributions for the pressure tensor and the heat flux can
be derived by following similar steps to those made in the A-model for monocomponent
granular gases [84]. Their expressions are
s S 1+ lej
oD 1 [ dvi [ dvs [ d50(7 g12)( - 812)57
R ZAU
X [(0-g12) +

1+061']'

/0 d/\fZ,ij (1‘ — /\0’1‘]',1' +(1- )\)O’i]',Vl,Vz, t), (109)
qde =

14« PR
ZZ ”mz] z]/d"l/de/dlf@ o 812)(0 - 812) 0[ (- Gjj)
i=1j=1

1
(mji — mij) (1 —“ij)(ff‘glz)] / dAfo i (r—/\tfij,r-F (1= A)aij,vi,v2, t)
5 m;
,lel ! dAIJ/dvl/dVZ/dU'@ o - glz)((r ng) |:4‘1/l]l ij
i=1j=

1
+4y]zoc1]((7 g12) — 4“11]1(& . Gl])i| /0 d)\fZ,ij (r — }\0'1‘]‘,1‘ +(1 /\)U'ZJ,V1,V2, f)

(110)
The energy rate ( is
2 S S
C = gL L i fdn [ dn [ 420 ge)(@- )
i=1j=1

1- 042
X {AIZJ + i (T - 812) — — L7 g1o) }fz,ij(r,r%- oij,vi,vo, ). (111)

In Equations (110) and (111), m;; = m;m; /(ml + m; ) is the reduced mass and G;; = p;;V1 +
14ji V2 is the center-of-mass velocity.

5.2. Homogeneous Time-Dependent State

As in the case of monocomponent gases, we consider first spatially homogeneous
isotropic states for which the Enskog Equation (92) in the absence of gravity becomes
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- i1 2 2 s 14
dTlT Z Z 0'1 minij / dVl /de (BlguAij + Bzglzociin]- — B3312 4 )
i=1j=

0
5¢/i Z JeilvIfi fil, (112)

where Jg ;i[fi, fj] is defined by Equation (93) with the replacements x;;(r,r £ o) — x;j
and foi(r, v + 0yj,v1,v2;t) — xiifi(vi;t)fi(vo;t). Here, x;j is the (homogeneous) pair
correlation function at contact for collisions i-j.

In the homogeneous time-dependent state, the only nontrivial balance equation is that
for the temperature T. Since the mass and heat fluxes vanish and U = 0, the equation for
T(t) of a multicomponent granular mixture is still given by Equation (28) with

2

1

Xfi(vlr )f](VZI )/ (113)

where the coefficients By are defined in Equation (30). The time evolution of the par-
tial temperatures T; can be directly obtained from the Enskog Equation (112) and the
definition (105):

oT;
S = —uT (114
where
S 1 S 3 ”
Li=) Gij= T Y. / dvm;v~Jg ij(fi, fil- (115)
j=1 nili i3
According to Equations (114) and (115),
S
=Y xvili (116)
i=1

where x; = n;/n is the concentration or mole fraction of species i and v; = T;/T is the tem-
perature ratio of species i. The deviation of ; from 1 provides a measure of the departure
from energy equipartition (i.e., when T; = T for any component i). The time evolution of
the temperature ratios y;(t) can be easily obtained from Equations (28) and (114) as

0
5 i =0 G (117)

As in the monocomponent case, after a transient period, one expects that the velocity
distribution functions f;(v, t) adopt a normal form where their time dependence is only
through the global granular temperature T(t). This means that f;(v, ) is given by the
scaling distribution

fi(v,t) = nog(t )q)l(c,A[]) Gi=1,...,s (118)

where we recall that ¢ = v/vy, and vy, (f) = +/2T(t)/m is a thermal velocity de-
fined in terms of the temperature of the mixture T(t). In addition, m = Y ;m;/s and
Al*]-(t) = Ajj/vg(t). According to Equation (118), ¢ f; = —{Tdrf; and, so,

% = *gi (vfi) + gz i A/] o : (119)

j=14= IA;

Thus, in dimensionless form, the set of s-coupled Enskog Equation (112) for the homoge-
neous time-dependent problem can be written as
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1[0 N R T

Eg <a (C(Pl) ; Z AZ]aAi> ; ]Ez][ |(P11(P]] (120)
j=14=1 lj j=1

where (* = (/v and ]E,l-]-[C|(Pi, @l = (vtdh/niv)]E,ij[v\fi,fj}. Here, v = no“ oy, is an

effective collision frequency and 7 =} ; 0;/s.

Since f;(v) depends on v through its modulus, the mass and heat fluxes vanish
and P g = pd)p. The hydrostatic pressure p = nTp*, where the coefficient p* for a
multicomponent granular mixture is

d
. d/2 s s 5 mi
p = Z Zyjinq?;;(ijx,-xj (1 +1X1] vi + g+2 mlA
dF( ) i=1j=1 (T)
X /dCl/dngikzgl)i(Cl)gD]'(Cz)‘|. (121)

For mechanically equivalent particles (m; = m, 0; = 0, a;; = &, and Al’fj =A"),7,=0=1
and Equation (121) agrees with Equation (37).

5.3. Homogeneous Steady States: Maxwellian Approximation

We consider here the steady state solution to Equation (120). In this case, for given
values of A%, 9;T(t) = 0 and according to Equation (114)

{=0i=G=-=0=0 (122)

As expected, the determination of {; requires the knowledge of the scaling distributions
@i, whose exact form is not known to date. As in the conventional IHS model [86], the
distributions ¢; can be expanded in a series of Sonine polynomials, the coefficients (cumu-
lants) of the series being the corresponding velocity moments of ¢;. Here, as in Section 3,
to estimate the partial energy rates {;, we take the simplest Maxwellian approximation

¢im(c) to ¢;(c), namely,
Pi(c) = gim(c) = w2012 0, (123)

where 0; = m;/(7i7y;). As in previous works on granular mixtures [86], for the sake of
convenience, @;\ is defined in terms of the partial temperature T; instead of the (global)
granular temperature T.

With the Maxwellian approximation (123), the partial energy rate ; — ;\ can be
computed. In dimensionless form, it can be written as {; \ = ;'\, where [93]

d-1
. 1/2
Gim = (%) Zx]X1]< ) i (1 + )6, 1/2(1"‘9 /)

2

1 47.[11/2 s o d—1 §
X {1 — (1 + ) (1 + 91‘;‘)} - 7df(d) Y XXij (;) Wjildj;

(124)

2ujilN
/2 1/2
X [ \/E Gi (1+9,']') —1+;I/tj1‘(1+l¥,‘]')<1+91']‘> .
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Here, 0;; = 0;/0; = m;7y;/mj7; gives the ratio between the mean-square velocity of the
particles of the species j relative to that of the particles of the species i. Moreover, taking
the Maxwellian approximation (123), the expression (121) for p* reduces to

pm =1+

g/2 s s » 2 m 9i+9]‘ 1/2
—_— inofxiixixi | (1+ i)y + —=—=A;; . (125)
gy B etuses (s 2

In the limit of mechanically equivalent particles, Equations (124) and (125) agree with
Equations (41) and (42), respectively, as expected.

5.4. Binary Mixtures: Comparison Between Kinetic Theory and Computer Simulations

To illustrate the dependence of the partial temperatures on the parameters of the
mixture, we consider a binary mixture (s = 2) for the sake of simplicity. In this case, the
relevant dimensionless quantities in the steady state are the scaled temperature T* (defined
below) and the temperature ratio T; / T,. Both quantities are determined from the following
constraints (122):

(=0, =0 (126)

The solution to Equation (126) with the expression (124) for the energy rates provides T*
and T; /T, in terms of the parameter space of the problem. This is constituted of the ratio
of masses m1 /my, the ratio of diameters 07 /0>, the concentration x7, the volume fraction or
density ¢, the coefficients of restitution w11, a2y, and a1,, and the dimensionless velocities
A7y, A3y, and AJ,. In the case of a two-dimensional (d = 2) system, the volume fraction ¢ is
defined as
2 o )
p=) VLT (127)
i=1

while a good approximation for the pair distribution function is [85]

1 9 ¢ oM

L Z__ 7 12
where My =Y ; xi(ff . Finally, the reduced (steady) temperature T* is defined as
=L (129)
mA” /2

where A = /A2, + A2, + A2,

Since there are relatively many parameters involved in the problem, we take a com-
mon coefficient of restitution 17 = ay»» = a1p = «, as usual. Moreover, we consider
two-dimensional granular mixtures with the concentration x; = % The (approximate)
theoretical results for T* and T; /T, will be compared with two different standard simu-
lation methods. The first one is the direct simulation Monte Carlo (DSMC) method [114]
introduced years ago by Bird for dilute molecular gases. Here, we have adapted this
method to a gas of hard disks with inelastic collisions. The DSMC method numerically
solves the inelastic Boltzmann equation and assumes the molecular chaos hypothesis,
namely the absence of velocity correlations between particles about to collide. However,
the method does not assume the existence of the normal solution (118) and it goes be-
yond the Maxwellian approximation to f; (it determines the “exact” velocity distribution
functions). Thus, comparing analytical and DSMC results for very dilute systems (¢ — 0)
can be used to evaluate the reliability of the scaling solution (118) and the accuracy of
the expression (124) for estimating the partial energy rates (this expression is obtained by
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replacing the true ¢; by its Maxwellian form (123)). As previously noted in section 4, since
MD simulations avoids the assumptions of the Enskog kinetic theory, comparing the theory
to MD is more stringent than comparing it to DSMC results. In both simulation methods
(DSMC and MD), particles move in two dimensions with collisions given by rules (97) and
(98) of the A-model.

We consider first the usual case of binary mixtures where their constituents differ
only by their diameters and masses but the energy injection parameters are the same
for all types of collisions (i.e., Aj; = Ay = App). To assess the departure from energy
equipartition, panels (a) and (b) of Figure 6 show the temperature ratio T; /T as a function
of the mass ratio. In panel (a), we consider different values of the (common) coefficient of
restitution «. As occurs in the conventional IHS model [38,86,120,122,142], T; / T> increases
with increasing mass ratio m /my and, hence, the temperature of the heavier particles is
larger than that of the lighter ones. In any case, the departure from energy equipartition is
less significant in the Delta-collisional model than in the IHS model. While both simulation
methods agree again with great accuracy, they deviate from the theoretical results as the
mass ratio grows. As is well known, in the case of elastic collisions [110], the use of
the simplest leading-order truncation to evaluate the transport coefficients is accurate
to approximately 5%. However, there are exceptions, such as extreme mass ratios (e.g.,
electron—proton systems). For inelastic collisions, the discrepancy between kinetic theory
and simulations for disparate-mass binary mixtures may also originate from the use of
the Maxwellian approximation (123) to ¢; (leading-order truncation) to determine the
temperature ratio. Apart from this source of discrepancy, one could argue that molecular
chaos is more likely broken in highly asymmetric mixtures.

To gauge the impact of density on Ty /T,, we plot it versus mj /my for three different
values of the solid volume fraction ¢ in panel (b) of Figure 6. Since 07 = 0 and x; = %,
Equation (128) yields x11 = x22 = X12 and, hence, they factor in Equation (126). Conse-
quently, the Enskog kinetic theory does not predict any dependence of T* and T7 /T, on
the density ¢. However, beyond the Enskog equation, density corrections to T; /T, can
exist if there are position correlations not accounted for in the approximation (128) for x;;.
The comparison with MD simulations carried in panel (b) tests this prediction. We observe
from panel (b) of Figure 6 that the dependence of T; /T, on ¢ is very weak (mostly appears
at high mass ratio), validating the results derived from the Enskog equation.

Now, we consider the case in which the only difference between the two species is
the energy injection at collisions. Namely, the two species are mechanically equivalent
(01 = 0p and my = my), but Ayq # Ay # Aqp. Specifically, we assume that Ay < App
and Ajp = (A11 + Ap)/2. Since Ay < Ay, Ajp > Aqy. This means that the particles of
species 1 (2) have a higher (lower) temperature than if they were alone because the energy
injected in the 1-2 collisions is higher (lower) than in the 1-1 (2-2) collisions. Figure 7
illustrates the a-dependence of the temperature ratio for different systems and densities.
In general, we observe that the Enskog theoretical predictions agree with the DSMC and
MD simulations at low density. Panel (A) of Figure 7 highlights a significant departure
from energy equipartition, as T; / T differs greatly from 1. Clearly, the energy injection for
species 1 is smaller than for species 2, as evidenced by the fact that the temperature ratio
T /T, < 1. The effect of density on T /T is illustrated in panel (B). We observe that the
influence of ¢ on T /T, is more pronounced in this case than in the scenario depicted in
Panel (b) of Figure 6.

In summary, the comparison carried out in this section between kinetic theory and
computer simulations shows that the failure of the Enskog kinetic theory at high densities
can be expected based on previous results obtained for ordinary (elastic) mixtures [110]. At
high densities, effects such as multiparticle collisions are not accounted for in the Enskog
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collision operator. These effects are expected to be more pronounced in granular fluids than
in the conventional fluids since the colliding pairs tend to be more focused. Consequently,
the range of densities for which the Enskog theory is expected to provide accurate results
diminishes with increasing collisional dissipation.

1.6 T T T T
(a)
15} a=0.7 2 1.15
[ ]
Jlat 1 N
& o §~1 0
sl . S
[ ]
i ® o=0.8
12} 1
i . 1 1.05
o °
1.1+ o 2 s ° g
i 0a=0.9
1.0 2 . * * 1.00
2 4 6 8 10
ml/m2 m,/m,

Figure 6. Panel (a): Plot of the temperature ratio T; /T, versus the mass ratio my /mj for o4 = 09,
and three different values of the (common) coefficient of restitution a: « = 0.9, 0.8 and 0.7. The
lines refer to the Enskog theoretical results while the symbols correspond to the results obtained by
numerically solving the Enskog equation by means of the DSMC method (circles) and by performing
MD simulations for ¢ = 0.0016 (triangles). Panel (b): Plot of the temperature ratio T; /T, versus the
mass ratio my /my for 01 = 0y, & = 0.7, and three different values of the volume fraction ¢: ¢ = 0.0016
(triangles), 0.1 (circles) and 0.2 (squares). Symbols refer to MD simulations and the line to the Enskog
theoretical result. We assume in both panels that Aj; = Ay = Ay;. Figure reprinted with permission
from R. Brito, R. Soto, and V. Garzé, Phys. Rev. E 2020, 102, 052904 [93]. Copyright (2020) by the
American Physical Society.
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Figure 7. Panel (A): Plot of the temperature ratio T; / T, versus the (common) coefficient of restitution
a for o = 0o and my = my. We assume here that Ayy = AA1; and Ay = (A1 + Ap)/2. Three
different values of A have been considered: A = 2 (a), A = 5 (b), and A = 10 (c). Symbols refer to
DSMC results (circles) and MD simulations (triangles) for ¢ = 0.01 while the lines correspond to
the Enskog theoretical results. Panel (B): Plot of the temperature ratio T; /T, versus the (common)
coefficient of restitution « for for 04 = 0p, and m; = my. We assume here that A = 5 and, so,
Ay = 5A11 and Ajp = 3Aqq. Three different values of the solid volume fraction are considered:
¢ = 0.01 (solid line and circles), ¢ = 0.1 (triangles), and ¢ = 0.2 (squares). Symbols refer to MD
simulations and the line to the Enskog theoretical result. Figure reprinted with permission from R.
Brito, R. Soto, and V. Garz6, Phys. Rev. E 2020, 102, 052904 [93]. Copyright (2020) by the American
Physical Society.
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6. Navier-Stokes Transport Coefficients for Binary Granular Mixtures:
Low-Density Regime
6.1. Kinetic and Balance Equations

As in the monocomponent gas case, once the homogeneous time-dependent state for
multicomponent systems is characterized, the next step is to use this state as the reference
state in the Chapman-Enskog perturbation solution of the Enskog kinetic Equation (92).
However, studying the transport properties of multicomponent granular mixtures is much
more complicated than studying those of a single granular gas. This is because the number
of transport coefficients in a mixture is larger than in a monocomponent gas, and these
coefficients depend on parameters such as diameters, masses, concentration, and coeffi-
cients of restitution. Due to these difficulties, our analysis in this section is restricted to
the low-density regime of a granular binary mixture (s = 2). In this regime, x;; = 1 and the
Enskog collision operators Jg ;j[f;, f;| reduce to the Boltzmann operators

]Z-]-[vl\fi,f]-] = 0'5_1 /de/dﬁ'@(—a' ‘812 — 2AZ‘]‘)(—3 g1 — ZAij)

xa i (5, 0, £) £ (e, v, ) — 0t / dvs / 4505 - g12) (7 - g12) fi (1, v1, £) £ (£, va, 1), (130)

Moreover, in the low-density regime, the collisional contributions to the transport coeffi-
cients are much smaller than their kinetic forms and, hence, they can be neglected.

The determination of the Chapman-Enskog solution to first order in spatial gradients
in the A-model follows similar mathematical steps to those made in the conventional IHS
model [51,141,143,144]. One subtle point in implementing the Chapman-Enskog method
in the A-model for mixtures is that there are nonzero first-order contributions to the partial
temperatures and the energy rate. Most of the technical details involved in this derivation
can be found in Ref. [145].

As discussed in Section 4, we assume that after a transient regime the granular mixture
achieves a hydrodynamic state characterized by the fact that the distributions f;(r, v, )
depend on space and time through a functional dependence on the hydrodynamic fields
(normal solution). Here, as in the case of the IHS model [143], we take the concentration x1,
the pressure p = nT, the temperature T, and the mean flow velocity U as the hydrodynamic
fields of the binary mixture. For small spatial gradients, f; can be written as a series
expansion in powers of the nonuniformity parameter €,

fi= {0 vefV 4@ 4 (131

where the formal parameter € is taken to be equal to 1 at the end of the calculations. As
expected, the zeroth-order distribution fi(o) is nothing more than the local version of the
homogeneous time-dependent distribution (118) studied in Section 5.2.

The balance hydrodynamic equations to first order are

DYy =0, DUy = —p 'Vp+gn, (132)
Dy = —2p7 u—pe, DT = 21v.U-T00, (133)

where Dt(l) = aEl) +U-Vand {(V) = {;;V - Uis the first-order contribution to the energy
rate. The kinetic equation verifying the first-order distribution fi(l) (r,v,t) can be obtained
by employing the balance Equations (132) and (133). The solution to this kinetic equation
is given by [145]
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FOV) = A(V)- Vi +Bi(V) Vp+Ci(V) VT
1 2
+Dirp(V)5 (V/\uﬁ +Vply = 500V - U) +&(V)V-U.  (134)

In Equation (134), the quantities .A;(V), B;(V), C;(V), D;pr(V), and &;(V) obey the
following linear set of coupled integral equations:

270
{—g(m (Tor + pdp) + ci] A+ MAj = A + (i) (pB; +TC;),  (135)

1

r,T
o 0 TC(O)
= (Tor -+ pdy) + £ =200 | B+ M3y = B+ =2, (136)
{—g(‘” (Tr + pd,) + Li— %é(o) (1 —A° 6;250 ) ] Ci+ M€ =¢,

(1480 ), (137)
£ (T3 + py) + L] Dig + MiDjn = Dipa, (138)
[~ (Tar + p3,) + L] & + Mi&j = E, (139)

where {5 = ¢ () /v and we have introduced the linearized Boltzmann operators
cifV = = (alf £ + 1l F £ + gAY A1), (140)

Mifj(l) = —Iij[fi(O)/ch(l)]~ (141)

In Equations (135)—(141), the index j refers to other species in the binary mixture, that is,
j # i. Note that in Equation (137) we have introduced the shorthand notation

] ad 0 d
A — = | A] A3 AY . 142
IA* < 1laAT1+ 228A§2+ 128AT2> ( )
In the particular case A}; = A3, = A}, = A¥, only one of the three terms of the identity
(142) must be considered.
The coefficients of the field gradients on the right side of Equations (135)—(139) are
functions of the peculiar velocity and the hydrodynamic fields. They are given by

d af @ af©
Ai(V) = _<ax1fi(0)> TV, B;(V) = — glp V—p! glv , (143)
P,
50 50
Ci(V) =— ng V, Di(V) = VA;lVﬁ, (144)
1 Y 1 [ O, A=A
Ei(V) = =38 55— 58u gy - (VA”) + 875 (145

As in the case of monocomponent gases, the Navier—Stokes transport coefficients
of the granular mixture can be expressed in terms of the solutions to the set of coupled
linear integral Equations (135)-(139). However, as usual, to obtain explicit forms for
these transport coefficients one has to resort to the leading terms in a Sonine polynomial
expansion of the unknowns A;, B;, C;, D; 5, and &;. Given that this task is relatively long
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and tedious, for the sake of illustration, we offer here the determination of the mass flux
transport coefficients with some detail.

6.2. Diffusion Transport Coefficients

To first order, the mass flux jgl) is
i) = MM pyy, - %D Vp—£DrvT, (146)

where D is the diffusion coefficient, D) is the pressure diffusion coefficient, and Dr is

the thermal diffusion coefficient. According to the definition (106) of the mass flux, the
diffusion transport coefficients are identified as

1 1mT
D— —77/dVV Ay, D, = _7m1p /d vV.B,, Dy — _7@ /d vV-Cy. (147)
d mon

From the comparison of Equations (134)—(137), it is expected that the vectorial quanti-

ties A;, B;, and C; are proportional to A;, B;, and C;, respectively. Thus, they are directed

along V [see Equations (143) and (144)]. As a consequence, to get the diffusion transport

coefficients we consider the following lowest order Sonine polynomial approximations for

A;, B;,and C;:

A, a;
Bi — fi,MV bi , (148)
Ci ci
where
C\42 2
fim(V) =mn; <2m1(0)> exp <—ml(0)> (149)
7T 2T

is the Maxwellian distribution characterized by the zeroth-order partial temperature Ti(o).

The coefficients a;, b;, and c; are related in this approximation to the transport coefficients
D, Dy, and D through Equations (147) as

nop T2(0)

mimon
o == = —17%0)D, (150)
n1 T} o Ty
(0)
T
by — _LTz(O) by = ——"T(O) (151)
nyly pny
(0)
T
o =-22re—-—L oD (152)
anl Ti’ll Tl

In Equations (150)—(152), we have taken into account the constraint #; Tl(o) +ny TZ(O) =nl =p.

The coefficients D, Dy, and D can be determined by substitution of Equation (143)
into the integral Equations (135)—(137). Next, one multiplies both sides of these equations
by m;V and integrates over v. After some algebra, one gets

1 d1ln D* 0
_27000(1 - A* _ p 9 +(0)
(-2 ) elo = i (e >p,

( ) (D, +Dr)
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91In D* 70
BC(O)<1+A* anA*p)—ZC@Jer}Dp:nl L 1—m1nT +70Dr,  (154)

P pT()
[;g(om*(amm . alng;;> v

20  0A* 2

(0) x
DT: anA E)'yl g <1+A*aln§0

1
OA* OA* OA* >D p- (159)

In Equations (153)—(155), {5 = ¢ ©) /v, the collision frequency vp is defined as

(0)
mT,
vp = - T /dV1m1V1 (]12U1 MV1/f2 -4 ]12[f1 ,fz MV2]> (156)
1y
and the derivatives with respect to x; at constant pressure and temperature are given by
O 1) = m
<ax1 anl )p,T -7 (,Yl tH 8x1 )/ (157)
ag(O) _ aéé aéé 371
( ox ) v <8x1> N (158)
p

Note that 72 = (1 — x171)/(1 — x1) and, hence, 9y, 72 can be easily expressed in terms
of dy,71. In addition, upon obtaining Equations (153)-(155), we have introduced the
dimensionless transport coefficients

D* = mi)”;zv D, Dj= S ~Dy, Di= %DT, (159)
and have used the relations
<T§+paap>D:§(1_A*ag‘A?*>, (160)
(Taal,—l—pap)ZDp— —Zf;D,,(HA*a?A?;), (161)
(T;[ + p;p) %D - Z‘OTDT (1 +A* al;A??) (162)

6.3. Steady State Conditions

As in the case of the monocomponent granular gas, to achieve analytical expressions
of the transport coefficients in the Delta-collisional model one has to consider the steady
state conditions. They are defined by the constraints g{o) = gg‘)) = {9 = 0. Thus, in
the steady state, Equations (153)—(155) become simply linear algebraic equations whose
solutions for the dimensionless transport coefficients are

D; = % (71 - Xzfﬂﬁ) (163)
(o «( %) p*

(et SR

B m+x(38) + (D“FD*)(%), (165)

vph
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where vj, = vp/v and y = my/m; is the mass ratio. The derivatives dy, Y1, dx, {3, a1,
and d,«()) are determined in Appendix A in the particular case A1y = Ay = Aqp. Addition-
ally, the expression of v}; when fi(o) is replaced by its Maxwellian form f; \s is [145]

* 27T(d_1)/2 61+ 6 1/2 *
vp = — 7~ (X1ph2 + Xapian) (1992> (14 a12) + VAL |- (166)
dF(j) 192
The constraints ].51) = —j gl) and Vx; = —Vx, necessarily imply that D must be symmetric

while D, and D1 must be antisymmetric with respect to the change 1 <+ 2. This can be
easily verified from Equations (163)-(165) by noting that x1y; + x272 = 1 and x19y; /9A* =
—x2072/0A*. This shows the self-consistency of the expressions found for the diffusion
transport coefficients.

6.4. Pressure Tensor and Heat Flux

The first-order contribution to the pressure tensor is

(1) _ 2
P)Lﬁ = —ﬂ(VAu/g-f—Vﬁu/\— d(s)‘lgVU>’ (167)
while the heat flux q(l) is
qV = —T?D"Vx; — LVp — kVT. (168)

In Equations (167) and (168), 7 is the shear viscosity coefficient, D" is the Dufour coefficient,
L is the pressure energy coefficient, and « is thermal conductivity coefficient.
The shear viscosity # is defined as

1 2 .
= adv VyVgD;\p(V). 169
Ul (d_l)(d+2)l_zl/ VVAVE l,/\ﬁ( ) ( )
The evaluation of # follows similar mathematical steps to those made for the diffusion
transport coefficients, although the calculations are a bit more complex. The shear viscosity
of the mixture is # = 71 + 172, where the partial contributions #; are defined as

1
i = —m /dV V/\V‘BDi,/\ﬂ(V)' (170)

The leading Sonine approximation for the unknown D; 54 is

m;n; 1

Dipp(V) = — n‘TIZ)Zﬂ (V/\Vﬁ - d5/\ﬁvz)fi,M(V)- (171)
1

The next step is to substitute Equation (171) into the integral Equation (138) and, then,

multiply it by m; (V) Vg — %5 AB V2), sum over the repeated indices A and f, and integrate

over velocity. After some algebra, in the steady state, the dimensionless shear viscosity

coefficient n* = (v/p)n is [145]

o (= m)xm + (37 - ) v

172)
* * * * 4 (
T1 T2 — T2T1

U

where the expressions of Ti}k» are given by Equations (C6)—(C10) of Ref. [145].
The evaluation of the heat flux transport coefficients D", L, and « is more involved
since it requires going up to the second Sonine approximation. However, it is still possible
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to obtain simple expressions for these coefficients when the first Sonine approximations
(148) are considered for A;, B;, and C;, respectively. In this approximation, the heat flux
transport coefficients are proportional to the diffusion transport coefficients and their

d+2(m Y2 nmimy P

forms are

According to Equation (173), for mechanically equivalent components, energy equipartition
holds (y1 = 72) [93] and so the first Sonine approximation to the heat transport coefficients
vanishes (D" = L = x = 0). Hence, the forms (173) are not able to reproduce the expression
of the heat flux for a single granular gas. Nevertheless, these expressions are consistent in
the order of approximation used to obtain the mass flux transport coefficients and, hence,
they can be employed in several applications for granular confined mixtures.

6.5. Some Illustrative Systems

To illustrate the dependence of the transport coefficients on inelasticity, it is more
convenient to plot the transport coefficients in their dimensionless forms. The expressions
of the diffusion transport coefficients are given by Equations (163)-(165) while the shear
viscosity is given by Equation (172). (As noted in Ref. [136], there is a misprint in the last
term of Equation (A8) of Ref. [145] since the term d{] /dy1 must be replaced by the term
07 /9A*. This modification causes changes in some of the Figures plotted in Ref. [145].
The plots presented here correct Figures 1, 3, and 7 of Ref. [145].) Moreover, for the sake
of simplicity, we will assume the case A]; = A}, = A}, = A" and will take a common
coefficient of restitution a1; = &2 = &1p = & in a two-dimensional mixture (d = 2). Since,
in the steady state, A* is a function of &, x1, and the mechanical parameters of the mixture,
the parameter space is reduced to three quantities: {y = my/my, w = 01/09, x1}.

For elastic collisions, A*(1) =0, T; /T, = 1, D} = 0, and

« X1X2 1—pu ¥ 1 X X1H12 + X2}io1
D> (1) = , D*(1) = 1) =V2mn——=—"=—. (174
p(1) vp(D) 1+ (p—1)xq ) vb(1) i (174)

Since we want to assess the effect of inelasticity on transport properties, as usual we

normalize here the transport coefficients with respect to their values for elastic collisions.
Since the thermal diffusion coefficient D7 vanishes for elastic collisions in the first Sonine
approximations, we have normalized it with respect to D*(1).

Figure 8 shows the a-dependence of the scaled coefficients D*(a)/D*(1), D («)/D}(1),
and D} («)/D*(1) for several systems. In general, the effect of inelasticity on mass trans-
port is significant, as the reduced coefficients clearly deviate from their forms for elastic
collisions. However, as in the monocomponent limiting case, these deviations are generally
less significant than those in the conventional IHS model (see for instance, Figures 1-3
of Ref. [146]). Regarding the dependence on the mass ratio, we observe that, at a given
value of &, while the value of D*(«)/D*(1) increases with increasing y, the opposite occurs
for the ratio D} («)/Dj(1). Figure 8 also shows that the thermal diffusion coefficient D7
is always negative (at least in the case A}; = A}, = A],, illustrated here), although its
magnitude is quite small. The fact that D} can be negative is consistent with the results
derived in the conventional IHS model. The sign of coefficient D} is important in problems
such as granular segregation by thermal diffusion [125,147-154].

The ratio *(a) /* (1) is plotted in Figure 9 as a function of the coefficient of restitution
« for two different mixtures. As before, 17*(1) refers to the shear viscosity coefficient for elastic
collisions. As with the diffusion coefficients, we observe that the effect of inelasticity on
the shear viscosity is smaller than in the conventional IHS model (see for instance, Figure 5
of Ref. [144]). Additionally, depending on the mass ratio, the normalized shear viscosity
decreases (increases) when decreasing « when the mass ratio is larger (smaller) than 1.
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In summary, in the context of the Delta-collisional model, the mass and momentum
transport coefficients of a (confined) granular mixture differ from those of a molecular
mixture, although these deviations are generally less significant than in the IHS model. In
most cases, differences with the molecular results increase with increasing dissipation and,
depending on the transport coefficient, mass ratio has a significant influence.
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Figure 8. Plots of the (scaled) diffusion transport coefficients D*(«)/D*(1), Dy (a)/Dj,(1), and
D% (a)/D*(1) versus the (common) coefficient of restitution a ford = 2, w = 2, x; = }, and two

different values of the mass ratio y: = 0.5 and p = 4.
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Figure 9. Plot of the (scaled) shear viscosity coefficient #*(«)/#*(1) as a function of the (common)
coefficient of restitution « for d = 2, w = 2, x; = 0.5, and two different values of the mass ratio y:
u=025and u = 5.
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7. Some Applications of the Kinetic Theory for Granular Mixtures in the
A-Model

As in the monocomponent case, different problems can be analyzed by using the
explicit forms of the Navier-Stokes transport coefficients. In this section, we will study
two interesting problems among them. First, we will quantify the violation of Onsager’s
well-known reciprocity relations [155] for confined granular mixtures. Since time reversal
invariance does not hold for granular gases, we expect that Onsager’s relations will not be
verified for finite inelasticity. However, it remains challenging to quantify the deviations
from these relations as dissipation increases. Second, we will analyze the stability of the
HSS in a granular mixture. As with monocomponent granular gases, our results show that
the HSS is linearly stable with respect to perturbations with wavelengths long enough. As
expected, however, the forms of the d — 1 transversal shear modes and the four longitudinal
modes (i.e., those associated with concentration, hydrostatic pressure, temperature, and
the longitudinal component of flow velocity) differ from those obtained in the HCS for a
granular mixture [146].

7.1. Violation of Onsager’s Reciprocity Relations

In the usual language of the linear irreversible thermodynamics for ordinary fluids, to
first order in spatial gradients, the constitutive equations for the mass and heat fluxes of a
binary mixture are written as [155]

. Vi VT
ji == Li (T]) - Lig=z =G VP, (175)
]
g dtZpmamm, oy (VHEY
Jy=a— 5T = LygVT ;qu< T ). C,Vp, (176)

where y; is the chemical potential of the species i per unit mass. In the low-density regime,

(qu”>T - miivm(x,-p). 177)
The reason for introducing the heat flow ], is because for elastic collisions this flow is con-
jugate to the temperature gradient in the form of entropy production [155]. The difference
between q and J; is a term associated with diffusion.

The coefficients Li]-, Ll-q, Cp, Lgq, Lqi, and Cl’g are the so-called Onsager phenomeno-
logical coefficients. For ordinary or molecular fluids (a;; = 1), Onsager showed that
time reversal invariance of the underlying microscopic equations of motion leads to the
following relations:

Lij = Lji,

Lig=1Lg Cp=C,=0. (178)
The first two symmetries are called reciprocal relations as they relate transport coefficients
for different processes. The coefficients Lg; link the mass flux to the thermal gradient while
the coefficients L;; link the heat flux to the gradient of the chemical potentials. The last
two identities (C, = 0 and C}, = 0) are statements that the pressure gradient does not
appear in any of the fluxes even though it is admitted by symmetry. In particular, the
condition C,, = 0 is important for monocomponent elastic gases since it yields Fourier’s
law for heat flux (q(l) « VT) and, hence, there is no contribution to the heat flux pro-
portional to the density gradient V. On the contrary, for the IHS model, C), # 0 and
there is an additional contribution to the heat flux proportional to V#, as discussed in
Sections 4.2 and 4.4 [51,71,138,156].
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To quantify the possible violation of Onsager’s relations, we have to express first the
Onsager coefficients (Ll-j, L14, Cp, Lgq, L1, and C]’g) in terms of both the diffusion (D, Dy, Dr)
and heat flux (D", L, x) transport coefficients. To do it, since Vx; = —Vxp, Equation (177)
yields the relation

(Vu)r — (V) np nyny
= Vxi+—=(mp —mq)Vinp|. 179
T 0105 10 (my 1) p (179)

The relationships between the Onsager coefficients L;; and the diffusion and heat flux
transport coefficients are

mqnpP102

Lyy = —Lip=—Ln = TD/ Lig = pTDr, (180)
T2 102 d+2Tp102
Lyjp=—Lp= ;fpp D" -2 "; 122 (11, — m1)D, (181)
B d+2 my—m _p 0102
2 —
= dt2pm—m Cp— 2723, — y)D (183)
b 2 mymy npp

As said before, since D is symmetric under the change 1 <> 2, then Onsager’s relation
L1y = Ly trivially holds. To analyze the other relations, we define the dimensionless functions

2 2
m3 —m 2 (m+m
P(ajj) = (% ~r T 1>D* (my + mz)np D3, (184)

M2 H21 myny S d+2 p102

and
_ P1p2 1M = M

Q(aij) = D, Pr—— (185)
Note that to obtain Equations (184) and (185) use of Equation (173) has been made. The
function P vanishes when L1; = L;; while the function Q vanishes when C, = 0. Finally,

when C, = 0 and C;, = 0, the function

R(ajj) = {]m(l =m) = p2(l = 72)} Q(wij) (186)

equals zero.

For elastic collisions, D, = 0 and D, and D* are given by Equation (174). Using these
expressions yields the expected results: P(1) = Q(1) = R(1) = 0. Also, for mechanically
equivalent particles with arbitrary «, D;; = D} = 0 and, therefore, P, Q, and R vanish as
well. However, beyond these two limiting cases, Onsager’s relations do not apply as ex-
pected. The origin of this failure is essentially due to (i) the absence of energy equipartition
in granular mixtures (Tl(o) #* TZ(O)) and (ii) the homogeneous time-dependent reference state
which gives contributions to diffusion coefficients coming from the derivatives (9x,71)s,
(0a*71)s, (02,07 )s, and (9p+(7 )s. Because energy non-equipartition is involved in determin-
ing the above derivatives, it is difficult to disentangle the impact of each effect on violating
Onsager’s relations.

To illustrate the deviations from Onsager’s relations, Figure 10 shows the dependence
of the quantities P, Q, and R on the (common) coefficient of restitution a;; = a ford = 2,
x1 = 0.2, w = 1, and two different values of the mass ratio. Violation of Onsager’s relations
is especially evident in the case of the function P. The departure from zero is very small
for Q and R, even in cases of strong dissipation. This implies that C,, and C, are small.
The main conclusion of this subsection is that deviations from Onsager’s relations in the
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Delta-collisional model are much smaller than in the IHS model for the same systems (see
Figures 7-9 of Ref. [146]).

T 0.010 T T T T
0.15 o=1,%,=0.2
0.008 1
0.10 J
0.006 4=2
3 3 0.004f 1
X 0.05 3
0.002 - 1
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o
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p=2
-0.0003 - : : : : .
05 06 07 08 09 10

Figure 10. Plot of the dimensionless coefficients P(«), Q(«), and R(«) versus the (common) coefficient
of restitution ajj = w ford =2, x; = 0.2, w = 1, and two different values of the mass ratio y: = 0.5
and y = 0.2.

7.2. Stability Analysis of the HSS in Granular Mixtures

As a second application, we perform a linear stability analysis of the Navier-Stokes
hydrodynamic equations in the case of a binary granular mixture. Thus, the question is
whether and to what extent the conclusions about the stability of the HSS in the monocom-
ponent case can be changed for mixtures.

As in Section 4.2, we assume that the deviations dyg(r, ) = yp(r,t) — yup are small,
where 5yﬁ(r, t) denotes the deviation of {x1,U, p, T, } from their values in the HSS. For the
sake of convenience and to compare with the stability analysis performed from the IHS
model [146], we introduce the same time and space dimensionless variables as in Ref. [146]:
T=vgtand £ = nHafz_ y. Here, vy = nH(TfZ_ Yomu(Ta), where vy, iy = /2Ty /7 is the
thermal velocity of the binary mixture. Note that, for mechanically equivalent particles,
these dimensionless variables differ from those used in the stability analysis of Section 4.5.

As usual, the linearized hydrodynamic equations for the perturbations

{6x1(x;1),0U(r; t),6p(x;1), 0T (x; 1) }
are written in the Fourier space. A set of Fourier transformed dimensionless variables are

introduced as

) — M, Wk(T = M Hk(T) - M, Gk(T) = M’ (187)

P (T
X1H Ve PH Tu
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M2 =

where py = nyTa. Here, dyip = {0x1x(7), wic(T), T (), 8 (7) } is defined as

Syip(T /dr’ _lkréylg(r 7). (188)

As in the stability analysis carried out in Section 4.5 for monocomponent gases, the subscript
H denotes the HSS.

After writing the corresponding linearized version of the Navier-Stokes hydrody-
namic equations in the Fourier space, it is quite apparent that the d — 1 transverse velocity
components wy | = Wi — (Wy - E)ﬂ (orthogonal to the wave vector k) decouple from the
other four modes and they verify d — 1 differential equations given by

aWkL I 1+ 14
ot 4(x1p + x2)

7 k*wy, = 0. (189)
Since 77* does not depend on time in the HSS, the solution to Equation (189) is

1+ H 2 >
Wi (T) =Wy (0)exp| ——F——1"k°T ). 190
kJ.( ) kJ_( ) p( 4(x1y+x2)’7 (190)
Thus, the d — 1 transversal shear modes wy, (T) are linearly stable because the shear
viscosity 17* is always positive [see Equation (172)].

The set of differential equations for the four longitudinal modes py, 0, Iy, and wy
(parallel to k) is more intricate. In matrix form, this set can be written as [99]

aéZka (T) 0 1 2

where now dzy,(7) denotes the four variables (pk, O, Iy, wkH)- The matrices in
Equation (191) are

0 0 0O
—-A B 0 0
MO = , 192
—-A B 0 0 (192)
0 0 0O
00 0 0
00 0 —(3+2u)
1 — d 1
M 00 o (i) | (193)
1_14p
O 0 4x]y+x2 0
1 px1+Xx2 yx 1 pxi+xp 1 pxp+x
) 1 D 14x1 112 Dt 14x1 112 D* 0
Hpyx _ 1y Iz *_7* Hryx _ 17
(4V12D aD ) 4#12D 4#12D al 0 (194)
P e i 0
d—1 _1+pu
0 0 0 _W}IX1+X217*

In Equation (192), we have introduced the (dimensionless) quantities

cn{() e [E)-GE)
()l ()-GE)}
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Additionally, the dimensionless heat flux transport coefficients are defined as
my my my
D//>|< = 7D//, L* - TL, K* - ?K. (197)

As in the case of the transverse modes, the subscript H has been suppressed in
Equations (192)—(197) for the sake of brevity. For mechanically equivalent particles,
D, = D} = 0, which implies L* = x* = 0 in the first Sonine approximation. More-
over, in this limiting case, A = 0, B = (A*/2)(9(;/9A*), and the results are consistent with
those obtained in subsection 4.5 for monocomponent granular gases [130].

The time evolution of the four longitudinal modes has the form ¢ (k)T (n=1,2,3,and

4), where the quantities s, (k) are the eigenvalues of the matrix M,z = Mi%) + szilﬁ) +

kzM&). In other words, the eigenvalues s, (k) are the solutions of the quartic equation

det(M —s1) =0, (198)

where 1 is the matrix identity. The determination of the dependence of the eigenvalues
sy (k) on the (dimensionless) wave vector k and the parameters of the mixture is a quite
intricate problem. Therefore, to gain some insight into the general problem, it is convenient
to study first the solution to quartic Equation (198) in the extreme long wavelength limit,
k=0.

When k = 0, the matrix M reduces to M(®) whose eigenvalues are S| = {0,0,0, B}.
According to Equation (196), the dependence of B on the parameter space of the system is
in general complex. A simple situation corresponds to the case of mechanically equivalent
particles where {7 = {5 = {; and, so, in the steady state

oLy 1 i
Sl = 2 (Vama+4a). (199)
Thus, in this limiting case
1 * *
B=—A (\/2mx +4A ) <0, (200)

and the longitudinal modes are linearly stable in agreement with previous results [130].
In the case of mechanically different particles, a detailed study of the dependence of the
quantity B on the parameters of the mixture for the choice A;; = A shows that B is always
negative. As a consequence, all the longitudinal modes in a granular mixture are stable
when k = 0 in the A-model. As an illustration, in Figure 11 we plot the dependence of B
on the coefficient of restitution a for three different mixtures. We clearly observe that the
eigenvalue B is always negative; its magnitude increases with decreasing «.

Beyond the limit k — 0, the eigenvalues of M must be numerically determined. In the
case Aj; = A, a careful study of the dependence of the eigenvalues of the matrix M on the
parameters of the mixture shows that the real part of all the eigenvalues is negative and,
hence, the HSS is linearly stable in the complete range of values of the wave number k
studied [99]. This result contrasts with that obtained in the conventional IHS model [146].
As an illustration, Figure 12 shows the real parts of the eigenvalues s; (i = 1,2,3,4) as
functions of the (dimensionless) wave number k for a two-dimensional granular binary
mixture with a concentration x; = 0.5, a diameter ratio ¢y /0, = 2, a mass ratio mq/my = 4,
and a (common) coefficient of restitution a;; = 0.5. As in the case of monocomponent gases,
we observe that two of the modes (denoted as s, and s3) are a complex conjugate pair of
propagating modes [Re(s) = Re(s3)] while the other two modes (s; and sy) are real for all
values of the wave number. We see that the magnitude of s4 is very small while the mode
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51 (s2) increases (decreases) with increasing the wave number. Although not shown in the
figure, we also observe that the influence of the disparity in masses and/or diameters does
not play a relevant role on the dependence of the eigenvalues s; on the wave number k
since the results for monocomponent granular gases are quite close to the ones found for
bidisperse systems.

0.0 T T T T

©

-0 @ 1

(b)
12 1

0.0 0.2 0.4 0.6 0.8 1.0

o

Figure 11. Dependence of the eigenvalue B on coefficient of restitution « for a two-dimensional
system and three different granular binary mixtures: x; = 0.5, w = 0.5, p = 0.75, and aj; =a (a);
x =05 w=2u=2and aij =« (b); and x; =02, w =1, u = 0.2, app =0.8, 217 = a, and
wpp = (w2 +a)/2 ().

0.0 T T T T i
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02+ E
= m,/m,=4
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[ 0,/ 0,=2 y
041 ]
S
0.6+ 1

00 0.1 02 03 04 05
k
Figure 12. Real parts of the longitudinal eigenvalues s; as functions of the wave number k for a
two-dimensional granular binary mixture with x; = 0.5, w = 2, y = 4 and the (common) coefficient
of restitution a;; = 0.5.

8. Concluding Remarks

In this review, we have presented a comprehensive account of the kinetic theory of
the A-collisional model for driven granular gases. The model was originally introduced as
a minimal way to incorporate collisional energy injection into the dynamics of granular
particles, particularly in situations that mimic vertically vibrated and confined systems.
The main feature of the A-model is that energy injection is implemented directly at the
level of binary collisions, in a way that exactly conserves momentum, in contrast with
other thermostats, like Gaussian or random thermostats. This mechanism leads to a
nonequilibrium steady state that is found to be homogeneous, where collisional dissipation
(determined by the normal restitution coefficient, #) and energy injection (modeled by
the parameter A) balance each other. This homogeneous steady state provides a reference
state for hydrodynamic expansions and stability analyses. This is in contrast with freely
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cooling granular gases, whose intrinsic time dependence, due to dissipation of energy,
complicates the derivation of transport properties. The structure of the injection term via
binary collisions retains the usual form of the collision operator for hard spheres in the
kinetic equations, supplemented with terms dependent on the A parameter. This formal
similarity has enabled the application of standard tools of kinetic theory, including Sonine
polynomial expansions and Chapman-Enskog methods, to derive Navier-Stokes transport
coefficients and characterize the hydrodynamic fields. As usual in granular gases, there is a
new contribution to the heat current. It is proportional to the gradient of density and the
transport coefficient is the diffusive heat conductivity coefficient, u. This term is in addition
to the usual term, proportional to the gradient of temperature with thermal conductivity
coefficient x. Analytical expressions for all transport coefficients are obtained by considering
the leading terms of the Sonine polynomial expansions. Of course, the resulting transport
coefficients depend in a nontrivial way on both the coefficient of restitution and the driving
parameter. There may be alternative routes to calculate transport coefficients, using Green—
Kubo formulas adapted to dissipative dynamics [157,158] or Helfand formulas [159], and it
would be interesting to compare those results with the ones derived here.

Linear stability analysis of the hydrodynamic modes carried out in Sections 4.5 and 7.2
demonstrates that the collisional driving modifies the long-wavelength behavior of the
system, leading to the conclusion that the homogeneous state is stable. The spectrum of
hydrodynamic modes reflects the stabilizing role of collisional injection. This is in contrast
with freely cooling systems, where clustering and shear instabilities emerge in the system.
The A parameter stabilizes the system and prevents clusters or other instabilities to appear.
Physically, the origin of the stability at large wavelengths is that in the A-model the station-
ary temperature turns out to be density independent. This results in the pressure, which is
the product of the temperature and a function of density, being a monotonically increasing
function of density, hence displaying a positive compressibility. The linear stability of the
HSS means that the A-model in its present form cannot reproduce clustering instabilities
observed experimentally in driven granular monolayers. Understanding whether cluster-
ing can emerge through finite-size effects, boundary-induced inhomogeneities, or regimes
beyond the Navier—Stokes approximation is an intriguing open question. Extensions incor-
porating a density-dependent or velocity-dependent A parameter could potentially make
the stationary temperature decrease with increasing density, generating a van der Waals
loop, thereby admitting clustering while retaining much of the analytical structure. Some
steps in this direction are already given in Ref. [75].

The model allows a generalization to include different types of particles to study the
behavior of mixtures, with a stronger phenomenology. When two or more species are
present, distinguished by any of their dynamical properties (mass, diameter, restitution
coefficient or energy injection one), the system exhibits a breakdown of energy equipartition:
each species reaches a different granular temperature in the steady state, a typical signature
(or consequence) of the nonequilibrium nature of the granular fluids. The Enskog equation
is generalized to mixtures and allows computing partial temperatures, which, in the
present review, are compared with computer simulations of both the Event Driven type
(MD simulations) and DSMC method for a two-component system.

In the case of mixtures, there is a new balance equation for the density of each species in
addition to momentum and energy (or temperature) balance equations. The new equations
(or their transforms into concentration and pressure equations) introduce three diffusivities:
a diffusion coefficient, a pressure diffusion coefficient and a thermal diffusion coefficient,
whose explicit definitions are given in this review. The determination of these transport
coefficients opens the way to extending the analysis to segregation phenomena under
gravity [100]. In particular, there we study the Brazil nut effect of motion of large particles
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in the direction of the external gravity field or against it. A specific problem addressed in
this review is the violation of Onsager’s reciprocity relations. In the case of elastic collisions
(molecular mixtures), such reciprocity relations are derived under the assumption of the
time reversibility of microscopic dynamics. However, this is not the case in granular
systems. However, and probably due to the fact that there is a homogeneous steady state in
the A-model, the violation of Onsager’s reciprocal relations is much weaker than the case
of a pure IHS dynamics, where such a stationary state does not exist.

An important aspect emphasized in some parts of this review is the interplay between
analytical theory and numerical simulations. Event Driven MD and DSMC simulations
have been used to validate the predictions of kinetic theory. In particular, simulations allow
us to identify the limits of common approximations (such as the effects of truncation on
low-order Sonine expansions or spatial correlations), and to explore regimes beyond strict
hydrodynamic conditions or larger densities, where Enskog equation may fail. Generally
speaking, numerical simulations agree well with the analytical results derived from the
Enskog equation.

Although the results reported here for transport properties in granular mixtures have
been restricted to the dilute regime, progress has recently been made regarding moderate
densities. Thus, the tracer diffusion coefficients have been explicitly determined [100] by
considering the lowest Sonine polynomial approximation. The extension of these results to
arbitrary concentrations has been recently worked out [160], and the forms of the diffusion
coefficients, as well as the shear and bulk viscosities, have been obtained. An interesting
future project is to determine the heat flux transport coefficients. Knowing the complete
set of Navier—Stokes transport coefficients will allow us to analyze the stability of the
homogeneous steady state and/or to assess the violation of Onsager’s reciprocity relations
for dense granular mixtures, among other applications.

For the sake of simplicity, the results provided here for transport in binary mix-
tures have been restricted to the case Aj; = Ay = Ajp = A. The extension to the case
A1 # Ay # A (namely, when the energy injection depends on the species) is simple but
requires additional calculations. We plan to perform this calculation in the near future and
assess how the choice of this case affects for instance the stability of the HSS of a granular
binary mixture.

Comparison with realistic quasi-two-dimensional experiments and full three-dimensional
simulations of the confined geometry also requires more systematic attention. In particu-
lar, the precise relationship between effective collisional driving, characterized by the A
parameter, with realistic boundary forcing in vertically vibrated systems, like amplitude
or frequency, deserves further clarification. It is worth noting that, compared to the full
quasi-two-dimensional system, the A-model makes some idealized approximations that
might need to be reconsidered if the predictions of the model are to be compared with
experiments. First, the motion of the grains is strictly restricted to the horizontal plane
and the vertical motion is eliminated in favor of the added velocity at collisions. This
implies that particles collide when their horizontal distance equals the diameter and there
is no partial overlap due to three-dimensionality (see Figure 1). As a result, the maximum
planar density is slightly smaller than for the quasi-two-dimensional system. Another
effect of eliminating the vertical direction is that the particles cannot lock with the wall,
which has been observed experimentally and can lead to absorbing and hyperuniform
states [104,105,161-163]. Similarly, as there is no gradual increase of the energy in the
vertical degrees of freedom and the value of A is fixed, some microscopic correlations are
lost; for example, in the Q2D geometry, after a grain—grain collision they will have smaller
vertical velocities, modifying for a short time their collision frequencies and the available
energy to be exchanged in subsequent collisions.
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Another promising direction concerns strongly inhomogeneous states, such as shear
flows, temperature gradients, or confined geometries where boundary layers cannot be
neglected. Although the homogeneous steady state provides a convenient reference, many
experimentally relevant situations involve spatial gradients that challenge standard hy-
drodynamic expansions. Exploring non-Newtonian transport, rheological properties, and
nonlinear instabilities within the A-framework constitutes a natural continuation of the
work reviewed here.

In summary, the A-model has developed into a coherent and versatile theoretical
framework for driven granular fluids. It is an example of how relatively simple mod-
ifications of microscopic rules can generate qualitatively new nonequilibrium behavior
while remaining amenable to rigorous kinetic analysis. It provides a consistent kinetic and
hydrodynamic description, accommodates mixtures and segregation phenomena, and con-
nects naturally with experimental realizations of confined vibrated systems. The continued
interest in the model, including recent theoretical and numerical studies, and extensions to
the study of other phenomena, underscores its relevance as a reference system for exploring
nonequilibrium statistical mechanics in dissipative matter.
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Appendix A. Some Expressions for Transport in Confined
Granular Mixtures

In this Appendix we give some expressions needed to evaluate the diffusion transport
coefficients as well as to perform the linear stability analysis of the HSS in a granular binary
mixture. In particular, the first-order contribution {; to the energy rate can be written as

2
=Yg, (A1)
i=1
where
) 3d=1)/2 gy 2 o \ 41 9 1/2,-3/2,-1/2
v dr()m() (1= ) (61460 1%

47(d=1)72

d—1
y N 1) 1/293/29-1/2 z%
F08 e Zx](012> y]l{\/Ea,]—!—(Ql—I—Q]) 3/20-1/24

X [d—d(ei +6,)0, 1 + (d+1)9i9]f1} } (A2)

https://doi.org/10.3390/e28040454


https://doi.org/10.3390/e28040454

Entropy 2026, 28, 454 47 of 53

0 =-———2, @ =-—=07, (A3)

* * X1 1 * a’)/l * X1 2y
= - — — | =A — - = . A4
1= Wi~ W lz <8A*> ’71] (51 x2§2> (A4)
In Equation (A9), the expressions of w]; = w11/v and wy, = w12 /v can be easily obtained

from Equations (C12) and (C13), respectively, of Appendix C of Ref. [145].
According to Equations (163)-(165) and Equations (A3) and (A4), it is quite apparent

that the diffusion transport coefficients and the first-order contribution to the rate of energy
are given in terms of the derivatives (dx,71), (9a*71), (9x,¢}), and (9« ). We recall that
these derivatives are evaluated in the steady state. The derivative (91 /0A*) is [136,145]

o1\ VY2 —4ANAN*Z —Y
(8A* ) o 2NA* ! (A5)
where arr arr
_ * 1 —_ 1 _
Y = MA*—2Nv1+m1 (8')/1)' Z=m <8A*) 2My1. (A6)

In Equations (A5) and (A6), we have introduced the quantities

1 a7 a5 1 aCy a5
M= 5 lml(aA*)% +x2’72<aA*)% , N= 3 Jfl’ha,y1 +X2’Yza,)/1 . (A7)

In addition, the derivatives (05+{}) and (9, ;) are given by

;i\ [(9CF 9\ (9 9%\ _ (9} 9%\ (9
(8A*> B (aA*>«,+ (a’h) (aA*)' (3961) B (8x1)7+ (a')’l) (3961) (A8)

Finally, the derivative 01 /9x; can be written as

Q|

() - g Qe () ~2n]

A9)
oy ) ’ (
m) " el () o)
where . o o
1 2
=—|x X . Al10
Q 2(171ax1+ 27283:1) (A10)
In Equations (A9) and (A10), the derivative dy, {} is taken at y; = const.
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