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ABSTRACT
We investigate the thermodynamic and structural properties of divalent patchy hard rods confined to a one-dimensional channel by modeling 

the bonding sites as attractive square-well (SW) patches located at the rod tips. The zero-range sticky limit is recovered by letting the well width 

vanish while keeping the stickiness parameter finite. While Wertheim’s first-order thermodynamic perturbation theory becomes exact in this 

sticky limit, it fails for finite-range site–site interactions. Because the present model is mathematically equivalent to an exactly solvable one-
dimensional nearest-neighbor fluid, we use the exact solution to reformulate the thermodynamics in terms of association-theory variables, 

including the fraction of unbonded sites and a generalized law of mass action. Finite-range SW sites produce a richer structural behavior 

than sticky sites, including monotonic and oscillatory asymptotic decay of the pair correlation function, separated by the Fisher–Widom line. 

In the monotonic regime, the correlation length exhibits an absolute maximum defining the Widom line, while in the oscillatory regime, 

it may display a local maximum and minimum, whose locus defines the “Extrema of the Correlation length under Oscillatory decay” line. 

These features disappear in the sticky limit, where the system remains entirely in the oscillatory regime. We also show that the high-pressure 

behavior of the correlation length changes from ξ ∼ p 

2 for finite-range SW sites to ξ ∼ p 

3 in the sticky limit.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0344388

I. INTRODUCTION

In low-valence patchy colloidal systems, restricted coordi-
nation numbers dictate the emergence of distinct hierarchical 

architectures. 

1–3 These morphologies include a wide variety of struc-
tures, ranging from flexible linear chains and branched clusters to 

rings and intricate network topologies. 

4,5 Although the constituent 

building blocks are relatively simple, the resulting collective behavior 

is governed by a subtle interplay of directional interactions arising 

from the spatial arrangement and range of patches on the parti-

cle surface. 

6,7 Consequently, a rigorous theoretical description is 

required to understand how the geometry and range of directional 

interactions determine the formation of complex self-assembled 

structures. 

8–11

Divalent patchy particles constitute a fundamental class of 

building blocks for the self-assembly of low-valence colloidal and 

polymeric systems. 

12–14 Characterized by two bonding sites, they 

provide a direct link to systems of colloids or polymers with reactive 

functional groups located at both ends. 

15–18 The resulting struc-
tures are polydisperse ensembles of linear chains and rings, whose
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properties are governed by the equilibrium between bond forma-
tion and breakage. Therefore, these systems occupy an intermediate 

regime between simple monomeric fluids and highly connected 

network-forming systems. Their relative simplicity, combined with 

nontrivial self-assembly, makes them ideal testbeds for assessing the 

predictive capabilities of association theories, 

19–24 classical density 

functional theories, 

25–29 and computer simulation methods. 

30–34 

Beyond bulk conditions, restricted geometries provide an addi-
tional source of complexity and may qualitatively alter the equi-
librium behavior of associating fluids. Strong confinement, such as 

that imposed by narrow channels or nanotube-like environments, 

can effectively reduce the accessible dimensionality and give rise to 

phenomena absent in bulk systems. 

35–39

Although the present strictly one-dimensional (1D) model 

should primarily be viewed as an exactly solvable theoretical 

framework rather than as a direct representation of a spe-
cific experimental system, it may serve as a useful reference 

for more realistic quasi-one-dimensional fluids. 

40–48 More gen-
erally, it may also provide insight into reversible self-assembly 

processes dominated by strongly constrained linear aggrega-
tion, where chain branching and loop formation are largely 

suppressed.
It is customary to model patchy colloidal particles as rigid 

hard bodies—ranging from spheres to anisotropic rods—decorated 

with localized attractive sites on their surfaces. 

1,11 These sites can 

be represented through different interaction potentials, including 

infinitesimal “sticky” spots, soft-core attractions, or finite-range 

wells, which effectively determine the particle valency. 

49,50 Such 

models enable a systematic investigation of the combined role of 

particle shape and directional attractions in determining collective 

behavior. In particular, hard bodies decorated with square-well (SW) 

sites have proven to be especially suitable for capturing the essential 

features of directional self-assembly in patchy systems. 

51,52 Recent 

developments have also explored the application of association the-
ories to particles with anisotropic hard cores and more complex 

bonding constraints, 

53 illustrating the continuing interest in extend-
ing Wertheim-type approaches beyond standard spherical reference
systems.

The structural constraints imposed by single-file confinement,
together with the representation of patchy particles as hard bod-
ies with SW attractive sites, define an ideal framework for the 

application of Wertheim’s first-order thermodynamic perturbation 

theory (TPT1). 

54–57 In strictly 1D systems, the topological assump-
tions underlying TPT1 are automatically satisfied: each site can 

form at most one bond, and both ring formation and multiple 

bonding between the same pair of particles are excluded by geom-
etry. Since these limitations are a major source of inaccuracy in 

higher-dimensional applications, their absence in 1D suggests that 

TPT1 should attain its highest level of accuracy—and possibly 

exactness—under single-file confinement. Accordingly, 1D divalent 

patchy systems provide a stringent benchmark for assessing the 

performance of the theory in describing chain formation.
In this work, we pursue three main objectives. First, we assess 

the validity and limitations of Wertheim’s TPT1 for divalent patchy 

hard rods with finite-range attractive sites by comparing its predic-
tions with exact results. Second, we reformulate the exact solution 

in the language of association theories, deriving an exact generalized 

law of mass action and an exact bonding free-energy contribution.

Third, we investigate the structural consequences of finite-range 

bonding and compare them with those of the zero-range sticky 

limit.
The resulting phenomenology turns out to be remarkably rich. 

At low and intermediate densities, attractive interactions dominate, 

whereas repulsive hard-core interactions control the behavior near 

close packing. We demonstrate that finite-range SW and zero-range 

sticky sites display qualitatively different behaviors. In particular: (i) 

the equation of state evolves from sticky-like to hard-rod-like behav-
ior as pressure increases; (ii) the Fisher–Widom (FW) and Widom 

lines emerge only for finite-range interactions; (iii) a novel struc-
tural line, hereafter referred to as the “Extrema of the Correlation 

length under Oscillatory decay” (ECO) line, appears in the oscilla-
tory regime; and (iv) the asymptotic divergence of the correlation 

length changes from ξ ∼ p 

2 for finite-range interactions to ξ ∼ p 

3 in 

the sticky limit.
We further show that standard TPT1 is exact only in the 

zero-range sticky limit, while finite-range attractions require modi-
fications of both the law of mass action and the bonding free-energy 

contribution. By exploiting the exact solution of the 1D nearest-
neighbor problem, we recast it in the language of association theo-
ries, thereby obtaining exact expressions for bonding quantities and 

highlighting the limitations of standard TPT1.
The remainder of the paper is organized as follows. Section II 

introduces the zero-range sticky and finite-range SW models used to 

describe divalent patchy hard rods. Section III reviews Wertheim’s 

TPT1 framework. The exact solution is presented in Sec. IV. 

Section V discusses the thermodynamic and structural consequences 

of finite-range bonding, including the equation of state, chain statis-
tics, correlation length, and the associated structural crossover lines. 

Finally, Sec. VI summarizes the main findings and outlines possi-
ble directions for future work. The additional technical details are 

provided in the Appendixes.

II. HARD RODS DECORATED WITH SW SITES
We study the thermodynamic behavior and structural proper-

ties of divalent patchy hard rods confined to a strictly 1D channel. 

In this geometry, particles cannot rotate, fluctuate in the transverse 

directions, or exchange their relative order along the channel. How-
ever, they are free to translate along a straight line (the x axis), and 

each particle interacts only with its nearest neighbors to the left and 

to the right. As a consequence, there is a single bonding mechanism: 

the right (R) site of a given particle can bind to the left (L) site of its 

right neighbor. Bonds of type R–R and L–L are, therefore, excluded. 

A schematic representation of the system is shown in Fig. 1.
The interaction between neighboring particles is described by a 

SW hard-rod pair potential,

u(x) = 

⎧⎪ ⎪⎪⎪⎪⎨⎪⎪ ⎪ ⎪ ⎪ ⎩

∞, x < σ,

−ϵ, σ < x < σ + δ, 

0, x > σ + δ,

(2.1)

where x is the center-to-center distance between adjacent parti-
cles, σ is the rod length, ϵ is the well depth, and δ is the range 

of the attractive interaction between the L and R sites. To ensure 

that bonding occurs only between nearest neighbors (i.e., to exclude
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second-neighbor site–site interactions), the range of attraction is 

restricted to 0 < δ < σ.
The present model is mathematically equivalent to the 

1D SW fluid, for which an exact solution is available in the
isothermal–isobaric ensemble. 

43 The patchy interpretation adopted 

here provides a convenient framework for comparison with 

Wertheim’s association theory.
The sticky limit of the interaction is recovered by taking δ → 0 

and ϵ → ∞ while keeping the dimensionless combination

τ−1 = (eβϵ − 1) δ
σ

(2.2)

finite, where τ 

−1 defines the degree of “stickiness.”
Since the aim of this work is to compare SW systems with dif-

ferent values of δ, including the sticky limit, it is convenient to use 

the inverse stickiness parameter τ as the thermodynamic control 

variable instead of the temperature. In this way, systems with differ-
ent well depths ϵ and ranges δ can be compared on an equal footing 

through the common reduced parameter τ, while the sticky limit is 

naturally obtained by taking δ → 0 at fixed τ.

III. WERTHEIM ASSOCIATION THEORY
A. General formulation of Wertheim’s TPT1

Consider N divalent patchy rods confined to a line segment of 

length L. The Helmholtz free energy can be decomposed into ideal, 

excess (hard-body), and bonding contributions,

F = F id 

+ F ex 
+ F b 

. (3.1)

The ideal-gas contribution reads

βFid

N
= ln ρ − 1, (3.2)

where β = 1/k B 
T is the inverse temperature, ρ = N/L is the number 

density, and the thermal de Broglie wavelength is set to unity. The 

excess free energy associated with the hard-core interaction is exactly 

given by

βFex

N
= − ln (1 − ρσ). (3.3)

The bonding contribution is not known exactly in general. Within 

Wertheim’s TPT1, 

54–57 it is assumed that each site can participate in 

at most one bond and that no more than one bond can be formed

FIG. 1. Schematic representation of divalent patchy hard rods of length σ aligned 

along the x axis. Particles cannot overlap (i.e., the distance between the centers of 

two neighboring rods must be x > σ), but neighboring rods can form bonds when
σ < x < σ + δ through the interaction between the right (R) site of the left particle 

and the left (L) site of the right particle. A monomer and a dimer are shown for 

illustration.

between a given pair of particles. In the present 1D system, these 

conditions are automatically satisfied. Within TPT1, the bonding 

free energy is expressed in terms of the fraction X i 
of sites of type 

i that are not bonded,

βFb

N
= ∑

i
(ln Xi −

Xi

2
+ 1

2
), (3.4)

where the X i 
obey the law of mass action

1
Xi
= 1 + ρ∑

j
XjΔij. (3.5)

Here, Δ ij 
denotes the bonding integral between sites i and j.

B. Application to 1D divalent patchy hard rods
In the present model, Δ LL 

= Δ RR 
= 0, while Δ LR 

= Δ RL

= (e 

βϵ − 1) ∫ σ+δ
σ dx g HR 

(x), with g HR 

(x) = exp[−ρ(x − σ)/(1
− ρσ)]/(1 − ρσ) the exact hard-rod pair distribution function for
σ < x ≤ σ + δ. 

41 Carrying out the integral yields

ΔRL = (eβϵ − 1)1 − e−ρδ/(1−ρσ)

ρ
. (3.6)

By symmetry, X L 
= X R 

≡ X, and Eq. (3.5) reduces to

1
X
= 1 + X

1 − e−ρδ/(1−ρσ)

τδ/σ , (3.7)

where we have used Eq. (2.2). This law of mass action predicts a 

spurious nonzero fraction of unbonded sites in the close-packing 

limit,

lim
ρσ→1

X = τδ/σ
2
(
√

1 + 4
τδ/σ − 1). (3.8)

Combining Eqs. (3.2)–(3.4) with X L 
= X R 

= X, the total free energy 

per particle is

βF
N
= ln ρ − 1 − ln (1 − ρσ) + 2 ln X − X + 1. (3.9)

Thus, the thermodynamics of the system is fully determined by 

Eq. (3.9) together with Eq. (3.7). The explicit dependence on
ρ accounts for the hard-core contribution, while the dependence on 

X encodes the effect of bonding, which vanishes in the absence of 

bonds (X = 1).
The pressure follows from βp = ρ 

2 ∂(βF/N)/∂ρ, yielding

βp = ρ
1 − ρσ

[1 − ρσ
1 − ρσ

X2

τ
e−ρδ/(1−ρσ)], (3.10)

where we used the identity (2/X − 1)∂X/∂ρ = −(X 

2 σ/τ) 

exp[−ρδ/(1 − ρσ)]/(1 − ρσ) 

2 , which follows from Eq. (3.7).
In the high-temperature limit (τ → ∞), Eq. (3.10) reduces to 

the Tonks equation of state for hard rods, 

40

βpT =
ρ

1 − ρσ
. (3.11)

J. Chem. Phys. 165, 064108 (2026); doi: 10.1063/5.0344388 165, 064108-3

Published under an exclusive license by AIP Publishing

 11 August 2026 15:05:38

https://pubs.aip.org/aip/jcp


The Journal 

of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

In the sticky limit (δ → 0 at fixed τ), Eq. (3.7) becomes

1
X
= 1 + 

X 

τ 

ρσ
1 − ρσ

( sticky limit), (3.12)

which is the law of mass action for sticky hard rods. In this case, 

lim ρσ→1 
X = 0. In addition, in this limit, Eq. (3.10) simplifies to

βp = ρ
1 − ρσ

X ( sticky limit), (3.13)

where Eq. (3.12) has been used. This expression shows that the ratio 

p/p T 

between the pressure of the sticky system and that of the refer-
ence hard-rod fluid is simply equal to the fraction of unbonded sites, 

X. Note that combination of Eqs. (3.12) and (3.13) gives

βp =

√
1 + 4τ−1 ρσ

1−ρσ − 1

2τ−1σ
( sticky limit). (3.14)

C. Cluster-size distribution and physical 

interpretation of X
To elucidate the physical meaning of X, which plays a central 

role in Wertheim’s association theory, consider the number den-
sity ρ i 

of chain molecules composed of i rods. This quantity can be 

written as 

33

ρ i 
= ρX 

2 (1 − X) 

i−1 , (3.15)

where the factor (1 − X) 

i−1 accounts for the i − 1 bonds within the 

chain, while the prefactor X 

2 reflects the two unbonded sites at the 

chain ends. Consistency with the total density follows from

ρ =
∞

∑ 

i=1
iρ i 

, (3.16)

together with the identity ∑∞ 

i=1 i(1 − X) 

i−1 = 1/X 

2.
The number density of chain molecules (including monomers),

ρ M 

= N M 
/L, is given by ρ M 

= ∑∞i=1 

ρ i 
. Using ∑ 

∞ 

i=1 (1 − X) 

i−1 = 1/X,
one obtains

ρ M 
= ρX. (3.17)

Accordingly, the fraction of i-mers reads

f i =
ρi

ρM
= X(1 − X)i−1, (3.18)

showing that the system can be regarded as a polydisperse mixture 

of monomers, dimers, trimers, etc., with decreasing mole fractions
f 1 
> f 2 
> f 3 > ⋅ ⋅ ⋅.

The average number of segments in the chain molecules, ⟨i⟩
= ∑∞ 

i=1 i f i 
, follows directly from Eq. (3.18) as

⟨i⟩ = 1
X

. (3.19)

Thus, the average physical length of the chains is σ/X in the sticky 

limit (δ → 0), while for finite-range interactions, it lies between σ/X 

and (σ + δ)/X.

Equations (3.17) and (3.19) highlight that X controls both the 

density of chain molecules and the degree of polymerization, thereby 

acting as the key thermodynamic parameter of the system.
It is also instructive to establish a connection between the equa-

tion of state of the associating system, Eq. (3.10), and that of an 

additive hard-rod mixture with number density ρ M 

,

βpM =
ρM

1 − ρM∑n
i=1 f iσi

, (3.20)

where n is the number of components, and f i and σ i 
denote the mole 

fraction and length of species i, respectively. In the limit of infinitely
many components, identifying f i 

with Eq. (3.18) yields

βpM =
ρX

1 − ρX2∑∞i=1 (1 − X)i−1σi
, (3.21)

where we have also identified the number density of the mixture with 

that of chain molecules.
Assuming σ i 

= σ + (i − 1)x m 
, where x m 

is an effective value of 

the average distance between consecutive monomers within a chain, 

one obtains

βpM =
ρX

1 − ρ[xm − (xm − σ)X] . (3.22)

Identifying p M 

= p leads to

xm = σ + 1
1 − X

(1 − ρσ
ρ
− X

βp
). (3.23)

Using Eqs. (3.7) and (3.10), this expression provides the TPT1 pre-
diction for x m 

as a function of ρ, τ, and δ. In the low-density limit, 

lim ρσ→0 
x m 
= σ + δ/2, whereas lim ρσ→1 

x m 
= σ in the close-packing 

limit. Moreover, this prediction for x m 
exhibits a nonmonotonic 

dependence on ρ, with a maximum at intermediate densities. As 

expected, x m 
= σ in the sticky limit.

While the standard TPT1 is exact for 1D sticky particles, 

48 

it is only approximate for finite-range interactions. This motivates 

a comparison with the known exact solution of the equivalent 

SW fluid, summarized in Sec. IV, from which both thermody-
namic and structural properties can be obtained directly from the 

nearest-neighbor distribution function.

IV. EXACT SOLUTION
As discussed above, the present model is mathematically equiv-

alent to the exactly solvable 1D SW fluid. Therefore, the exact 

equation of state, nearest-neighbor distributions, and pair correla-
tion functions presented below follow from previously established 

results. 

43 The novel aspect of the present treatment is their reformu-
lation in terms of association-theory variables and the derivation of 

exact relations involving bonding quantities, such as the fraction of 

unbonded sites, the generalized law of mass action, the bonding free 

energy, the chemical equilibrium constant, and chain statistics.

A. General framework
The exact structural and thermodynamic properties of 1D sys-

tems with nearest-neighbor interactions can be obtained in the 

isothermal–isobaric ensemble by exploiting the nearest-neighbor
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distribution function and constructing higher-order distributions 

through iterated convolutions. 

43

A central quantity in this approach is the Laplace transform of 

the Boltzmann factor e 

−βu(x) , defined as

Ω(s) = ∫ 

∞

0
dx e 

−βu(x) e 

−sx

= e 

−sσ

s
(1 + 

1 − e 

−sδ

τδ/σ ), (4.1)

where s is, in general, a complex variable.
The probability density of finding two neighboring particles 

separated by a distance x is given by 

43

f (1)(x) = e−βu(x)e−βpx

Ω(βp) , (4.2)

where Ω(βp) acts as a normalization factor. Moreover, it is directly 

related to the Gibbs free energy via βG/N = −ln Ω(βp). Using the 

thermodynamic identity 1/ρ = ∂(βG)/∂(βp), one obtains the exact 

equation of state

1
ρ
= σ + 1

βp
− δe−βpδ

1 + τδ/σ − e−βpδ . (4.3)

Equivalently, this result can be expressed as 1/ρ = ⟨x⟩ 

(1) , where

⟨x⟩ 

(1) = ∫ 

∞

0
dx f 

(1) (x)x (4.4)

is the mean nearest-neighbor distance. Note that, except in the sticky 

limit, the pressure cannot be expressed as an explicit function of 

density from Eq. (4.3) in terms of elementary functions.
For later convenience, we introduce the reduced variables δ 

∗

= δ/σ, ρ 

∗ = ρσ, and p 

∗ = βpσ, which will be used throughout the 

remainder of the paper.

B. Relation between X , ρ, and p
The nearest-neighbor distribution function allows one to 

determine the exact fraction of unbonded sites,

X = ∫
∞

σ+δ
dx f (1)(x) = e−(σ+δ)βp

βpΩ(βp)

= e−p 

∗ δ 

∗ ⎛
⎝

1 + 

1 − e 

−p 

∗ δ 

∗

τδ 

∗

⎞
⎠ 

−1

. (4.5)

This expression satisfies the expected limits lim p 

∗ 

→0 

X = 1 and 

lim p 

∗ 

→∞ 

X = 0. It can be inverted to yield

p∗ = ln α(X)
δ∗

, α(X) ≡ X + τδ∗

X(1 + τδ∗) . (4.6)

Substitution into Eq. (4.3) leads to

1
ρ∗
= 1 + δ∗

ln α(X) −
X
τ

. (4.7)

Equation (4.7) provides an exact analytical relation between ρ and 

X and may, thus, be interpreted as a generalized law of mass action.

Comparison with Eq. (3.7) shows that TPT1 does not reproduce this 

relation for finite-range interactions. However, in the sticky limit
(δ → 0), Eq. (4.7) reduces to Eq. (3.12), demonstrating that TPT1 

becomes exact in that case. Consistently, Eq. (4.5) yields

X = 1
1 + p∗/τ ( sticky limit), (4.8)

in agreement with the combination of Eqs. (3.12) and (3.13).
The origin of the deviation of TPT1 is that, for finite-range 

attractions, bonding is controlled by the pressure-dependent distri-
bution of nearest-neighbor separations within the attractive shell, 

rather than solely by contact configurations. This effect disappears 

in the sticky limit, where the attractive range collapses to contact 

and the standard TPT1 law becomes exact.
The ratio p/p TPT1 

between the exact pressure and that predicted 

by TPT1 [see Eqs. (3.10) and (4.3)] is illustrated in Fig. 2(a) for δ 

∗

= 0.1 and three values of τ: 100, 0.02, and 10 

−3 . As stickiness 

increases (i.e., τ decreases), the limitations of the TPT1 predictions 

become more and more apparent. A similar comparison, but in 

terms of the ratio X/X TPT1 
, is presented in Fig. 2(b). In this case, 

essentially due to the unphysical TPT1 prediction given by Eq. (3.8), 

the disagreement between X and X TPT1 
is quite clear, even at high τ. 

Interestingly, for sufficiently small τ, the ratio X/X TPT1 
is practically 

independent of τ.

C. Chemical equilibrium constant of the chain 

formation
The association between sites induces a reversible polymeriza-

tion process, leading to a polydisperse fluid of chain-like aggregates 

whose size distribution is governed by Eqs. (3.18) and (4.5). The 

bonding between an i-mer and a j-mer can be formally interpreted 

as a chemical reaction of the type

A i 
+ A j

K←→ A i+j 
, (4.9)

where K denotes the equilibrium constant. The corresponding law 

of mass action yields

K = ρi+j

ρiρj
= 1 − X

X2ρ
, (4.10)

where Eq. (3.15) has been used.
In the isothermal–isobaric ensemble, combining Eqs. (4.3) and 

(4.5) leads to

K = σ
1 + τδ∗

(τδ∗)2 (e
p∗δ∗ − 1){(1 + 1

p∗
)[(1 + τδ∗)ep∗δ∗ − 1] − δ∗}.

(4.11)
In the sticky limit (δ → 0), this expression reduces to

K = σ
τ + p∗(τ + p∗)

τ2

= 

σ 

τ(1 − ρ 

∗ ) 

( sticky limit), (4.12)

where, in the last step, Eq. (3.14) has been used.
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FIG. 2. Density dependence of the ratios (a) p/p TPT1 

and (b) X/X TPT1 

for divalent
patchy hard rods with δ 

∗ = 0.1 and τ = 100, 0.02, and 10 

−3 .

D. Helmholtz free energy
We now derive the exact association contribution to the 

Helmholtz free energy as a function of the fraction of unbonded 

sites, X.
Starting from the thermodynamic relation βp = ρ 

2 ∂(βF/N)/∂ρ 

and using Eqs. (3.1)–(3.3), one obtains

∂(βFb/N)
∂X

= ( ρ∗

1 − ρ∗
− p∗)∂ρ∗−1

∂X
. (4.13)

Combining Eqs. (4.6) and (4.7), we find

ρ∗

1 − ρ∗
− p∗ = (X/τδ∗)[ln α(X)]2

δ∗ − (X/τ) ln α(X) . (4.14)

Likewise, differentiation of Eq. (4.7) yields

∂ρ∗−1

∂X
= τδ∗2

X(X + τδ∗)[ln α(X)]2
− 1

τ
. (4.15)

Substituting Eqs. (4.14) and (4.15) into Eq. (4.13), one obtains

∂(βFb/N)
∂X

= 1
1 − (X/τδ∗) ln α(X){

1
X + τδ∗

− X[ ln α(X)
τδ∗

]
2

}.

(4.16)
Although the right-hand side of Eq. (4.16) has a nontrivial depen-
dence on X, it can be integrated analytically. Imposing the boundary 

condition F b 

= 0 at X = 1, the exact bonding free energy is obtained 

as

βFb

N
= ln [Xα(X) − X2α(X) ln α(X)

τδ∗
] + X ln α(X)

τδ∗
. (4.17)

This result is significantly more involved than the TPT1 expression 

βF b 

/N = 2ln X − X + 1 [cf. Eq. (3.9)]. Nevertheless, both expressions 

coincide in the sticky limit δ → 0, confirming once more that TPT1 

becomes exact in that limit.

E. Bonded distances and limitations of the mixture 

mapping
The exact nearest-neighbor distribution also allows one 

to determine the average distance between consecutive bonded 

monomers,

xm = ∫
σ+δ

σ dx f (1)(x)x
∫ σ+δ

σ dx f (1)(x)

= σ 

⎛ 

⎝
1 + 1

p 

∗ 

− δ 

∗ e 

−p 

∗ δ 

∗

1 − e 

−p 

∗ δ 

∗

⎞
⎠ 

. (4.18)

This expression satisfies the limits lim p 

∗ 

→0 

x m 
= σ + δ/2 and 

lim p 

∗ 

→∞ 

x m 
= σ, in agreement with the corresponding limits 

obtained within TPT1. However, the TPT1 prediction for x m 
devi-

ates from the exact result at finite densities, even at a qualitative 

level.
Furthermore, inserting the exact x m 

and X into Eq. (3.21) shows 

that, in general, p M 

≠ p, particularly near close packing. This demon-
strates that the mapping onto an effective hard-rod mixture breaks 

down for finite-range interactions, although it becomes exact in the 

sticky limit.

F. Pair correlations and asymptotic behavior
The ℓth-neighbor distribution function, f 

(ℓ) (x), follows from 

the recursive convolution relation, 

43

f 

(ℓ) (x) = ∫ 

x

0
dx 

′ f 

(1) (x 

′ ) f 

(ℓ−1) (x − x 

′ ). (4.19)

The pair correlation function is then given by

g(x) = 1
ρ

∞

∑
ℓ=1

f (ℓ)(x). (4.20)
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In Laplace space, one obtains

̃ G(s) ≡ ∫
∞

0
dx g(x)e 

−sx = 1
ρ 

Ω(s + βp)
Ω(βp) −Ω(s + βp) . (4.21)

The poles s i 
of ̃ G(s) are determined by the condition Ω(s i 

+ βp)
= Ω(βp). In terms of these poles, the pair correlation function can 

be expressed as

g(x) = 1 +∑ 

s i

e 

s i 
x Res [̃ G(s i 

)], (4.22)

where Res [̃ G(s i 
)] denotes the corresponding residues.

The asymptotic decay of g(x) is governed by the pole with the 

smallest (in magnitude) negative real part, s min 
= −κ ± ıω. If ω ≠ 0, 

the decay is oscillatory, g(x) − 1 ∼ e 

−κx cos(ωx + δ), whereas for
ω = 0, it is monotonic, g(x) − 1 ∼ e 

−κx . In both cases, the correlation 

length is ξ = 1/κ.
Oscillatory decay is associated with the dominance of excluded-

volume effects and typically occurs at high densities or temperatures, 

while monotonic decay reflects the prevalence of attractive interac-
tions at low densities or temperatures. The boundary between these 

regimes defines the FW line in the temperature-density plane. 

58 In 

the monotonic regime, the correlation length exhibits a maximum at 

fixed temperature, defining the Widom line. 

59

Beyond the FW line, the behavior of ξ changes qualitatively: 

it displays a weak maximum followed by a minimum and then a 

rapid increase. To distinguish this locus from the true Widom line, 

we introduce the term ECO line. Although not a Widom line in 

the strict sense, the ECO line provides a useful characterization of 

structural changes in the oscillatory regime.

V. FINITE-RANGE SW SITES VS ZERO-RANGE STICKY 

SITES
In this section, we analyze how the finite range of the 

patch–patch interaction modifies the thermodynamic and structural 

properties of the system relative to the zero-range sticky limit.

A. Equation of state and pressure ratio
We begin by considering the ratio R ≡ p/p T 

between the pres-
sure of the divalent patchy hard-rod system and that of the reference 

Tonks hard-rod fluid at the same density.
For zero-range sticky sites (δ → 0), Eqs. (3.11) and (3.13) yield 

the simple result R = X. Thus, the pressure ratio coincides with the 

fraction of unbonded sites.
For finite-range interactions (δ > 0), combining Eqs. (3.11) and 

(4.3) gives

R = 1 − p∗δ∗e−p∗δ∗

1 + τδ∗ − e−p∗δ∗ . (5.1)

Unlike the sticky case, this ratio exhibits a nonmonotonic depen-
dence on density, approaching R = 1 both in the ideal-gas limit 

(βp → 0, ρ 

∗ → 0) and in the close-packing limit (βp → ∞, ρ 

∗ → 1). 

By contrast, for sticky sites, R = X decreases monotonically from

1 to 0 as density increases. This qualitative difference reflects the 

noncommutativity of the limits δ → 0 and βp → ∞,

lim
δ→0 

lim
βp→∞

R = 1 ≠ lim
βp→∞ 

lim 

δ→0
R = 0. (5.2)

Indeed, Eq. (3.14) shows that, near close packing,

p∗ ≈
√

τp∗T , ( sticky limit), (5.3)

which implies that zero-range sticky rods do not collapse into a sin-
gle infinitely long rod at close packing but remain distributed among 

chains of different lengths according to Eq. (3.18).
For finite δ, the nonmonotonic behavior of R implies the 

existence of a minimum value R min 
at a density ρ min 

. Since βp 

increases monotonically with ρ, the condition for the minimum is 

∂R/∂(βp) = 0. This leads to

p∗min =
Rmin

δ∗
, ρ∗min =

1
1 + δ∗

, (5.4a)

e 

−R min = (1 + τδ 

∗ )(1 − R min 
). (5.4b)

The solution is

Rmin = 1 +W0(−
e−1

1 + τδ∗
), (5.5)

where W 0 
(z) is the principal branch of the Lambert function, 

which is the solution of the transcendental equation x = ze 

−x . For
small τδ 

∗ , R min 
≈ 

√ 

2τδ 

∗ and p∗min ≈ 

√ 

2τ/δ 

∗ . Interestingly, ρ∗min 

is
independent of the inverse stickiness parameter τ.

Figure 3 shows the density dependence of R = p/p T 

for δ 

∗ = 1, 

0.5, 0.1, and the sticky case δ = 0, for three representative values of τ. 

Panel (a) corresponds to high temperatures (low stickiness), whereas 

panel (c) corresponds to low temperatures (high stickiness). The dis-
tinction between sticky and finite-range systems becomes especially 

pronounced near close packing, where R → 1 for SW sites but R → 0 

for sticky ones. At low and intermediate densities, however, the ratio 

R depends only weakly on δ. This weakly sensitive region widens 

as either δ or τ decreases, extending approximately up to ρ min 

for 

sufficiently small τ.
For ρ > ρ min 

, the difference becomes significant because neigh-
boring particles are close enough for their attractive ranges to 

overlap. In the finite-range case, this causes the bonding process to 

saturate, whereas in the sticky case, bonding continues up to close 

packing.

B. Monomers, terminal rods, and internal rods
Each particle can exist in three distinct bonding states: (i) a 

monomeric state, where both sites are unbonded; (ii) a terminal 

state, where only one site is bonded; and (iii) an internal state, 

where both sites are bonded. The corresponding average fractions 

are directly related to the fraction of unbonded sites X through

⟨X 0 
⟩ = X 

2 , ⟨X 1 
⟩ = 2X(1 − X), ⟨X 2 

⟩ = (1 − X) 

2 . (5.6)

These fractions satisfy the exact normalization condition ⟨X 0 
⟩

+ ⟨X 1 
⟩ + ⟨X 2 

⟩ = 1.
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FIG. 3. Density dependence of the pressure ratio p/p T 

for divalent patchy hard 

rods with (a) τ = 100, (b) τ = 0.02, and (c) τ = 10 

−3 . In each panel, the attractive 

ranges are δ 

∗ = 1, 0.5, 0.1, and 0 (sticky limit).

FIG. 4. Fraction of free monomers (⟨X 0 

⟩), terminal rods (⟨X 1 

⟩), and internal 

rods (⟨X 2 

⟩) as functions of density for τ = 0.1 and δ 

∗ = 1, 0.5, 0.1, and 0 (sticky 

limit).

Figure 4 illustrates the density dependence of these quanti-
ties. In the ideal-gas limit, particles are predominantly monomeric:
⟨X 0 
⟩ = 1 and ⟨X 1 

⟩ = ⟨X 2 
⟩ = 0. At close packing, particles belong 

to long chains: ⟨X 0 
⟩ = ⟨X 1 

⟩ = 0 and ⟨X 2 
⟩ = 1. As δ increases, the 

approach of ⟨X 2 
⟩ toward unity occurs at lower densities, showing 

that a larger attractive range favors chain formation.
The fraction of terminal particles reaches a maximum value

⟨X 1⟩ = 

1
2 

, which corresponds to ⟨X 0 
⟩ = ⟨X 2 

⟩ = 

1
4 

. Setting X = 

1
2 

in
Eqs. (4.6) and (4.7) gives

p∗1
2
=

ln 1+2τδ∗
1+τδ∗

δ∗
, (5.7a)

ρ∗1
2
=
⎛
⎝

1 − 1
2τ
+ δ∗

ln 1+2τδ∗
1+τδ∗

⎞
⎠

−1

. (5.7b)

In the sticky limit, these reduce to p∗1
2
= τ and ρ∗1

2
= 2τ/(1 + 2τ). For

sufficiently small τ, ρ 

∗ 

1
2

depends only weakly on δ, as shown in Fig. 4.
Moreover, decreasing τ shifts the maximum of ⟨X 1 

⟩ toward lower 

densities, thereby favoring chain formation.
Since ρ 

∗ 

1
2

increases monotonically with τ, its upper bound is
obtained in the limit τ → ∞, ρ∗ 

1
2
< 1/(1 + δ 

∗ / ln 2) < ρ 

∗

min = 1/(1
+ δ 

∗ ).

C. Correlation length and structural lines
We next analyze the correlation length ξ together with the FW, 

Widom, and ECO lines introduced in Sec. IV F.
At fixed interaction range δ, the FW line divides the τ–ρ 

∗ 

plane into two regions: above the line, the asymptotic decay of 

g(x) − 1 is oscillatory, whereas below it, the decay is monotonic. 

This line is illustrated in Fig. 5 for the representative case δ 

∗ = 0.5.
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FIG. 5. Structural diagram in the τ–ρ 

∗ plane for divalent patchy hard rods with
δ 

∗ = 0.5. The FW line (solid curve) separates the regions of monotonic and oscil-
latory asymptotic decay of the pair correlation function. Below the FW line, the 

Widom line (dash-dotted curve) is defined as the locus of absolute maxima of 

the correlation length ξ in the monotonic regime. In the oscillatory regime, ξ may 

exhibit a weak local maximum followed by a local minimum; the locus of these 

extrema defines the ECO line (dashed curve). The horizontal dotted lines corre-
spond to τ = 0.2, 0.02, 3 × 10 

−3 , and 10 

−4 . The circles, upward triangles, and 

downward triangles indicate the intersections with the FW, Widom, and ECO lines, 

respectively.

The FW line starts at ρ 

∗ = 0 in the limit τ → ∞, since the hard-
rod fluid exhibits oscillatory decay at all densities, and terminates 

at ρ 

∗ = ρ∗0 ≃ 1/(1 + δ 

∗ /2) = 2ρ 

∗ 

min/(1 + ρ 

∗ 

min) in the opposite limit
τ → 0 (see Appendix A). Therefore, independently of the stickiness,
the decay of correlations is always oscillatory for ρ 

∗ > ρ 

∗

0 

.
Crossing the FW line produces a kink in the correlation length

due to the change in the leading pole of 

̃ G(s): the dominant pole
changes from a real pole, s min 

= −κ, to a complex-conjugate pair, 

s min 
= −κ ± ıω.
The Widom line has physical meaning only in the monotonic 

region below the FW line, where the correlation length reaches an 

absolute maximum. This line is nearly vertical in the τ–ρ 

∗ plane and
approaches ρ 

∗

c = 1/(2 + δ 

∗ ) ≃ ρ 

∗

0 /2 as τ → 0.
In higher-dimensional systems, the Widom line is commonly 

regarded as an extension of the vapor–liquid coexistence region 

beyond the critical point and terminates at the critical point, 

where ξ → ∞. 

58,60 Since no true phase transition can occur in 

the present 1D system, the Widom line should instead be inter-
preted as a precursor of the vapor–liquid transition that would 

occur in higher dimensions. From this perspective, the point (ρ 

∗ , τ)
= (ρ 

∗

c , 0), where ξ → ∞ (see Appendix A), may be regarded as a
putative 1D critical point.

Beyond the FW line, in the oscillatory regime, the damping 

constant still defines an effective correlation length, but its density 

dependence becomes more complex. In particular, ξ may exhibit a 

weak local maximum followed by a local minimum before increas- 

ing rapidly again. To characterize this behavior, we introduce the 

ECO line, which joins the loci of these extrema.    

The left branch of the ECO line corresponds to the local 

maximum of ξ, while the right branch corresponds to the local 

minimum. Although the ECO line is not a Widom line in the 

strict sense, it provides a natural structural boundary within the 

oscillatory regime. To the best of our knowledge, this line has not 

been identified previously. It is possible that an analogous feature 

also exists in higher-dimensional systems, although likely hidden 

inside metastable regions associated with solid–solid transitions. In 

that context, the ECO line might be related to the isostructural 

solid–solid transition observed in SW systems. 

61,62

For later reference, we introduce labels for the three charac-
teristic points where these structural lines intersect or merge. The 

intersection of the FW and Widom lines is denoted the T-point, 

since the two curves form a T-like structure. Similarly, the intersec-
tion of the FW and ECO lines is called the Y-point, while the vertex 

where the two ECO branches merge is referred to as the V-point. 

These special points provide a convenient framework for organizing 

the topology of the structural map in the (ρ 

∗ , τ) plane.
The density dependence of ξ changes qualitatively depending 

on the value of τ. If τ > τ T 
, the correlation length increases mono-

tonically with density and presents only a kink at the FW point. 

This behavior is represented by the case τ = 0.2 in Fig. 5. For τ T 
< τ

< τ V 
, represented by τ = 0.02, ξ first increases with density, reaches 

an absolute maximum upon crossing the Widom line, and then 

increases monotonically again after crossing the FW line. The behav-
ior becomes richer for τ V 

< τ < τ Y 
, illustrated by τ = 3 × 10 

−3 . In this 

case, ξ first reaches a maximum at the Widom line, then increases 

after crossing the FW line, reaches a local maximum followed by a 

local minimum within the oscillatory regime, and finally increases 

monotonically again. Finally, for τ < τ Y 
, as in the case τ = 10 

−4 , the 

correlation length continues decreasing after crossing the FW line, 

reaches a local minimum, and only then starts its final monotonic
growth.

We have verified that these structural crossovers are not accom-
panied by any anomalous behavior of local bonding quantities, 

such as the fraction of unbonded sites, the mean chain length, or 

higher moments of the chain-size distribution, all of which vary 

smoothly across the ECO line. This indicates that the ECO line is a 

purely structural feature associated with the long-range asymptotic 

behavior of positional correlations.
Figure 6 shows the density dependence of the reduced corre-

lation length ξ 

∗ = ξ/σ for δ 

∗ = 0.5 and the same four values of τ as 

those indicated in Fig. 5. For comparison, the corresponding curves 

for the sticky limit (δ → 0) are also included. A major difference 

appears in the sticky case: unlike finite-range systems with τ < τ T 
, 

the correlation length increases monotonically with density for all 

values of τ. In fact, as shown in Appendix B,

τT ≈
π4

36
δ∗4, δ∗ ≪ 1. (5.8)

Thus, as δ 

∗ → 0, both the FW and Widom lines collapse toward the 

axis τ = 0, implying that in the sticky limit, the decay of correla-
tions is always oscillatory and ξ always increases monotonically with
density.

For finite δ, once the ECO line has been crossed, ξ increases
rapidly with density. Interestingly, the asymptotic high-pressure
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FIG. 6. Reduced correlation length ξ 

∗ as a function of reduced density ρ 

∗ for
τ = 0.2, 0.02, 3 × 10 

−3 , and 10 

−4 . The solid lines correspond to finite-range SW 

sites with δ 

∗ = 0.5, while dashed lines correspond to the sticky limit (δ → 0). 

The inset magnifies the region 0.7 < ρ 

∗ < 0.9. The circles, upward triangles, and 

downward triangles indicate the intersections with the FW, Widom, and ECO lines, 

respectively.

FIG. 7. Log–log plot of the reduced correlation length ξ 

∗ vs the reduced pressure
p 

∗ for τ = 0.1 and, from bottom to top, δ 

∗ = 0.1, 0.05, 0.01, 5 × 10 

−3 , and 10 

−3 .
The left and right dashed lines represent the asymptotic behaviors ξ 

∗ = p 

∗3 /4π 

2 τ 

and ξ 

∗ = p 

∗2 /2π 

2 , respectively.

behavior of ξ is qualitatively different for finite- and zero-range 

patches (see Appendix C),

ξ ∼ 

⎧ ⎪ ⎪⎨⎪ ⎪ ⎩

p 

2 , δ ≠ 0,

p 

3 , δ = 0.
(5.9)

Therefore, the high-pressure correlation length of hard rods with 

finite-range patches behaves as in the Tonks gas, which also follows 

the scaling law ξ ∼ p 

2 . 

63 This is fully consistent with Fig. 3, where 

we found that p/p T 

→ 1 near close packing. By contrast, hard rods 

with zero-range sticky sites behave differently both in their equation 

of state (p/p T 

→ 0) and in their correlation length (ξ ∼ p 

3 ). This 

reflects the fact that the bonding process remains incomplete until 

close packing, leading to stronger positional correlations.
As shown in Appendix C, if δ 

∗ ≪ 1, an intermediate high-
pressure regime appears in which ξ ∼ p 

2 3 if p 

∗ δ 

∗ ≪ 1, followed by 

a crossover to the ultimate asymptotic regime ξ ∼ p 

2 for p 

∗ δ 

∗ ≫ 1. 

The crossover occurs around p 

∗ ∼ 1/δ 

∗ . This behavior is confirmed 

in Fig. 7 for τ = 0.1 and δ 

∗ = 0.1, 0.05, 0.01, 5 × 10 

−3 , and 10 

−3 . As δ 

∗ 

decreases, the crossover shifts to higher pressures and the sticky-like 

regime becomes progressively more extended.

VI. CONCLUSIONS
In this work, we have investigated the exact thermodynamic 

and structural properties of divalent patchy hard rods confined to 

a strictly 1D channel. We have used this model both as an exact 

benchmark for Wertheim’s association theory and as a framework 

for uncovering novel structural phenomena induced by finite-range
bonding. 

The bonding sites are modeled as attractive SW patches located 

at the tips of the hard rods. The sticky limit is recovered by tak-
ing the well depth to infinity (ϵ → ∞) and the well range to zero
(δ → 0), while keeping the stickiness parameter τ 

−1 = (e 

βϵ − 1)δ/σ 

finite. Throughout this work, we have used the inverse stickiness 

parameter τ instead of temperature as the relevant thermodynamic 

variable, since it provides a unified description of finite-range SW 

systems and their zero-range sticky limit.
Our results show that TPT1 is approximate for finite-range SW 

sites (δ > 0), but it becomes exact in the zero-range sticky limit
(δ → 0). We have shown that the exact solution of the equivalent 

1D SW fluid can be naturally recast in the language of association 

theories. This reformulation provides exact expressions for bond-
ing quantities, including a generalized law of mass action relating
ρ and X [Eq. (4.7)] and an exact bonding free-energy contribution 

[Eq. (4.17)]. This generalized law of mass action highlights the lim-
itations of the standard finite-range expression [Eq. (3.7)], while 

correctly recovering the sticky result [Eq. (3.12)] in the limit δ → 0. 

A key result is the derivation of an exact bonding free-energy 

contribution as an explicit function of X, which preserves the formal 

simplicity of the TPT1 framework. Together with the generalized law 

of mass action, this expression provides an exact alternative to the 

standard TPT1 bonding term and mass-action equation for 1D sys-
tems with finite-range patches. Extending this exact reformulation 

to more general bonding schemes, such as non-SW interactions 

44 

or Janus-like particles, 

45,64 and especially to higher-dimensional sys-
tems, remains a challenging problem. Nevertheless, the exact 1D 

relation between density and bonding variables suggests that system-
atic corrections to TPT1 might be constructed through expansions 

around the sticky limit or the low-density regime, thereby incor-
porating finite bond-volume effects beyond the standard contact 

approximation.
While TPT1 is naturally formulated in the canonical ensemble, 

the exact solution is obtained in the isothermal–isobaric ensemble,
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where the density can be analytically expressed as a function of 

pressure, although the inverse relation does not admit a closed 

form except in the sticky limit. Conversely, the exact solu-
tion is restricted to strictly 1D geometries, whereas the standard 

TPT1 formalism remains readily applicable to higher-dimensional
systems. 

The exact solution also provides direct access to structural 

properties, a capability that is not inherently available within stan-
dard association theories. Although true thermodynamic phase tran-
sitions are absent in 1D fluids of divalent patchy hard rods, 

65 the pair 

correlation function g(x) exhibits a rich structural behavior. In par-
ticular, the asymptotic decay of g(x) − 1 changes from monotonic to 

oscillatory as density increases, the FW line separating both regimes. 

In the monotonic regime, the correlation length displays an absolute 

maximum, giving rise to the Widom line, while in the oscillatory 

regime, it may exhibit both a local maximum and a local minimum, 

giving rise to the ECO line. These features define a remarkably rich 

structural map in the (τ, ρ) plane, but they disappear in the sticky 

limit, where the system remains in the oscillatory regime for any
τ > 0.

A particularly important result is the identification of the ECO 

line, a structural locus not previously reported in other 1D fluids. 

66,67 

This line appears at high densities within the oscillatory regime 

and connects the extrema of the correlation length beyond the FW 

crossover. Because of its connection with strong positional ordering, 

we speculate that the ECO line may represent a structural precur-
sor of freezing or of isostructural solid–solid transitions in two- and 

three-dimensional systems. Whether an analogous feature exists in 

other 1D models or in higher-dimensional fluids remains an open 

and interesting question. In this sense, the ECO line reveals an addi-
tional layer of structural complexity hidden in apparently simple 

systems confined to restricted geometries. 

68

Finally, we identified a qualitative change in the high-pressure 

behavior of the correlation length. For finite-range SW sites, 

the asymptotic behavior is ξ ∼ p 

2 , identical to that of ordinary 

hard rods, while for zero-range sticky interactions, the stronger 

divergence ξ ∼ p 

3 is found. If the attractive range is very small 

but finite, an intermediate sticky-like regime with ξ ∼ p 

3 appears 

at high pressure under the condition βpδ ≪ 1, followed by a 

crossover to the true asymptotic finite-range behavior ξ ∼ p 

2 when 

βpδ ≫ 1. This reflects the noncommutativity of the limits δ → 0 

and p → ∞ and further emphasizes that finite-range and sticky 

interactions, although closely related, are not thermodynamically 

equivalent.
Overall, our results show that even the simplest 1D patchy fluid 

exhibits a remarkably rich interplay between association, structure, 

and asymptotic correlations. Beyond providing an exact benchmark 

for association theories, the present model highlights the nontrivial 

role of finite bond volumes and offers a useful reference framework 

for understanding reversible self-assembly in confined geometries 

and, more broadly, in complex patchy systems.
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APPENDIX A: WIDOM AND FW LINES IN THE 

HIGH-STICKINESS LIMIT (τ ≪ 1)

1. Low-temperature end point of the Widom line
The real poles of 

̃ G(s) are determined by the condition Ω(−κ
+ βp) = Ω(βp), where Ω(s) is given by Eq. (4.1). More explicitly,

1 + τδ∗ − e−p∗δ∗

p∗
= eκ∗

p∗ − κ∗
[1 + τδ∗ − e−(p

∗
−κ∗)δ∗], (A1)

where κ 

∗ ≡ κσ.
The Widom line is determined by the condition [∂κ/∂(βp)] τ

= 0. Therefore, in addition to the condition Ω(−κ + βp) = Ω(βp), 

we must also impose Ω 

′ (−κ + βp) = Ω 

′ (βp), where Ω 

′ (s)
≡ ∂Ω(s)/∂s. For given τ and δ 

∗ , the values of κ 

∗ and p 

∗ on the 

Widom line are obtained from the simultaneous solution of Eq. (A1) 

and

1 − κ∗

p∗
+
(1 + τδ∗)ep∗δ∗ − 1

δ∗
κ∗

p∗2 = eκ∗(1+δ∗). (A2)

In the high-stickiness regime (τ ≪ 1), the solution of Eqs. (A1) and 

(A2) is
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κ∗ ≈ 2p∗, p∗ ≈
√

τ
1 + δ∗/2. (A3)

Insertion into the exact equation of state, Eq.   (4.3), yields the low-
temperature end point of the Widom line,

ρ∗c =
1

2 + δ∗
. (A4)

From Eq. (A3), we observe that κ → 0 in the limit τ → 0. Thus, the 

correlation length diverges as one approaches the “critical point”
(ρ 

∗ , τ) = (ρ 

∗

c , 0).

2. Low-temperature end point of the FW line
The complex poles satisfy Ω(−κ ± ıω + βp) = Ω(βp), namely,

1 + τδ 

∗ − e 

−p 

∗ δ 

∗

p 

∗ 

= e 

κ 

∗

p 

∗ − κ 

∗ 

{(1 + τδ 

∗ ) cos ω 

∗

− e 

−(p 

∗ 

−κ 

∗ 

)δ 

∗ 

cos [ω 

∗ (1 + δ 

∗ )]}, (A5a)

1 + τδ 

∗ − e 

−p 

∗ δ 

∗

p 

∗ 

= − eκ 

∗

ω∗ 

{(1 + τδ 

∗ ) sin ω 

∗

− e 

−(p 

∗ 

−κ 

∗ 

)δ 

∗ 

sin [ω 

∗ (1 + δ 

∗ )]}, (A5b)

where ω 

∗ ≡ ωσ.
For given τ and δ 

∗ , the set of Eqs. (A1) and (A5) determines the 

values of p 

∗ , κ 

∗ , and ω 

∗ on the FW line. In the high-stickiness limit
(τ → 0), one finds ω 

∗ → 2π/(1 + δ 

∗ /2), so that ω 

∗ (1 + δ 

∗ ) → 4π
− ω 

∗ , and κ 

∗ → p∗0 , where p 

∗ = p 

∗ 

0 is the solution of the transcen-
dental equation

π
1 + δ∗/2(1 − e−p∗0 δ∗) + p∗0 ep∗0 sin

2π
1 + δ∗/2 = 0. (A6)

The corresponding density ρ∗ 

0 is obtained by inserting p 

∗ = p 

∗

0 

into 

Eq. (4.3) with τ = 0. An excellent approximation follows from a first-
order expansion in δ 

∗ :

ρ∗0 ≃
1

1 + δ∗/2 = 2ρ∗c . (A7)

APPENDIX B: COLLAPSE OF THE WIDOM AND FW 

LINES FOR δ 

∗ 

≪ 1

When solving Eqs. (A1) and (A2) for the Widom line, or 

Eqs. (A1) and (A5) for the FW line, one observes that both lines 

move downward in the τ–ρ 

∗ plane as δ 

∗ decreases, eventually col-
lapsing onto the axis τ = 0 in the sticky limit. In fact, for sufficiently 

small δ 

∗ , the lines corresponding to different values of δ 

∗ collapse 

onto a common curve in the scaled plane τ/δ 

∗ 
4 vs ρ 

∗ . This indicates 

that the relevant regime is τ ∼ δ 

∗ 
4 . In this limit, the exact equation

of state, Eq. (4.3), gives

p∗ ≈
¿
ÁÁÀ τρ∗

1 − ρ∗
∼ δ∗2. (B1)

Substituting τ ∼ δ 

∗ 
4 and p 

∗ ∼ δ 

∗ 
2 into Eqs. (A1) and (A2), and 

taking the limit δ 

∗ → 0, one obtains

κ∗ ≈ 2p∗, p∗ ≈
√

τ, ρ∗ ≈ 1
2

. (B2)

This result characterizes the Widom line for δ 

∗ ≪ 1 and is fully 

consistent with Eqs. (A3) and (A4).
Analogously, Eqs. (A1) and (A5) yield

ω∗ ≈ 2π
1 + δ∗/2 , κ∗ ≈ p∗ + τ

p∗
, p∗ ≈ π2

6
δ∗2. (B3)

In terms of density,

κ∗ ≈ π2

6ρ∗
δ∗2, τ ≈ π4

36
1 − ρ∗

ρ∗
δ∗4. (B4)

Equations (B3) and (B4) characterize the FW line in the limit δ 

∗

≪ 1.
Particularizing Eq. (B4) to ρ 

∗ = 1/2, we obtain the values at the 

T-point,

κ∗ ≈ π2

3
δ∗2, τ ≈ π4

36
δ∗4. (B5)

APPENDIX C: CORRELATION LENGTH 

IN THE HIGH-PRESSURE LIMIT
1. Finite-range patches

In the limit p 

∗ ≫ 1 at finite δ 

∗ , Eqs. (A5) reduces to

1 − κ∗

p∗
= eκ∗ cos ω∗, −ω∗

p∗
= eκ∗ sin ω∗. (C1)

These are exactly the same conditions as for the Tonks gas. 

67 The 

high-pressure solution is, therefore,

κ∗ ≈ 2π2

p∗2 , ω∗ ≈ 2π(1 − 1
p∗
). (C2)

2. Sticky limit
Before taking the high-pressure limit, let us first consider δ 

∗

→ 0 in Eq. (A5). This gives

1 + τ
p∗
= eκ∗

p∗ − κ∗
[(τ + p∗ − κ∗) cos ω∗ + ω∗ sin ω∗], (C3a)

1 + τ
p∗
= − eκ∗

ω∗
[(τ + p∗ − κ∗) sin ω∗ − ω∗ cos ω∗]. (C3b)
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In the high-pressure limit p 

∗ ≫ 1, one finds

κ 

∗ ≈ 4π 

2 τ
p 

∗ 
3 , ω 

∗ ≈ 2π(1 − τ
p 

∗2 

). (C4)

3. Crossover between the p 

−2 and p 

−3 regimes
The discrepancy between Eqs. (C2) and (C4) reflects the 

noncommutativity of the limits δ 

∗ → 0 and p 

∗ → ∞. In deriving 

Eq. (C2), we first assumed e 

−p 

∗ δ 

∗ 

→ 0 at finite δ 

∗ , and only after-
ward took p 

∗ ≫ 1. By contrast, in deriving Eq. (C4), we first used 

e 

−p 

∗ δ 

∗ 

≈ 1 − p 

∗ δ 

∗ and then considered the limit p 

∗ ≫ 1. Therefore, 

Eq. (C2) applies when p 

∗ δ 

∗ ≫ 1, whereas Eq. (C4) applies when
p 

∗ ≫ 1 ≫ p 

∗ δ 

∗ .
To connect both behaviors, let us assume δ 

∗ ≪ 1 and p 

∗ ≫ 1, 

while keeping γ ≡ p 

∗ δ 

∗ finite. Introducing δ 

∗ = γ/p 

∗ into Eqs. (A5) 

and expanding in powers of 1/p 

∗ , we obtain

κ∗ ≈ 2π2

p∗2 (a0 +
a1

p∗
), ω∗ ≈ 2π(1 − b1

p∗
− b2

p∗2 ), (C5)

with

a0 = 1 − eγθ2, θ ≡ γ
eγ − 1

, (C6a)

a 1 
= τe 

γ (1 + e 

γ )θ 

3 − 3(1 − θ)(1 − e 

γ θ 

2 ), (C6b)

b 1 
= 1 − θ, b 2 

= τe 

γ θ 

2 − (1 − θ) 

2 . (C6c)

In the limit γ → ∞ (i.e., p 

∗ → ∞ at fixed δ 

∗ ), one has θ → 0, so 

that a 0 
→ 1, a 1 

→ −3, b 1 
→ 1, and b 2 

→ −1. Equation (C2) is then 

recovered. By contrast, if γ → 0 (i.e., δ 

∗ → 0 at fixed p 

∗ ), then θ → 1, 

so that a 0 
→ 0, a 1 

→ 2τ, b 1 
→ 0, and b 2 

→ τ, in agreement with 

Eq. (C4).
Therefore, if δ 

∗ is small but nonzero, two distinct high-pressure 

regimes can be identified. First, when p 

∗ ≫ 1 but p 

∗ δ 

∗ ≪ 1, the sys-
tem behaves effectively as a zero-range sticky fluid, with κ 

∗ ∼ p 

∗ 
−3 .

As pressure increases further, the true asymptotic regime p 

∗ δ 

∗ ≫ 1 

is reached, and the genuine finite-range behavior emerges, with
κ 

∗ ∼ p 

∗ 
−2 . The crossover between both regimes takes place in the

intermediate region p 

∗ ∼ δ 

∗ 
−1 .
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