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This paper investigates the dynamic properties of a confined quasi-two-dimensional granular fluid at moderate
densities, modeled within the framework of the Enskog kinetic equation. The confinement is not treated explicitly
at the geometrical level; instead, it is incorporated in an effective way through the so-called A model (a collisional
model that includes energy injection through modified collision rules). The referred model is extended in this
paper to account for the influence of an interstitial gas via a viscous drag force and a stochastic Langevin-like
term. By applying the Chapman-Enskog method, the Navier-Stokes transport coefficients and the cooling rate
are derived analytically considering the leading terms in a Sonine polynomial expansion. The study focuses
on steady-state conditions and examines how the combined effects of inelastic collisions and external driving
influence transport properties such as the viscosity and the thermal conductivity. Theoretical predictions for
the steady temperature and the kurtosis are validated against direct simulation Monte Carlo results, showing
excellent agreement. The findings reveal that the external driving significantly alters the transport coefficients
compared to dry (no gas phase) granular systems, challenging previous assumptions that neglected these effects.
Additionally, a linear stability analysis demonstrates that the homogeneous steady state is stable across the

explored parameter space.
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I. INTRODUCTION

In recent years, the study of the transport properties of
confined granular systems has received considerable attention
(see, for example, Refs. [1-7]). In an experimental setup
that reproduces this situation, the particles are confined in a
box in which the vertical z direction is slightly larger than
the diameter of a particle. Due to their collisions with the
vibrating bottom plate, energy is injected into the vertical
degrees of freedom of grains. This kinetic energy is subse-
quently transferred to the horizontal degrees of freedom of
the granular particles via interparticle collisions. Since the
vertical dynamics is usually faster than the horizontal one, it is
natural to start with an effective two-dimensional description,
in which the effects of confinement and vibration are encoded
in modified collision rules for horizontal velocities.

Needless to say, describing confined granular systems with
kinetic theory tools is quite intricate, primarily due to con-
finement’s restrictions on the inelastic Boltzmann-Enskog
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collision operator. Thus, although recent advances have been
made using this approach (see, for example, Refs. [8§-10]),
for simplicity’s sake, it is common in the granular literature
to adopt a coarse-grained model in which the influence of
confinement on grain dynamics is considered via a collisional
model. The so-called A model, proposed years ago by Brito
et al. [11], was developed with this objective in mind. Apart
from the normal coefficient of restitution, which characterizes
the inelasticity of collisions, the A model considers an addi-
tional velocity increment of fixed magnitude (A > 0) along
the normal collision direction. Physically, this increment rep-
resents the transfer of kinetic energy from a particle’s vertical
degrees of freedom to its horizontal ones. The addition of the
A term, which adds that amount of velocity, serves as a ther-
mostat that balances the collisional dissipation coming from
the normal coefficient of restitution. More specific details on
the A model can be found in the review [12].

In the context of kinetic theory, the A model has been
used to study the dynamic properties of monocomponent con-
fined granular gases. These results are particularly relevant
to the low-density regime, for which the inelastic Boltzmann
equation is used as a starting point [13—17]. These results
have then been extended to moderate densities by considering
the inelastic version of the Enskog kinetic equation [18,19].
Additionally, several studies have determined the transport

©2026 American Physical Society
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FIG. 1. Schematic illustration of the confined quasi-two-
dimensional system. Vertical vibration is imposed on the box to inject
external energy into the system. During nonplanar collisions between
grains, the vertical energy gained from the vibration of the plate is
transferred to the xy components of the velocities of grains. This ki-
netic energy is then dissipated and redistributed among the particles’
horizontal degrees of freedom due to their collisions. Additionally,
the interstitial medium (e.g., a fluid or gas) is modeled effectively as
a viscous drag plus a stochastic kick, which introduces further dissi-
pation and fluctuation in the horizontal dynamics. It is important to
note that, although our study aims to capture the phenomenology of
confined systems, we are modeling an unconfined two-dimensional
system where collisions are described by the A model.

properties in confined granular mixtures [20-24]. Apart from
results in kinetic theory, the A model has also been employed
in recent years in the study of systems with long-range in-
teractions [25], absorbing phase transitions in driven granular
systems [26,27], the formation of quasi-long-range ordered
phases [28,29], the nonequilibrium coexistence between a
fluid and a crystal of granular hard disks [30], and the study
of hyperuniformity [31]. These examples demonstrate the rel-
evance of the A model in capturing the trends observed in
confined granular systems.

Nevertheless, although granular matter in nature is sur-
rounded by an interstitial fluid, such as air, most previous
theoretical and computational studies of the A model have
neglected the impact of the gas phase on the dynamics of solid
particles. As discussed in previous papers (see, for example,
Ref. [32]), the kinetic description of granular suspensions
(i.e., an ensemble of solid particles immersed in a molecular
viscous gas) is quite complex since a complete description
of the system requires knowledge of the velocity distribution
functions of each phase. Thus, although progress has recently
been made using this approach (see Refs. [33—35]), a common
model for describing gas-solid flows considers a kinetic equa-
tion for solid particles, in which the interstitial gas’ effect on
them is through an effective external (nonconservative) force
[36]. This external solid-fluid force consists of two terms [37]:
(i) a viscous drag force (involving a drift or friction coefficient
y) that mimics the friction of grains on the surrounding vis-
cous gas, and (ii) a stochastic Langevin-like term (involving
the bath temperature T;) accounting for the energy gained by
the grains due to their interactions with the faster particles
of the interstitial gas. This effective suspension model has
been employed by many researchers to assess the effect of
the gas phase on the solid particles [32,37-49]. A schematic
illustration of the studied system is provided in Fig. 1.

To the best of our knowledge, the only study in the context
of the A model that partially accounted for the effect of the
surrounding gas on grains has been recently reported by Maire

et al. [27]. In this paper, the authors introduce a viscous drag
force y to model the friction of grains on the walls during
the free flight between collisions. However, since the authors
assume that corrections to the transport coefficients due to the
presence of either A or y are very small over a wide range of
values, they use the conventional expressions of the Navier-
Stokes transport coefficients for elastic hard disks to analyze
different problems. This raises the question of whether, and
if so to what extent, the transport coefficient expressions em-
ployed in Ref. [27] may change due to the combined effect of
A and y.

In this paper, we address the above question by determining
the Navier-Stokes transport coefficients of a confined, quasi-
two-dimensional, monocomponent granular fluid modeled by
the A model and driven by a stochastic bath with friction.
We perform the analysis within the framework of the Enskog
kinetic equation; therefore, the results apply to moderate den-
sities (let us say for instance, solid volume fraction ¢ < 0.25
for hard spheres). As in Ref. [32], the starting point is the
suspension model constituted by the viscous drag force plus
the stochastic Langevin term. The transport coefficients are
obtained by solving the Enskog equation by means of the
application of the Chapman-Enskog method [50], adapted to
dissipative dynamics. As usual [18], the transport coefficients
are given in terms of the solutions of a set of coupled linear
integral equations. These equations are approximately solved
by considering the leading terms in a Sonine polynomial ex-
pansion. To achieve analytical forms for these coefficients, we
consider the relevant state of confined granular suspensions
with steady temperature. Our results clearly show that, in
general, the dependence of the Navier-Stokes transport co-
efficients on the coefficient of restitution differs significantly
from that previously obtained in the absence of the gas phase
[18]. This conclusion calls into question the assumption made
in Ref. [27] where the transport coefficients are independent
of the friction coefficient y and the A parameter.

The paper is organized as follows. In Sec. II, the A model
and the Enskog kinetic equation for granular suspensions
are introduced. The balance equations for the densities of
mass, momentum, and energy are also derived in this sec-
tion and the kinetic and collisional contributions to the fluxes
are given in terms of the one-particle velocity distribution
function f(r, v;z). Section III deals with the homogeneous
steady state (HSS) where (approximate) theoretical expres-
sions for the (steady) temperature 6 and the kurtosis aj g
are obtained as functions of the coefficient of restitution o,
the (reduced) Delta parameter A’ = A//21,/m (m being the
mass of a solid particle), the (reduced) background tempera-
ture 7, = Ty, /(mo*y3) (o being the diameter of the particle,
and ys; the Stokes drag coefficient, with ys; o< g, where 1,
is the gas viscosity), and the solid volume fraction ¢. These
theoretical results are compared with computer simulation
results obtained by numerically solving the Enskog equa-
tion by the direct simulation Monte Carlo (DSMC) method
[51]. The comparison shows an excellent agreement between
theory and DSMC results. Once the distribution function of
the HSS is well characterized, we take the time-dependent
homogeneous distribution f O)(r, v;1) as the reference state
and solve the Enskog equation by the Chapman-Enskog ex-
pansion [50] around this distribution. The explicit expressions
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of the Navier-Stokes transport coefficients and the cooling
rate are displayed in Sec. V for steady-state conditions. The
dependence of the transport coefficients and the cooling rate
on the parameter space of the system is illustrated in Sec. VI
for several systems. The results clearly show that the influence
of the gas phase on them is in general quite important. As an
application, a linear stability analysis of the HSS is carried
out in Sec. VII; an exhaustive analysis of the dependence of
the eigenvalues on the parameter space shows that the HSS is
linearly stable. The paper is closed in Sec. VIII with a brief
discussion on the results reported here.

II. ENSKOG KINETIC EQUATION FOR CONFINED
GRANULAR SUSPENSIONS

A. Collision rules in the A model

We consider a set of solid particles of diameter o and mass
m immersed in a viscous gas. Although the physical system
is primarily intended to model quasi-two-dimensional config-
urations, for the sake of generality we carry out the analysis
in an arbitrary spatial dimension d, where d = 2 corresponds
to hard disks and d = 3 to hard spheres. Collisions between
grains are inelastic and are characterized by a (positive) con-
stant coefficient of normal restitution a < 1, where o =1
corresponds to elastic collisions (ordinary gases). In the con-
text of the so-called A model [11], the relationship between
the precollisional velocities (v{, vo) and the postcollisional
velocities (v], v} ) reads

vi=vi— (14 a)@ 8o — AU, (1)

Vi =v2+ (1 + &)@ - )T + AT, )

where g = v| — V; is the relative velocity and @ is the unit col-
lision vector joining the centers of the two colliding spheres
(pointing from particle 1 to particle 2). Particles are approach-
ing if - g > 0. In Egs. (1) and (2), A is an extra (positive)
velocity added to the relative motion. This extra velocity
points outward in the normal direction @, as required by the
conservation of angular momentum [52]. The relative veloc-
ity after collision g’ = v| — v, can be easily obtained from
Egs. (1) and (2) as

g =g—(1+a)o-g)o—2A0, 3)
so that
(0-g)=—a(0-g) —2A. “4)

With the set of collision rules (1) and (2), momentum is
conserved but energy is not. The change in kinetic energy
upon collision is

AE

3O+ = vt =)

O[zA
1 (a-g)z]. )

m[A2 +aA(G-g)—

The right-hand side of Eq. (5) vanishes for elastic collisions
(¢ = 1) and A = 0. Moreover, it appears that energy can be
gained or lost in a collision depending on whether @ - g is
smaller than or larger than 2A /(1 — «).

For practical purposes, it is also convenient to consider the
restituting collision (v{, v5) — (vi, v2) with the same colli-

sion vector @. The restituting velocities are given by

vi=vi—1(l+a )@ g0 —a 'AT, (6)

Vi=v+3(l+a )G 8)d+a 'AG. )
Equations (6) and (7) lead to the result

@-g)=—a"'(G g 202", (®)

where g’ = v| — v,. Moreover, the volume transformation in
velocity space for a direct collision is dv}dv), = « dv;dv,, and
for the restituting collision is dv{dv} = o~'dv,dv,.

B. Enskog kinetic equation for a confined granular
fluid driven by a stochastic bath with friction

At a kinetic level, all the relevant information on the state
of the granular fluid is provided by the one-particle velocity
distribution function of solid particles f(r, v;¢). At moderate
densities, the distribution f obeys the Enskog kinetic equation

af

¥+V'Vf+]:f:]]5[rvv|f!f]’ (9)

where the Enskog collision operator in the A model is given
by [18]

Jelr, vilf, f]
Eod*/dvzfda O(—0-g—2A)(—G-g—2A)
xa 2y, r+0)f(x, V], )f(r+0,v),1)
—ad_l/ dvz/d&‘ O@-g)@-g)

X x(r,r+a)f(r,vy,t)f(r+a,vy,1t). (10)

Here, x[r, r & o|n(t)] is the equilibrium pair correlation func-
tion at contact as a functional of the nonequilibrium density
field n(r, t) defined by

n(r,t) = /dv f(r,v, ). (11

As mentioned in the Introduction, we assume that the
confined solid particles are surrounded by an interstitial vis-
cous gas. As usual [32,37-39], for the sake of simplicity, a
coarse-grained approach is considered and the effect of the
viscous gas on solid particles is accounted for through an
effective fluid-solid interaction force. This force is represented
by the operator F in Eq. (9). For low Reynolds numbers, it is
assumed that the external force F acting on solid particles is
composed of two independent terms. One term corresponds to
a viscous drag force F"2 proportional to the (instantaneous)
velocity of particle v. This term takes into account the friction
of grains on the viscous gas. Since the model attempts to
mimic gas-solid flows, the drag force is defined in terms of
the relative velocity v — Uy where Uy is the (known) mean
flow velocity of the surrounding molecular gas. Thus, the
drag force F¥¢ = —my (v — U,) is represented in the Enskog
equation (9) by the term

9
Flrae g Yoy (v—=Uyf. (12)
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Here, y is the drag or friction coefficient. The second term in
the total force F corresponds to a stochastic force intended to
mimic the effect of random collisions with the molecules of
the background fluid. This stochastic force F* has the form of
a Gaussian white noise with the properties

(F'@0) =0, (F'@F"))=2myTls;8( —1'), (13)

where | is the identity tensor and i and j refer to two
different particles. Here, T;, can be interpreted as the tem-
perature of the background (or bath) fluid. The amplitude
of the stochastic (Langevin) force is chosen to satisfy the
fluctuation—dissipation theorem in the elastic limit. In the
Enskog kinetic Eq. (9), the stochastic external force is rep-
resented by a Fokker-Planck operator of the form [37]

yTy 9°f

m ov?’
As in previous works [32], we henceforth assume that y is
a scalar quantity which, in the dilute limit, reduces to the
Stokes value ys; (which is proportional to the viscosity of
the surrounding gas n,). In the case of hard spheres (d =
3) and for very dilute suspensions, the corresponding drift
coefficient is

FUf — (14)

3non
Yy =ya= £, (15)
m

However, for moderately dense suspensions, hydrodynamic
interactions and lubrication effects may modify the isolated—
particle drag. In this regime, for low Reynolds number, these
effects can be (phenomenologically) accounted for by writing
y as

Y = YsiR(e), (16)

where R(¢) is a function of the solid volume fraction

e .

~2ear(d)"

In the three-dimensional case (d = 3), several expressions for
the density dependence of the drag coefficient have been pro-
posed from numerical simulations of low—Reynolds—number
flow through arrays of spheres [53-55]. These studies provide
explicit closures for R(¢) in suspensions of spherical parti-
cles. To the best of our knowledge, however, no comparable
expression is available in the granular literature for a two-
dimensional setting (d = 2). In the present work, we therefore
keep R(¢) arbitrary. This allows us to retain a general formu-
lation, so that the results derived below are independent of the
particular choice of the function R(¢).
Therefore, according to Eqs. (13) and (14), the Enskog
equation (9) can be written as
af af 0 T, 3°f
o TV VST A Yy Y Y e

=Jelf. 1. (18)

where AU = U — U, and V = v — U is the peculiar velocity.
Here,

¢ a7)

U(r,t) = ﬁ/dv VX, v, 1) (19)

is the mean flow velocity of the solid particles. Another rel-
evant hydrodynamic field is the granular temperature 7'(r, t)
defined as

m

Tt =700

/ dv V2f(r,v,1). (20)

An important property of the integrals involving the En-
skog collision operator is [18]

Iy E/ dvy ¥ (vi)Jelr, vilf, f]

=ad*1/dv1/ dv2/d3®(a.g)(a-g)x(r,r+a)

X f(r, Vl’t)f(r+a’ Vzaf)[‘/f(V/l)—‘/f(Vl)], (21)

where v/ is defined by Eq. (1). The identity (21) is the same
as for the conventional inelastic hard sphere (IHS) model
[56,57]. An immediate consequence of the relation (21) is
that the balance equations associated with the density of
mass, momentum and energy are formally equivalent to those
obtained from the IHS model [32]. They are (respectively)
given by

D;n+nV-U=0, (22)
DU=—p 'V.P—-yAU, (23)

2
DT+ —(V-q+P:VU) =2y(5, ~T)~¢T.  (24)
In the above equations, D; = d; 4+ U - V is the material deriva-
tive and p = mn is the mass density. The pressure tensor
P(r, t) and the heat flux q(r, t) have both kinetic and colli-

sional transfer contributions, i.e., P = Py + P, and q = qx +
.. Their kinetic contributions are given as usual as

Py(r,t) = /dv mVVf(r,v,t), (25)
m. .,
qi(r,t) = | dv EV Vf(r,v,1). (26)
The collisional transfer contributions are [18]
1 o ~
P. = %mod/dvlfdvzv/da O -g)(o-g)
e [ -
x oo (o -  —
g 14+«
1
X d)" fz(r_)\aa V],r+(1—)\.)0—, szt), (27)
0
1 PN ~
Qo = ¥mo—dfdvl /dvz/da 0@ 2@ - g
1
x (0 - G)?f/ drfo(r — Ao, vy, r+ (1 — A)a, vp, 1)
0
mad ~ o~ o~ o~
— AT/dvlfdvz/da O(-g)o- g
x [A+a(@-g)—2(0-G)]

1
X / dAr fo(r — Ao, vi,r+ (1 — A)a, Vo, ). (28)
0
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Here, G = %(Vl + V,) is the velocity of the center of mass
and f; is defined as

f@, v, vo, 1) = x(r, 1) f(r, v, 1) f(r2, va, 1), (29)

Finally, the cooling rate is given by

(= d‘/dvlfdvzfdw(a 2)@-g)
- (a )2]

x fo(r, vi, T +0,V,1). (30)

[A2 +aA(G-g) —

Note that the applicability of the suspension model em-
ployed here is restricted to low Reynolds numbers and
moderate densities. A relevant point is that the form of the
Enskog collision operator Jg[r, vi|f, f] for the A model de-
fined in Eq. (10) is assumed to be the same as for dry granular
fluids (namely, in the absence of interstitial gas). Thus, the
effect of the interstitial solvent gas is absent in the collision
dynamics of grains. As it has been discussed in previous
papers [36,38,58,59], the above assumption holds only when
the mean—free time between collisions is assumed to be much
less than the time needed by the environmental gas to sig-
nificantly affect the binary collisions between solid particles.
This assumption is reliable when the impact of the gas phase
on the motion of solid particles is weak (for instance, in the
case of solid particles immersed in air) but fails for instance in
the case of liquid flows. In this situation one has to take into
account the presence of the interstitial fluid in the collision
process.

III. HOMOGENEOUS STATE

Before considering spatial perturbations, we first analyze
the homogeneous state, which is of intrinsic interest and
provides the reference state for the Chapman-Enskog-like
expansion [50]. For homogeneous time-dependent states, the
density n and the temperature T are spatially uniform, and
with an appropriate selection of the frame of reference, the
mean flow velocities vanish (U = U, = 0). Consequently, the
Enskog equation (18) becomes

0 e T 02f
s Voav m v’

where the Enskog collision operator for homogeneous states

is
JE[ff =g /dvz/daG)( o-g—2A)
X (=0 -g—2M)a 2 f (v, t)f(v), 1) — o]

« f av, f 06 OG- )@ - 8)f (V1. )f (V2. 1).
(32)

=JEIVIf f1, 3D

Here, x is the pair correlation function evaluated at the (ho-
mogeneous) density n. The collision operator (32) can be
recognized as the Boltzmann operator for inelastic collisions
multiplied by the factor x. For homogeneous time-dependent
states, the balance equation (24) for the granular temperature

T reads
oT
EZQJ/(T}:—T)—{T- (33)

As usual, for times longer than the mean free time, the system
has completely forgotten its initial conditions and so, one ex-
pects that the system achieves a hydrodynamic regime. In this
regime, the distribution f qualifies as a normal distribution in
the sense that f depends on time only through its dependence
on the temperature 7. This means that

af _ (91 Ly %
o = (BT)(at) 2y~ —1) C]T . (34
and Eq. (31) becomes

0 Ty 0
2y (6~ 1—1)—4“]T—f—1/— f_u_f_JE[f /1

ov?
(35)

where 6 = T/T, is the reduced temperature. In addition, for
homogeneous states and after performing the angular integrals
in Eq. (30), the cooling rate ¢ is

(d— 1)/2
il /dV1/dV2
A’g Ned
+
" [r(%) (@ -
X f(vy,t) f(va,t). (36)

Upon obtaining Eq. (36) use has been made of the result [60]

()=~

(d 1)/2F(k+1) (37)

B, z/d& 0G 2@ B = F(E):

for positive integers k. Here, g = g/g.

For elastic collisions (¢ = 1) and A =0, we have ¢ =0,
so that Eq. (35) admits the Maxwellian solution

m \d2 mv?
fo(v, 1) :n(ZnT(t)> exp (—TO)), (38)

where the temperature obeys the time-dependent equation

T =2y(T, = T). (39)

The system therefore is in a time-dependent “equilibrium
state” before reaching the asymptotic steady state where
T =Ty.

For elastic collisions but A # 0, ¢ # 0 and the solution to
Eq. (35) is not known. Of course, in the most general case
(¢ # 1 and A # 0), the solution is also not known to date.
However, in the hydrodynamic regime, dimensional analysis
suggests that the solution to Eq. (35) can be written in the
scaled form [13,14,18]

fOv, v, Ty, A) = nvg?p(e, y*, 0) = nugp(e, A, 0), (40)

where ¢ =v/vyg is a dimensionless velocity and vy, =
/2T /m is the thermal speed. In Eq. (40), we have introduced
the (reduced) friction coefficient y* as

¥4
yn0) = L =12, (41)
Uth
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where

ysR@ _ V21! R@)
VI fm ~ 2ar(d) o /T

Here, ¢ = 1/(no?"") is proportional to the mean free path
of hard spheres and we recall that T." = Tb/(mazyszt) is
the (reduced) background gas temperature. For the sake of
convenience, note that here the dependence of the scaled
distribution ¢ on the parameter A is through the dimension-
less time-independent parameter Af = A/+/2T,/m instead
of A*=A//2T /m as in the dry (no gas phase) A model
[13,14,18]. The use of A} or A* is only a matter of choice
since A*(1) = 6(1)""/? A}, where A} does not depend on
time.

In the absence of gas phase (y = 0), it is important to
remark that the consistency of the scaled solution (40) has
been confirmed by computer simulations performed for the A
model for monocomponent [13,14] and multicomponent [20]
granular fluids. We expect that this consistency is also kept in
the presence of the surrounding gas. According to Eq. (40),

of a1 0 ap
— = ——. — 60— 43
aT i (28c (cp) ae)’ “43)

and hence in dimensionless form Eq. (35) can be rewritten as

r@) =

(42)

19 A 9 y* 3%
—Al=—— ——= ) —y*—. — T
(2 pe () ae) Ve T 5 0e

= Jilo, ¢l (44)
where
A=2y"0"" - 1) -, (45)

with £* = £¢ /v, and Ji; = Cvd 't /n.
Since in the homogeneous state the distribution function

f(v;t) is isotropic in velocity space, then the heat flux van-

ishes (q = 0) and the pressure tensor is diagonal, i.e., P;; =

pdij. According to Egs. (25) and (27), the (reduced) hydro-

static pressure p* = p/(nT) is given by

2 I

= 142972 4o+ —
p X¢ T

ST

)

—-1/2
0712

U
P

)
« / de, / des g*qo(c»w(c»], 46)

where g* = g/vy,.

Although the exact form of ¢ is not known, indirect in-
formation on it can be obtained from the kurtosis or fourth
cumulant

—L/d “o(c) — 1 47
a2_d(d+2) cctolc )

The cumulant a, (X, 8) measures the deviation of ¢ from its
Maxwellian form ¢p(c) = w=%/ 26=¢ The coefficient a, can
be obtained by multiplying Eq. (44) by ¢* and integrating over
velocity. The result is

a4
dd+2)
(48)

Lt o+ 2022\ A 4y 0 4 ar— 071
2 27T 5% %0 v 2

where
e = / de ¢* J2lp. g1, (49)

To solve the differential equation (48) one needs to know
¢* and 4. Since these quantities are defined in terms of the
unknown scaled distribution ¢(c), one has to estimate them
by using an approximate form of ¢. Here, as in Ref. [32], we
replace the true distribution ¢(c) by its first Sonine approxi-
mation [56]:

d(d+2
ple) ~ <PM(C)[1 + %2(64 —(d+2)* + %)}
(50)
The evaluation of ¢* and u4 by using the approximation (50)

has been carried out in Ref. [14]. The expressions of ¢* and
14 by neglecting quadratic terms in a, can be written as [14]

= " + g5, (51)
ws = 1l + i a, (52)
where
2\/571(%1 1 —a? \/?
0 _ —1/2 A % —1 A2
= — | =af AT —607 A R
) X( 2 2 b b
(53)
o aen 3
D= “(1—o? +91A*2), 54
o Sdr(%)x<2( ) b (54)
dd+2)Cy
o _ Co (0
My = 2 AOCO , (55)
dd+2)(4A, +C
i = AEED (LG 0 _gn). s

For the sake of completeness, the forms of the quantities Ay,
Ay, Cy, and C; are displayed in the Appendix. In the limiting
case Ay = 0, Egs. (53)~(56) reduce to

d—1
=Y (1 —ad), =20 (57
% ar(9) x(I—a%), & 65 (57
d 3
PLz(tO) = _E<d + 5 + 0l2>§(0)s (58)

d| 3 d—1
(1) 2 (0)
= ——| —(0d + 39 + 10 D . 59
My 2[32( + 39+ oz)—l—l_a}“o (59)

Equations (57)—(59) agree with previous results [32] obtained
in the conventional IHS model.

If one neglects the non-Gaussian corrections to the scaled
distribution ¢ (a; = 0), then ¢* — {éo). In this approxima-
tion, when the influence of the surrounding interstitial gas
is also neglected (y = 0), the steady-state condition ¢* = 0
yields a quadratic equation in A*, whose physical solution
(i.e., A* =0 if ¢ = 1) provides the a-dependence of the
dimensionless quantity A*:

A@) =+ [Tq ,/1+M—1 (60)
2V 2 Ta? ’
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Thus, in the usual A model [11], given values of o and A,
Eq. (60) yields the steady temperature. It should be noted
that molecular dynamics simulations have been compared to
the theoretical predictions of Eq. (60), showing in general a
very good agreement with deviations smaller than 2%. More
significant discrepancies between theory and simulation are
found for small values of the coefficient of restitution and/or
high densities [11]. However, in the presence of the interstitial
gas (y # 0), the parameters o and A* must be considered as
independent, even in the steady state.

A. Direct simulation Monte Carlo method

To assess the reliability of the theoretical predictions in the
homogeneous state, the Enskog kinetic equation (31) is solved
numerically by means of the DSMC method [51,61]. We
provide in this subsection some details on these simulations.
Since the system is spatially homogeneous, the simulation
only involves the evolution of particle velocities. Each time
step is therefore divided into two stages: binary collisions and
the action of the thermostat (stochastic bath with friction).
To account for finite-density effects, the collision stage is
modified according to the (homogeneous) Enskog description
by introducing the pair correlation function at contact, yx,
which corrects the collision frequency through the number
of candidate collision pairs [62]. The rest of the algorithm
proceeds as follows.

First, binary collisions between granular particles are sim-
ulated. The velocity distribution is represented by a finite
ensemble of simulated particles according to

N
FOw 0 =5 8= o). (61)

k=1

where N is the number of simulated particles and » is the
number density. At each time step, the number of collision
attempts is determined according to the No Time Counter
(NTC) algorithm, generalized to the Enskog equation through
the inclusion of the pair correlation function x. The maximum
relative velocity is estimated as g™ = Cvy, where vy =
/2T /m is the thermal velocity and C ~ 5 [51]. A collision
direction @ is then sampled uniformly over the unit sphere (or
the unit circle for d = 2), and a randomly selected pair (k, £)
is accepted for collision whenever

o - grel > R(0, 1) g™, (62)

where R(0, 1) is a uniform random number in [0,1]. If a
collision is accepted, then the particle velocities are updated
according to the collision rules (1) and (2). After the collision
stage, the interaction with the surrounding fluid is incorpo-
rated through a Langevin thermostat. The velocity of each
particle is updated at every time step as

6y Thot \'/?
v—>e—V‘”v+< Y > R, (63)

m

where R is a d-dimensional random vector whose com-
ponents are independently and uniformly distributed in the
interval [—1, 1]. It is worth noting that this update represents
a discrete—time implementation of the Ornstein-Uhlenbeck
process associated with the Langevin operator. An exact

finite-time Ornstein-Uhlenbeck step would involve a Gaussian
random increment with variance proportional to 1 — e=2%  In
the present DSMC implementation, the random vector is sam-
pled from a uniform distribution and its amplitude is chosen
so that the first two velocity moments coincide with those of
the continuous Langevin process up to leading order in 4z.
Therefore, in the limit in which 8¢ is much smaller than the
mean time between collisions, the algorithm reproduces the
same Fokker-Planck dynamics [63].

B. Homogeneous steady state

To obtain analytical results, one typically considers the
long-time limit where the reduced temperature 6(¢) achieves
an asymptotic constant value 6 independent of time. In the
steady state (A = 0), in the linear order in a,, the left-hand
side of Eq. (48) becomes

—34 4+ (16,12 = 555" ), (64)

where the steady temperature 6, is consistently determined
from the steady-state condition A = 0, namely, from the con-
dition

26071207 1) — ¢V = (65)
Thus, taking into account Eq. (64), the steady solution to
Eq. (48) when only linear terms in a, are retained is
'uftO) + d(d+2)§(0)

dd+2)(m5 "7 = 1Py — ui”

Note that all the quantities appearing in Eq. (66) are evaluated
in the steady state. In the case that a ¢ is not neglected in the

steady-state condition (A = 0), the quantities 6; and a, ¢ must
be obtained by numerically solving Eq. (66) and the equation

2077207 = 1) = (& + ¢ Pars) =0. (67

In addition, an estimate of p* can be made by considering the
Sonine approximation (50) in Eq. (46). Neglecting nonlinear
terms in a,, the expression of p* is

2 1
pr=1+ 2d—zx¢[1 +o+ 2\/;<1 — Ea2>9‘1/2A§j|.

(68)

(66)

ays =

Figure 2 shows the «-dependence of the steady temperature
Os(at)/65(1) [scaled with respect to its elastic value 6;(1)] for
hard disks (d = 2) with the solid volume fraction ¢ = 0.1 and
the parameters A} = 1, and 7" = 0.8. Since we are not aware
in the granular literature of any prediction for the function
R(¢) for a two-dimensional system, we have assumed here
that R(¢) = 1. For hard disks, a good approximation for y (¢)
is [64]

— 17_6¢
(1—¢)2
Figure 2 provides two different theoretical estimates of the
steady temperature 6;: (i) the analytical expression of 6 ob-
tained by neglecting a, ¢ and given by Eq. (65) and (ii) the
numerical solution of the set of coupled equations (66) and
(67) that provide 65 and a . These theoretical results are

x(@) = (69)
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1.0
_— Analytical solution
----- Numerical solution
0.9 ° DSMC |
=
i 0.8t .
S
<
0.7 1
0.6t ‘ ‘ ‘ ‘ .
0.0 0.2 0.4 0.6 0.8 1.0

«a

FIG. 2. Plot of the (scaled) steady temperature 6;(c)/65(1) versus
the coefficient of restitution o for d =2, ¢ =0.1, Aj =1, and
T, = 0.8. Here, 6(1) refers to the value of the steady temperature
for elastic collisions. The solid line is the theoretical result obtained
from Eq. (65) while the dashed line corresponds to the theoretical
result obtained by numerically solving Egs. (66) and (67). Symbols
are the DSMC results. Here, we have assumed that R(¢) = 1.

compared with those obtained by numerically solving the
Enskog equation from the DSMC method [51]. As expected,
the steady temperature decreases with increasing inelasticity
in collisions at a given value of A} (parameter that accounts
for the injection of energy). Additionally, the two theoret-
ical predictions are indistinguishable and exhibit excellent
agreement with Monte Carlo simulations across the full range
of the coefficient of restitution values.

The dependence of the kurtosis a; () on the coefficient
of restitution « is plotted in Fig. 3(a) for d =2, A} =1,
T, = 0.8, and two different volume fractions (¢ = 0.1 and
¢ = 0.2). For both densities and the parameters considered
here, a; ¢ increases monotonically with «, approaching larger
positive values as the system approaches o = 1. In contrast, in
the strongly inelastic regime (¢ < 0.3), the kurtosis becomes
small and can even take slightly negative values. It is quite
apparent from Fig. 3(a) that, at fixed «, increasing the volume
fraction systematically reduces the magnitude of the kurtosis,
showing that denser systems are closer to Gaussian statistics
in the region where a, s is positive. Moreover, the dependence
of ay ¢ on the density ¢ in the A model appears to be weaker
than the one observed in unconfined granular suspensions
[32]. As with the case of 6, there is excellent agreement
between the two theoretical results and the simulations, even
for extreme values of inelasticity and density. To complement
Fig. 3(a), Fig. 3(b) shows the ratio a; s(«)/a; (1) versus «.
As expected, this ratio decreases with increasing inelasticity.

However, the behavior of the kurtosis a, g, as illustrated in
Fig. 3, should be interpreted carefully. Although not shown
here, an extensive analysis of the dependence of a, s on the

0.201
_ AS (¢=0.1)
————— NS (¢ =0.1)
0.15} o DSMC (¢ = 0.1)
AS (¢ =0.2)
ool T NS (¢ =0.2)
S DSMC (¢ = 0.2)
g
0.05 1
0.00 1
0.0 0.2 0.4 0.6 0.8 1.0
(0%
1.0
 — Analytical solution
0.8 ____. Numerical solution l
° DSMC
E 0.6+ 1
N
3
Py
S 0.4+ 1
é““
0.2+ 1
0.0 ®) |
0.0 0.2 0.4 0.6 0.8 1.0
(67

FIG. 3. (a) Plot of the steady fourth cumulant a, ;(«) versus the
coefficient of restitution o for d =2, Aj =1, T, = 0.8, and two
different volume fractions: ¢ = 0.1 and ¢ = 0.2. The solid lines
are the theoretical results obtained from Eq. (66) while the dashed
lines correspond to the theoretical results obtained by numerically
solving Egs. (66) and (67). Symbols are the DSMC results. Here,
we have assumed that R(¢) = 1. (b) Plot of the (scaled) steady
fourth cumulant a, ((«)/a, (1) versus the coefficient of restitution
aford =2, A; =1,T) =0.8, and ¢ = 0.1. Here, a, (1) refers to
the value of the steady fourth cumulant for elastic collisions. The
solid and dashed lines refer to the analytical and numerical results,
respectively, while symbols denote Monte Carlo simulations.

space of parameters reveals that the sign and magnitude of
aps do not follow a general trend with either o or ¢, and
may depend sensitively on the value of Af. This conclusion
contrasts with the results obtained for the conventional IHS
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model [56,57], where increasing inelasticity usually enhances
the non-Gaussian corrections measured by the kurtosis a; s. In
fact, the present A model involves two competing collisional
mechanisms: the energy loss controlled by the coefficient of
restitution « and the collisional energy injection controlled by
the parameter A.

Strictly speaking, a decrease in the absolute value of a; g
should be understood only as a reduction of the fourth-order
deviation from the Maxwellian distribution. In other words, a
lower absolute value of a, s does not necessarily imply that the
full velocity distribution is closer to a Gaussian distribution.
Higher-order cumulants or high-energy tails may still exhibit
significant non-Gaussian features [65,66]. Within the first
Sonine approximation used here, a, ¢ quantifies the leading
correction to Maxwellian statistics; however, it should not be
regarded as a complete measure of Gaussianity.

IV. CHAPMAN-ENSKOG EXPANSION:
FIRST-ORDER APPROXIMATION

Once the homogeneous state is well characterized, the
next step is to solve the Enskog equation (18) by assuming
that the time-dependent homogeneous state is slightly per-
turbed by small spatial gradients. These perturbations give
rise to nonzero contributions to the pressure tensor and the
heat flux. The knowledge of the fluxes enables us to identify
the corresponding Navier-Stokes transport coefficients. As
in previous studies [18,32], to obtain those transport coeffi-
cients the Enskog equation is solved to first order in spatial
gradients by means of the Chapman-Enskog method [50]
conveniently adapted to dissipative dynamics. The Chapman-
Enskog method assumes the existence of a normal solution
where all the space and time dependence of the distribution
function only occurs through a functional dependence on the
hydrodynamic fields n, U, and T. For the sake of simplicity
[50], this functional dependence can be made explicit by
assuming small spatial gradients and hence, f(r, v;) is writ-
ten as a series expansion in powers of Q = i VT):

(Vl’l, V,’UJ
f=O+ 0+ (70)

where the distribution f® is of order k in . The expansion
(70) leads to similar expansions for the fluxes, the cooling rate
and the Enskog collision operator:

P=P®4+pPh 4 q=q9+q"+---, D
c=¢Q 4V 4 =tV . (72)

Similarly, the time derivatives 9, must be also expanded as
=02+ +.... (73)

The action of the operators 8,(]‘) on the hydrodynamic fields
n, U, and T is obtained by substituting the expansions (71)—
(73) in the balance equations (22)—(24) and collecting terms of
the same order in the spatial gradients. Moreover, in ordering
the different levels of approximations in the Enskog kinetic
equation, we have to characterize the magnitude of y and AU
relative to the gradients. As in previous studies [32], since y
does not create any flux in the system it is considered to be of
zeroth-order in gradients. With respect to the difference AU,
it is expected to be at least of first order in gradients because

U tends to U, in the homogeneous state. In this paper, we will
restrict the calculations to the first order in spatial gradients.

A. Zeroth-order approximation
In the absence of spatial gradients, f(*) verifies the Enskog
equation

IO 9

2y XA
ot av

m Qv?

=J VIFO, fO0,
(74)

where JLV[V]£©, £©7 is given by Eq. (32) with the replace-
ment f(v;t) — fO(r, v;t). At this order, 8,(0)11 =0, 8,(0)U =
0, and

3T =291, — T) — ¢ OT. (75)
Here, ¢© is determined from Eq. (36) to zeroth-order. A
good approximation to {§ = €¢© /vy, is given by Egs. (51)
and (53).

Equation (74) has the same form as the corresponding
Enskog equation (35) for a homogeneous state when one
rewrites (74) in terms of the derivative 37 f©). This means that
FO(r, v;t) is in fact the local version of the time-dependent
homogeneous distribution function, as expected. Thus, the
zeroth-order solution can be written as

fOw, v, y, T, A) = n(r;Hvn(r; 1) ole, y*,0),  (76)

where the scaled distribution ¢(c, y*, 0) verifies the unsteady
equation

0
Ry*© "' -1 - ;o]e—+ (20 —y*e“>§-(c<p)

_ vy

25 902 = Jelele. ¢l (77
Here, Ji[clg, @] = €v " JeVIf, f1/n.

Although Eq. (77) formally determines the unsteady scaled
distribution ¢, its exact solution is not generally available.
Instead, the leading deviations from Maxwellian behavior
can be characterized through the kurtosis a,(6). Deriving its
evolution equation is therefore useful both to describe the re-
laxation toward the steady state and to determine the transport
coefficients later on. The evolution equation for a, () follows
from Eq. (77) as

gdar _ Tahta =201 +ax) =4y (1 +a, —67")

a6 A

(78)

where the quantity A is defined by Eq. (45) with the re-
placement ¢* — ¢;. Equation (78) is equivalent to Eq. (48).
In the absence of gas phase, Eq. (78) has been numerically
solved by using different initial conditions [14]. The theoreti-
cal predictions have been also compared to numerical results
obtained from the DSMC method [51] and a good agree-
ment has been found. In the steady state (A =0), ax = an s
is given by Eq. (66). Moreover, as we will show later, to
determine the transport coefficients in the steady state we need
to know the derivatives Yy = (3ap/00)s, Y; = (daz/o))s,
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and YT, = (day/dx)s. These derivatives must be evaluated
in the HSS and they give indirect information on the depar-
ture of the time-dependent zeroth-order solution f© from
its stationary form. As expected, according to Eq. (78), the

J

) 0) 1
day d(d+2)“4 + 24, +2(d<d+2)“4

9—2= =

derivative Yy becomes indeterminate since the numerator and
denominator of the above equation vanish. To obtain Y, we
expand first the numerator and denominator of Eq. (78) to first
order in as:

— 2%~ 4+ C(O) + C(l)) a X+ Xoap

30 2y%(6!

where the expressions of Xj, X5, ¥; and Y, can be identified
from Eq. (79). The derivative Yy = dpa, can be determined
by applying ’Hopital’s rule to Eq. (79). The result leads to
the following quadratic equation for Yy:

OV Y5 + 10014+ Yapazs) — Xo Vg — (X1 g + Xopazs) =0
(80)
where X;y = 99X; and Y; 9 = 9pY;. However, since the mag-
nitude of Y} is in general quite small, the quadratic term in
Ty in (80) can be neglected and hence, one obtains the simple
expression
X X
T, = 1,0 +X2,0a25 ‘ 1)
O +Yrpars) —Xo

The derivatives Y, = dya and Y, = 0,a, can be easily

derived from Eq. (79) with the results

(Y15 +Yo0a2,5)07

— X1, —Xoazs

T, = b T 20 AT T2 (g

* X, — Y20, (82)

T, = Y1, + Y2, 402509 — Xi 4 _XZ,XaZ,s' 83)
X, — L0y

The a-dependence of the above derivatives is illustrated in
Fig.4ford =2,¢ = 0.2, A} = 0.5,and T;* = 1. We consider
here the expression (81) for Yy for the sake of simplicity.

0.02

E 0.00
x
=<
—

-0.02}

-0.04¢

0.0

FIG. 4. Plot of the derivatives Yy, T;, and Y, as a function of
the coefficient of restitution a for d =2, ¢ =0.2, A; =0.5, and
T=1.

D¢ g

= , 79
Y1 + Yha (79

(

We observe that, for the parameter values displayed in Fig. 4,
the magnitude of these derivatives is in general quite small.
The same conclusion has been found after exploring a broad
region of the parameter space relevant to the present study.
Nevertheless, since Egs. (81)—(83) involve denominators that
may become small for certain combinations of the parameters,
this behavior should not be regarded as a general property over
the whole parameter space. In what follows, the derivatives
are evaluated at the HSS for each set of parameters consid-
ered. Finally, we also observe that these derivatives exhibit a
complex dependence on the coefficient of restitution.

B. First-order approximation

Since the application of the Chapman-Enskog method to
first order in spatial gradients follows similar mathematical
steps to those used in the conventional IHS model (with
gas phase) [32] and in the A model (without gas phase)
[18,19,67], the complete derivation of the kinetic equation for
the first-order distribution f('(V) is omitted in this paper. We
refer the interested reader to these articles [18,32] for specific
details.

The first-order velocity distribution function £ is given
by

fOV)=ANV)-VInT +B(V)-Vinn
U,  AU; 2
+Ci;i (V)= ( o, + 3_7‘, - ES,~_,~V . U)
+D(V)V - U. (34)

In the steady state (A = 0), the quantities A, B, C;;, and D
verify the following set of coupled linear integral equations:

(2y9 + = ;<°>+§<°>93 g“O)A— 83-VA
VTb .A+£.A A, 85)
_yi.m_y_%_mw b
av m
dln x ax 8 (¢©
) REANEREEN B
+[§ <1+¢ 2 ) ¢8¢>3x( )
—A(l— 81nR>8§(0)_2 6 — 1) BlnR:|
¢a¢> o 14 [ o0
(86)
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) T 32
VG - Yo S50+ LC;=Cj (8D
) T, 8 )
L yp_ It _canp I rp—p. (88)
v m o2 oT
In Egs. (85)—(88).
LX = (O X1+ X, f ) (89)

is the linearized Boltzmann—Enskog collision operator and the
functions A(V), B(V), C;;(V), and D(V) are

afr® p dlnp*\af®
A(V)=—VT v ——<1+9 50 >av
)
-[r 5 )
f<°> p dlnp*\ af®
af®1 1 (dlny ©
—zc[ L ]—545( " >K[f 1o
3f(0) |:3f(0):|
G (V) =V, + K , (92)
! Cavy aV;j
2 Ao
— . 0) (1,0) Zox
D) = g 70 (004 2 )
0) (0)
—f9 +n g +EIC-[ gv } (93)

In Egs. (90)—(93), the operator /IC[X] is defined as [18]
KX]= —adX/dvzfda O(—0-g—2A)
X (=G -g—20)5a 2 fOVNX (V) + 0%
< [av: [ @ 0@ ©@ war X2

(94)

In addition, upon writing Eqgs. (88) and (93) we have ac-
counted for the fact that the first-order contribution to the
cooling rate V' = ¢V - U, where

= g“(1,0) + C(l,l)’ (95)
ao_ 20,13 1—a?)—207'A%2
{00 = x| ;1 =) b
2 1
. (_>}
2mn 21
£ = o 1/dvl/‘dV2|: o)
VT > ©)
Tt _W Jrme
2 2

o7

Upon obtaining the expression (96) for ¢? use has been
made of the Sonine approximation (50) and only linear terms
in a, have been retained.

When A} = 0, the expressions obtained in this subsection
agree with those derived in the IHS model for granular suspen-
sions [32]. Moreover, when y = 0, the results obtained within
the A model for a dry granular fluid are also recovered, as
expected [18,67].

V. NAVIER-STOKES TRANSPORT COEFFICIENTS AND
FIRST-ORDER CONTRIBUTION TO THE COOLING RATE

A. Pressure tensor

The constitutive equation for the pressure tensor Pi(jl) to first
order in the spatial gradients is given by

ou; adU; 2
= (20

o, o, d(S,jV U> oV - U, (98)
where 7 is the shear viscosity and 5, is the bulk viscos-
ity. While 7 has kinetic and collisional contributions (n =
Nk + 1c), My has only collisional contributions and hence, it
vanishes for dilute gases. The forms of the collisional con-
tributions to both transport coefficients are exactly the same
as those obtained in the dry granular case (namely, in the
absence of the interstitial gas). These expressions were pre-
viously derived in preceding works [18,67] by neglecting
both non-Gaussian corrections (a, s = 0) to the zeroth-order
solution £ and one contribution to the bulk viscosity. Here,
we extend these expressions by considering these corrections
[68]. The expression of the collisional contribution 7. to the

shear viscosity 7 is
. 1+a d _ T(9)
ne = 2¢ ]X¢|: + (2))9 1/2Ab1:|

(d+2)  Jm(d+1) (L
d /
XM+ (99)
/ 92d+3 )
r(<
[(ij;)r(g)(l+a)l +6- 1/2Ab] no, (100)

where

(101)

d+2 (d 7
77o(T)——;r F(z) Fol=dmT

is the low density value of the shear viscosity in the elastic
limit. In Egs. (99) and (100), we have introduced the dimen-
sionless integrals

a
I, = 4/dc1 /dcz g lgjgycl xCly |:1 + ?2

dd+2
x (cg —(d+2)3+ %)]wM(Cl)WM(Cz),
(102)

L, = /dcl /dCz g plepp(er). (103)

It must be remarked that upon obtaining Eq. (99) we have
considered the leading Sonine expression for the unknown
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Cij(V), namely,

Tk
Cij(V) > ———
iv) nT?

where fy(V) = nvt;d om(c) is the Maxwellian distribution
function and D;;(V) is the traceless tensor

D;j(V) fm(V), (104)

1
D;;(V) = m(ViVj - EVZSU)- (105)

The bulk viscosity 7, is

M = 1y + 1y, (106)
where 1, is defined by Eq. (100) and #{, is given in terms of the
coefficient ep which is involved in the evaluation of the first-
order contribution ¢ "D to the cooling rate. The expression of
ny is

; 2dr(i)
My = ) 2 ) X 0~ > AinTep, (107)
where
* d(d+2)
Ir’]’b = /dc] /dcz g |:c‘1‘ —(d+ 2)c% + T]
x pm(epp(cr), (108)

and the coefficient ep will be evaluated later. As in the case of
N, to obtain Eq. (107) use has been made of the approxima-
tion

D(V) — epE(V) fu(V), (109)

where

E(V) = mV2\2 d+2) mv? n d(d+2)
S\ 2r 2T 4
The contribution 7 to n, was neglected in the derivation per-
formed within the A model for a dry (no gas phase) granular
gas [18].
The kinetic shear viscosity 7y is defined as

(110)

M= — D;;(V) Cij(V).  (111)

aras [ @
(d—1)d+2)

To determine 7, one multiplies by D;;(V) both sides of
Eq. (87) and integrates over velocity. After some algebra, one
gets the result

= 2 s i - )
= 2y + v, d+ 2X * *
2 (%)
— Xq&@””Ai(%[ ey B
d+2 NZANC I
(112)

where we have introduced the collision frequency

dvD;;(V)LC;;(V

T [dvD;(V)Cii(V)
and the (dimensionless) integral
I = /dCI/dCZ plenNpe)lg @ - e) — (1 +a)g’].
(114)

In addition, to obtain Eq. (112) we have accounted for the
result

—af((»}
dVDi'(V)ICi
/ ! L 3V
=272(d — Dx¢(1 + a)(1 = 3e)nT +2'(d — D)x¢
x 0712 A% #1 —6712A; }nT (115)
ARGICON b
B. Heat flux

The heat flux to first order in spatial gradients is

qV = —«VT — uVn, (116)
where « is the thermal conductivity and u is the diffusive
heat conductivity. This latter coefficient vanishes for ordinary
gases (¢ = 1) in the absence of the external bath (y = 0).
However, u # 0 even for elastic collisions when the gas is
driven by a nonconservative external force [69].

The heat flux transport coefficients have kinetic and colli-
sional contributions. As in the case of the shear viscosity, to
get the collisional contributions «. and . to « and u, respec-
tively, one has to take the leading Sonine approximations to
the unknowns A(V) and B(V):

AV) — VISV, arn

d+2nT?

2
> L A(VIS(V),

B(V) ~ d+2T713

(118)
where ki and uy are the kinetic contributions to the coeffi-
cients k and u, respectively, and

S(V) = (%v2 - ﬂT)V

> (119)

The collisional contributions x. and u. can be obtained by
expanding to first order in gradients in Eq. (28) and by using
the approximations (117) and (118). After some algebra, one

gets
24-2 16 r(4
3 X¢>|:1+a+ L) )9_'/2A§1,2 Kic

=02 3d+1) Jar (&L
241 d—1)
4 a1

dr (%) )
x |:r‘(d-2F3)(1+O‘)I +2J/m07 A, :|Ko, (120)

“TTd+2 3(d+1)fr( S) i
(121)
where
dd+2
Ko = dld +2)m (122)
2d—1)m
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is the low density value of the thermal conductivity of an elastic gas. The dimensionless integrals I, I, and I, appearing in

Egs. (120) and (121) are given by

K> T

3 1
I = / de / de, w(cl)w(Cz)[g*l(g* -G +¢'G? + 787 -G+ Zg*ﬂ, (123)
I = / dey / dex pu(enp(e2)g ' [(g" - $*)(g" - G*) + ¢*(G*- 8], (124)
d 0
=2 2 / ey / des p(er) 22 (g 6o, (125)
2 a0
Here, G* = G /vy, and S*(¢) = (¢ — %)c.
The kinetic contributions to the thermal conductivity ki and the diffusive heat conductivity uy are defined as
1
=—— [ dvS(V)- A(V), 126
K a7 / v S(V) - A(V) (126)
1
= / dv S(V) - B(V). (127)
n

The kinetic coefficient xy can be determined by multiplying both sides of Eq. (85) by S(V) and integrating over v. The result

is

3 dlngr d+2
_ 20 _ 0 0 _
<vK+V 24“ ¢ 20 >Kk

24T

where

gl 2y ro
dVS(V) ’C[av \43 ]

nv 4 ap
T +2 07, th /dvsv-ice—
mn(+a2+ 9)+dT V) Y,

(128)

[ dv S(V)- LAV)
Ve = .

Jdv S(V) - A(V)
The last two integrals of the right-hand side of Eq. (128) involving the collision operator /C have been evaluated in the
Appendix by considering the Sonine approximation (50) and neglecting as usual nonlinear terms in a,. As in the case of v,,
the collision frequency v, was also estimated in Ref. [16] by considering the leading Sonine approximation (117) for A(V) and

by replacing the true ¢ by its Sonine approximation (50). The explicit form of v, is also displayed in the Appendix.
As for kg, to determine the kinetic coefficient uy, Eq. (86) is multiplied by S(V) and then integrated over the velocity:

1 91 ox 9 (¢©
(uﬂ—3y),ik=_%/dvs-3+[;<O><1+¢ nx>+x¢—x—<§—>

(129)

d¢ 9 Ix \ x
dInRY o . dlnR |T
— Al - —2y(07" —1 —Kk, 130
<¢>8¢>aA v( )¢a¢ —i (130)
[
where proximation (50). The collision frequency v, = v, when the
leading Sonine approximation (118) for B(V) is considered.
. [ dv S(V)- LB(V) (131)

T T TavS(V) - BV)

The first term on the right-hand side of Eq. (130) is given by C. First-order contribution to the cooling rate

d+2T? da,
dvS B= —-— —
Y 2 m(“2+¢a¢>

The first-order contribution ¢y is given by Eq. (95) where
¢4 is defined by Eq. (96) and ¢ 'V is given by Eq. (97) in
terms of the Sonine coefficient ep. To get this coefficient, one
multiplies both sides of Eq. (88) by E(V) and integrates over

n i - lqb dln x / dv S - K[ velocity. After some algebra, one obtains the result
dn 27 0¢
—d
Vih d¢ —(1,1) 1
+‘7/dvs-x[¢£}. (132) [v; Ly -3 <a2+§9T9)]eD

Here, the integrals involving the collision operator K have
been also estimated in the Appendix by using the Sonine ap-

2

025419-13



GONZALEZ MENDEZ, GOMEZ GONZALEZ, AND GARZO

PHYSICAL REVIEW E 114, 025419 (2026)

where

_ [@VE(V)LD(V)

Y= T EN)DY) (134)

The coefficient E(l’l) =1V /ep, where ¢V is defined by

Eq. (97). An estimate of E(l’l) is obtained when one takes the
Sonine approximation (109) for D(V). In the linear order in

a,, the coefficient E(l’l) is
—an _ V2w L
T ose (4 X 7
2564 T(4) © ¢
+a(9(1 — &) +3007'A}7)].

[96(1 — a®) + 6467 A}

(135)

Moreover, the right-hand side of Eq. (133) can be easily com-
puted as

2

2 2 1

= —— (1,0) —p* - T
daz-l—(é‘ +dp><a2+29 9)
1 302

2 af©
2% T @dtom f

dvE(V)IC,-[W]. (136)

i

The expressions of the collision frequency v, as well as the
last integral in Eq. (136) have been also displayed in the
Appendix.

D. Low-density limit

Let us consider the low-density limit. In this case (¢ —
0), the collisional contributions to the transport coefficients
vanish and there are only kinetic contributions. In addition,
x = 1 and the coefficient a, depends only on the reduced
temperature 6 but not on A and x. In the dilute regime, the
expressions of the transport coefficients for a dilute confined
granular suspension are

S (137)
vy + 2y
. — d—21-2 1+32a2 + 07y - ﬂ’ (138)
Ve +y — Eé‘(o) — ;(O)QTU m
u= (139)

UI(_3y

In addition, when ¢ — 0, ¢ = 0 but ¢V =£ 0. This result
differs from the one obtained in the IHS model where ¢y = 0
in the low-density limit [70]. From Eqgs. (133) and (136), the
coefficient ep is given by

d_leTg
—(1,1) ’
ve+4y —¢ (az + %GTQ)

(140)

ép =

o —(1,1 —(1,1) .
The first-order contribution ¢y = g( )eD, where §( ' s

given by Eq. (135) with x = 1.

VI. SOME ILLUSTRATIVE SYSTEMS
IN THE TWO-DIMENSIONAL CASE

The results obtained in Sec. V provide the collisional and
kinetic contributions to the Navier-Stokes transport coeffi-
cients, as well as the first-order contribution to the cooling
rate. These expressions are given in terms of integrals in-
volving the scaled distribution function ¢. These integrals are
estimated in the Appendix by approximating ¢ by its leading
Sonine form (50).

Although the above analytical results apply to a d-
dimensional system (d =2 for hard disks and d =3 for
hard spheres), the A model was primarily proposed [11]
to effectively account for the effect of confinement in a
quasi-two-dimensional setup. For this reason, we are mainly
interested in the case d = 2 here. Table I displays for hard
disks (d = 2) the explicit forms of the transport coeffi-
cients and the cooling rate as functions of the coefficient
of restitution «, the volume fraction ¢, the (dimensionless)
bath temperature 7,*, and the (dimensionless) parameter Aj.
Additionally, these coefficients are defined in terms of the
(reduced) temperature 6, the kurtosis a,, and the derivatives
Yo, Yy, and Y, .

As expected, the transport coefficients and cooling rate de-
pend intricately on the system’s parameters. Since we are pri-
marily interested in the influence of inelasticity on transport,
we scale the transport coefficients with respect to their values
for elastic collisions to illustrate the differences between gran-
ular and molecular suspensions. Furthermore, we consider a
two-dimensional system with 7\ =1, A} = 0.5, and three
different values of the solid volume fraction: ¢ = 0.05 (very
dilute system), ¢ = 0.1, and ¢ = 0.2 (moderately dense sys-
tem). This choice of parameters is also useful for comparison
with the granular suspension studied in Ref. [32], thereby
allowing us to assess more clearly the impact of the additional
A-collisional energy injection on the transport coefficients.

Figure 5 shows the «-dependence of the (scaled) shear
viscosity n(a)/n(1), where n(1) corresponds to the shear
viscosity of a granular suspension for elastic collisions. For
a given density, it is quite apparent that the impact of inelas-
ticity in collisions on the shear viscosity is in general quite
important since the ratio n(«)/n(1) differs significantly from
1. Figure 5 also highlights that the shear viscosity decreases
with increasing inelasticity (decreasing «) regardless of
density. Regarding the influence of density on n, we observe
that the shear viscosity (scaled with respect to its elastic value)
decreases significantly with density at a given value of «. This
behavior contrasts with the results derived in the A model for
a dry granular gas [18], where the scaled shear viscosity ex-
hibits weak dependence on density. A plausible explanation is
that, in the present case, the interstitial gas tends to thermalize
the suspension, enhancing the frequency of particle collisions
and thereby making excluded—volume and collisional transfer
effects associated with finite density more pronounced. For
this reason, the dependence of n(c«)/n(1) on both density and
the coefficient of restitution, as found in the conventional IHS
model for granular suspensions [32], agrees qualitatively well
with the results obtained here in the A model.

The dependence of the (scaled) bulk viscosity n,(ct)/np(1)
versus the coefficient of restitution « is shown in Fig. 6.
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TABLE I. Explicit expressions of the scaled transport coefficients for a two-dimensional monocomponent granular suspension (d = 2) at
the stationary temperature. These forms have been written in terms of the parameter A* = 0~ /2A¥.

= {1+ 0[5 + 75 A" (14 5a) [fnc + 5m,

me= 22 {1 = x4 )1 =3+ xA°[ 201+ 200(1 = L) + AT
vi= Y [(1+a)(T = 3e)(1 — 5a2) +2v21 (1 — a)A* = 2(1 + Say) A7)
= SE 050 ) + 50T

= {1+%X¢[1+a+\/zA* 1 - iaz)]}"k"'%X¢2[(1+06)(1+ll6a2)+ %A*]KO
ko= (0 y" =30 = 4 aln%) \/%{1"‘2612-1-9"@
—x¢[20 + o) — 20 —ar(1 + &) + JEA (G- Zay)

+3(1 4 a)(
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K

o= 07 =37 JE{2(a + 9%2)
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¢
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I = nx¢{3(1 +o)[(1 —a®)(Sa — 1) — 2(15¢° =30’ + 69 — 41)] = 2 A*(Iy + ax]))]
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Note that in the context of the A model, the expression of
Ny obtained here for granular suspensions differs from that
derived for a dry granular gas [18] because the contribution
Ny to 1, was neglected in the latter study [18]. This contrasts
with the THS model [32], where the expressions of the bulk
viscosity with and without the gas phase are the same. As in
the case of the shear viscosity, Fig. 6 shows that the ratio
ny(a)/np(1) decreases with decreasing «. Moreover, since
ny, = 0 for dilute gases (¢ = 0), the bulk viscosity (scaled
with its elastic value) increases with density at a given value
of @, as expected.

Now, we will consider the transport coefficients associated
with the heat flux. Figure 7 shows the a-dependence of the
(scaled) thermal conductivity k(«)/k(1). As can be seen,
the thermal conductivity (scaled by its elastic value) depends
on both « and ¢ in a manner similar to that found for the
shear viscosity. This behavior qualitatively agrees well with
that reported in Ref. [32] for the conventional IHS model
of granular suspensions. Regarding the coefficient u, unlike
the IHS model [32], we see that u # O for elastic collisions.
The contribution to the heat flux from the density gradient is
also present in relativistic gases [71,72] as well as in ordinary
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FIG. 5. Plot of the (scaled) shear viscosity n(a)/n(1) versus the
coefficient of restitution « for d =2, A} = 0.5, and T, = 1. Three
different values of ¢ have been considered: ¢ = 0.05 (solid), ¢ = 0.1
(dashed) and ¢ = 0.2 (dotted). Here, (1) refers to the shear viscos-
ity coefficient for elastic collisions.

(elastic) gases subjected to a force proportional to the particle
velocity [69]. Additionally, in contrast to the dry (no gas
phase) A model [18], u # O for a dilute granular gas even
if the kurtosis a, = 0 [see Eq. (139)]. The dependence of the
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FIG. 6. Plot of the (scaled) bulk viscosity ny(ct)/n,(1) versus
the coefficient of restitution o for d =2, A; =0.5, and T = 1.
Three different values of ¢ have been considered: ¢ = 0.05 (solid),
¢ = 0.1 (dashed) and ¢ = 0.2 (dotted). Here, 1, (1) refers to the bulk
viscosity coefficient for elastic collisions.
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FIG. 7. Plot of the (reduced) thermal conductivity «(«)/k(1)
versus the coefficient of restitution o for d =2, Af =0.5, and
T, = 1. Three different values of ¢ have been considered: ¢ = 0.05
(solid), ¢ = 0.1 (dashed) and ¢ = 0.2 (dotted). Here, « (1) refers to
the thermal conductivity coefficient for elastic collisions.

(scaled) heat diffusive coefficient p(a)/ (1) on o is shown in
Fig. 8 for different densities. It is apparent that this coefficient
decreases with increasing inelasticity. However, unlike with
the shear viscosity and the thermal conductivity, we observe
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FIG. 8. Plot of the (reduced) heat diffusive coefficient
u(a)/ (1) versus the coefficient of restitution « for d =2,
Ay =0.5, and T,* = 1. Three different values of ¢ have been
considered: ¢ = 0.05 (solid), ¢ = 0.1 (dashed) and ¢ =0.2
(dotted). Here, w(1) refers to the heat diffusive coefficient for elastic
collisions.
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that the ratio p(o)/ (1) decreases with density for not quite
small values of the coefficient of restitution (let’s say, « 2
0.5), while the opposite occurs for quite extreme values of
dissipation (let’s say, & < 0.2). In fact, it can be negative for
very small values of « regardless of density. Comparing these
results with those derived from the A model in the absence
of the gas phase [18,67] reveals significant qualitative differ-
ences. This indicates that the gas phase significantly impacts
heat transport.

Finally, the «-dependence of the (scaled) first-order contri-
bution ¢y («)/¢y (1) to the cooling rate is plotted in Fig. 9 for
the same parameters employed in Figs. 5-8. Here, in contrast
to the conventional A model [18], ¢y is different from zero
for elastic collisions (¢y (1) # 0). We observe that the ratio
Cu(a)/¢uy (1) decreases with increasing inelasticity regardless
of the density considered. Moreover, the influence of density
on ¢y (reduced with respect to its elastic value) is very weak.

In summary, the study performed in this Section for
confined granular suspensions has clearly shown that the de-
pendence of the transport coefficients on the coefficient of
normal restitution « differs significantly from the one previ-
ously found [12,18] in the absence of the gas phase. Thus,
the combined effect of both parameters A (which accounts
for the injection of energy into the system) and y (which
accounts for the effect of the interstitial fluid) on momentum
and heat transport cannot be neglected for finite values of «.
This conclusion contrasts with the results derived in Ref. [27]
where it was assumed that the transport coefficients do not
depend on A and/or y.

VII. STABILITY OF THE HOMOGENEOUS
STEADY STATE

The knowledge of the explicit forms of the (steady) Navier-
Stokes transport coefficients and the cooling rate allows us
to solve the hydrodynamic equations for the fields n, U,
and T for states near the HSS. The nonlinear Navier-Stokes

J

Din+nV-U=0,

2
D,U; + p’lV,-p = p71Vj |:7’]<V,‘Uj + Vle' — géijV . U) + T}b(S[jV U:| — Yy AU;,
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FIG. 9. Plot of the (reduced) first-order contribution to the cool-
ing rate ¢y (or)/¢y (1) as a function of the coefficient of restitution o
ford =2, A; = 0.5, and 7,* = 1. Three different values of ¢ have
been considered: ¢ = 0.05 (solid), ¢ = 0.1 (dashed) and ¢ = 0.2
(dotted). Here, ¢y (1) refers to the first-order contribution to the
cooling rate for elastic collisions.

hydrodynamic equations can be easily written when one sub-
stitutes the equation of state (68) for the hydrostatic pressure,
the constitutive equations (98) and (116) for the pressure
tensor and the heat flux, respectively, and the equation ¢ =
O 4 ¢y V - U (where ¢© and ¢y are given by Egs. (51) and
(95), respectively) for the cooling rate into the exact balance
equations (22)—(24). The corresponding Navier-Stokes hydro-
dynamic equations are

(141)

(142)

2 2 2 2
= -V (VT +uVn) + %[n<Vin + VU = 28,V -U> + 8,V -Ui|V,<Uj ~TeyV-U~—-pV-U. (143)

where V; = 9/0r;.

As it has been already discussed in several previous papers [32,73,74], at Navier-Stokes order the general form of the cooling
rate ¢ should include second-order gradient contributions of the form ¢, VZn and ¢ V2T in Eq. (143). Nevertheless, as shown for
a dilute (dry) granular gas [70], given that the ratios ¢,/u and {7 /k were shown to be very small for not very inelastic particles,
the terms ¢,V2n and {7 V2T were neglected in the stability analysis performed in Refs. [32,73,74]. We assume that the same
happens here in the A model so that the second-order contributions to ¢ can be neglected for practical purposes.

To analyze the stability of the homogeneous solution, Eqs. (22)—(24) must be linearized around the homogeneous steady
state. In this state, the hydrodynamic fields take the homogeneous steady values n; = const., Ty = const., and Uy ; = Uy = 0.
For small spatial gradients, we assume that the deviations dyg(r, t) = yg(r,t) — yg are small, where 8yg(r, t) denotes the
deviations of the hydrodynamic fields {yg; 8 =1, ...,d + 2} = {n, U, T'} with respect to their values in the HSS. Moreover, as
usual in granular suspensions [32], we assume that the gas phase is not disturbed and hence, U, = Uy ; = 0.
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The linearized equations for the perturbations én, U, and 87 can be easily derived from Eqgs. (141)—(143) as

)
58}1 +nV-5U =0, (144)
9 3 9 d—2
Z5Ui+p7 (22 ) VioT + 07 (Z2) Visn = p ' yV2sUs + o~ =0+ 1o | Vi(V - 8U) — y8U,, (145)
ot aT ), an /), d
9 _ 3)/ 3{' 0) 3{' 0)
—8T + |20 =0~ H = =) |Ts 2 O47l—=——)|T
o1 +[( )(8n>+<8n A A T
2, 5 2
= —(&V<T +uv<ién)—¢T V-5U—- —p V. 6U. (146)
dn dn

It must be recalled that all the quantities involved in Egs. (144)—(146) are evaluated in the HSS. Henceforth, the subscript s will
be removed for the sake of simplicity.

To compare our results with those previously obtained for granular fluids [73] and nonconfined granular suspensions [32], we
will introduce the following space and time (dimensionless) variables:

1 vy 1, T , 1 |
T=———t==-no —t, r=—r=—-no""'r. (147)
272 € 2 m 200 2

The dimensionless timescale 7 is a measure of the average number of collisions per particle in the time interval between 0 and ¢
while 1’ is proportional to the mean free path of solid particles. As usual in the linear stability analysis [32,73,74], we introduce
the following set of Fourier transformed dimensionless variables:

_ om(r) _ 8U(r) _ (v
px(T) = . wk(7) = Nk Ok(t) = T (148)
where 8yxp(7) = {pk(7), Wk (1), 6k ()} is defined as
Sykp(t) = / dr'e T sys(r, 7). (149)

Note that here the wave vector Kk is dimensionless.
Using the variables defined in Eq. (147), the coupled differential equations (144)—(146) can be rewritten in Fourier space as

a
—pk +ik-wi =0, (150)
at
Ewk,i‘i‘lkip (Cp.16k + Cpnpr) + 22y wi; + X k™ wy ;i + S\ + g Jki(k - wi) =0, (151)
0 f * (1) %72 f xn—1 1 * aé‘(;ﬁ * 72 2 * d _
3—19k+[2 2(¢5Cy + 84 'Ca+ Cy ) + 'K o + | 2v2( 2y70 +§§0+089 + Dk 9“+le Pt 58 (k - wy) = 0.
(152)
In Egs. (150)—(152), we have introduced the reduced quantities
. Vih N Vih N 1 mog B 1 moy
=—" =——n, Di=———«, = ———U, (153)
T e T ™ T T azare e M T a T
1 /0 dIn p* 1 /0 d1n p*
Cor=—|+2) =146( =), Cuu= (—p =1+¢< Ll (154)
’ p*n\oT /, GIZ ' p*T\on/, 9/,
and
dln x ax oA 1 0lnR
C, =1 , Ci=¢p—7" —,, C,=2(1-6 o——oo. 155
" +é 80 ¢8¢ X+¢a¢x y = 2( )V¢a¢ (155)

As expected, in Eq. (151) the d — 1 transverse velocity components Wy | = Wy — (Wy - K)k (orthogonal to the wave vector
k) decouple from the other three modes. Their evolution equation is

3 1
;V;‘L + <2ﬁy* + En*k2>wkL =0. (156)

The solution to Eq. (156) is
1
Wi () = wi (0) exp [— <§n*k2 + 2J§y*>r]. (157)
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Since both the (reduced) friction coefficient * and the (reduced) shear viscosity coefficient n* are positive, then the transversal
shear modes of the confined granular suspension are linearly stable.

The remaining (longitudinal) modes correspond to px, 6k and the longitudinal velocity component of the velocity field,
Wk|| = Wk - k (parallel to k). These modes are coupled and obey the equation

08ykp(7)

o T Mg 8yku(t) =0, (158)

where 8ykg(t) denotes now the set { ok, wk, 6k} and M is the square matrix

0 ik 0
M= ikp*Cp, 232y +vik? ikp*Cp 1 (159)
2V2(¢5Cy + 5VC +C)) + ik Zik(pt + 4gy)  2V2(2p*07! + L¢k + 000¢7) + Dk
Here,
1/.d—1

Vi = 5(2777*“;;). (160)

The three longitudinal modes have the form exp[—dg(k)7] for B =1, 2, 3, where dg(k) are the eigenvalues of the matrix M,
namely, the roots of the characteristic polynomial

8 —X(k)8>+Y (k)8 — Z(k) =0, (161)
where
X(k) = «/E(;(;‘ +26 35 + 4y 0" + 2)/*) + KA(D% + v)), (162)
Y = V2" + uzk2>[k20; + ﬁ(;a‘ +20°58 4 4)/*9_1)} R [Cp,n +Cpr (cu + dzp)} (163)
Z(k) = p*k? |:k2 (CpuD} — Cprit®) + JEC,,,,,(;(;‘ + 291—? + 4y*9—1) —2v2C, 1 (85 Cy + £5VC + C,/):|. (164)

In the case A} =0, we have that C, 7 =1, 99{; = ;“él)Tg
and hence, Eqgs. (161)—(164) agree with the stability analysis
performed in Ref. [32].

The linear stability of the HSS is determined by the sign of
the real part of the eigenvalues §g(k). In our convention, the
modes decay as exp[—dg(k)T], so the HSS is linearly stable
provided Re[dg(k)] > 0 for 8 =1,2,3 and for all k£ > 0. It
is quite apparent that the determination of the dependence of
the real part of the eigenvalues d4(k) on the (dimensionless)
wave vector k and the parameters of the system is not really
a simple problem. Therefore, to gain some insight into the
general problem, it is convenient to study first the solution to
the cubic equation (161) in the extreme long wavelength limit,
k=0.

A. Extreme long wavelength limit (k = 0)

In the long wavelength limit (k = 0), the square matrix M
reduces to the matrix M@, given by

0 0 0
MO =| 0 2v2y* o0 |, (165)
© 0)
M3l) 0 M33
where
MY = 2v2(55C, + 65 'Cu + Cy), (166)
MY = 22207 + Leg +085¢7). (167)

In this simpler case, it is quite straightforward to get closed
solutions for the fields pg and wy, with the results

po(T) = po(0),  Wo(T) = wy(0)e V2™, (168)

According to Eq. (168), the mode associated with the
density is (marginally) stable (which is consistent with mass
density conservation), whereas all the modes associated with
the velocity field are (asymptotically) stable (since y* is al-
ways positive). However, 6, obeys the (linear) inhomogeneous
ordinary differential equation

300 + MGy + M py = 0. (169)

The solution to Eq. (169) is

M© wo. MO
60(7) = | 60(0) + —55 po(0) |e ™7 — —2509(0). (170)
M33 M33

An exhaustive exploration of the space of parameters re-
veals that Mg%) is always positive, so

0)

60(00) = ——2500(0),
M5y

171)

and we conclude that the mode associated with 6y relaxes
exponentially to its asymptotic value 8y(c0).

Figure 10 illustrates the dependence of the eigenvalue Mé%)
on the coefficient of restitution « for different systems. We
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observe that in all the cases Mgg) increases with increasing
inelasticity.
B. General case

A necessary condition for the loss of stability is that
one eigenvalue reaches the imaginary axis for some k., i.e.,

J

2V2C, 1 (¢5Cy + ¢"Cu+ C)) = V2CpnlGl +20 055 +4y*07h)

Re[8(k.)] = 0. If the critical eigenvalue is real, then the in-
stability is nonoscillatory and occurs through the condition
8(ke) =0 [75]. In this case, the term Z(k) of the charac-
teristic polynomial equation (161) must vanish (Z(k.) = 0).
Therefore, for k £ 0, one obtains a candidate threshold wave
number &, from the condition Z (k) = 0. This yields

ki =

(172)

CpnD7 — Cprt*

In the regions of the parameter space where the three eigen-
values are real, the absence of physical solutions of Eq. (172)
(namely, k2 < 0) rules out nonoscillatory instabilities. Our nu-
merical exploration indicates that k7 is negative for all param-
eters explored, so that no nonoscillatory instability is found.

However, the characteristic polynomial may admit a com-
plex conjugate pair of eigenvalues, &, 3(k) = Sr(k) % i61(k),
as we have explicitly observed for some parameters. In that
situation, the stability threshold does not necessarily occur at
8 = 0: an oscillatory (Hopf-type) instability may take place
when Sg(k.) = 0 with 81(k.) # O [75]. Therefore, the ab-
sence of physical solutions of Z(k) = 0 for k > O discards
nonoscillatory instabilities but, in principle, it is not sufficient
to guarantee stability. A convenient sufficient-and-necessary
test for linear stability can be obtained from the Routh-
Hurwitz criterion [75]. For the case considered here, the
Routh-Hurwitz conditions reduce to

X(k)>0, Y(k)>0, Zk) >0, XKYE&) > Zk),

(173)

for all k > O (the case k = 0 has been studied separately). In
particular, the equality X (k)Y (k) = Z(k) (with X,Y,Z > 0)
corresponds to the onset of an oscillatory instability. Our
numerical exploration of the parameter space shows that the
inequalities (173) are satisfied for all k in the hydrodynamic
range considered, and hence Re[dg(k)] > O for all . As a
consequence, we conclude that the HSS is linearly stable.

VIII. DISCUSSION

In this paper, we have developed an Enskog-kinetic theory
for a confined quasi-two-dimensional granular suspension.
The study has been carried out within the context of the
so-called A model [11]: a coarse-grained collisional model
that attempts to incorporate collisional energy injection into
the dynamics of granular particles via the positive parameter
A. Additionally, the influence of the surrounding interstitial
gas on solid particles has been modeled by a viscous drag
force and a stochastic bath. By means of the generalization
of the conventional Chapman-Enskog method [50] to dissipa-
tive dynamics, we have obtained the Navier-Stokes transport
coefficients and the first-order contribution to the cooling rate
under steady-state conditions. Since granular gases (modeled
as hard spheres with inelastic collisions) lack equilibrium
states, one relevant point in solving the kinetic equation via the
Chapman-Enskog expansion is choosing the base reference
state in the perturbation method. However, the zeroth-order

(

approximation to the kinetic equation (the solution of the
Enskog equation in the absence of spatial gradients) cannot be
chosen a priori, as it must be obtained consistently [57]. Here,
the local version of the time-dependent homogeneous solution
to the Enskog equation has been considered as the reference
state in the Chapman-Enskog expansion. Using this reference
state introduces new conceptual difficulties not present in the
conventional Chapman-Enskog method [50].

Before considering inhomogeneous situations, we have
characterized the HSS. As said before, the time-dependent
version of this state is considered as the zeroth-order dis-
tribution in the Chapman-Enskog perturbation solution. As
expected, for times longer than the mean free time, the dis-
tribution function of the HSS adopts the scaled form (40).
However, since the exact form of the scaled distribution
o(c, A, 0) is not known to date, indirect information on this
distribution is provided by the knowledge of its first veloc-
ity moments. In particular, in this paper we have estimated
the steady temperature 65 as well as the kurtosis or fourth
cumulant a, ¢ (which measures the departure of ¢ from its
Maxwellian form) by using the first Sonine approximation
(50) to the true distribution ¢. The theoretical results obtained
for 65 and a, ¢ from that Sonine approximation (50) have been
compared against computer simulations for several systems.
The excellent agreement found between theory and DSMC
results for both quantities supports the consistency of the
reference distribution used in the present work and provides
confidence in the (approximate) expressions of the transport
coefficients derived from it.

The analysis carried out here shows that the surrounding
gas has, in general, a significant impact on momentum and
heat transport of granular particles. In particular, the depen-
dence of the shear viscosity 1, bulk viscosity n,, thermal
conductivity k, diffusive heat conductivity u, and the first-
order contribution ¢y to the cooling rate on the coefficient
of restitution « is markedly different from that obtained for
the dry (in the absence of gas phase) granular gas of the A
model. These differences become especially apparent as dis-
sipation increases and, for some coefficients, also as density
increases. Therefore, the combined action of the collisional
injection parameter A and the friction coefficient y cannot be
neglected when describing confined granular suspensions at
finite inelasticity. In this sense, the present results indicate that
the use of transport coefficients corresponding either to elastic
hard disks or to dry confined systems may miss important
quantitative, and in some cases qualitative, features of the
dynamics of a confined granular suspension.
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FIG. 10. (a) Plot of the eigenvalue Mé(;) versus the coefficient of
restitution @ ford = 2, A} = 1, T, = 0.9, and three different values
of ¢: ¢ = 0.05 (solid), ¢ = 0.1 (dashed) and ¢ = 0.2 (dotted). (b)
Plot of the eigenvalue Mg;) versus the coefficient of restitution o for
d=2,¢=0.25 T =0.9, and three different values of A}: A} =
0.5 (solid), A} = 1 (dashed) and A} = 1.5 (dotted).

Another relevant outcome of the paper is that, within the
Navier-Stokes description considered here, the HSS is linearly
stable in the region of parameter space explored. Both the
transverse and longitudinal perturbation modes decay in time,
and no evidence of either stationary or oscillatory instabilities
has been found in the hydrodynamic range analyzed. This
result indicates that, in the Navier-Stokes hydrodynamic order
and under the assumptions of the model, the HSS constitutes
a robust reference state for the study of weakly inhomo-
geneous confined granular suspensions. The present theory
is, however, subject to the simplifications inherent in these

assumptions. First, the gas phase has been incorporated into
the kinetic equation of the solid particles through an effective
way by means of a drag force plus stochastic forcing, while its
influence on the binary collision process itself is neglected (in
contrast to the more sophisticated kinetic description recently
carried out in Refs. [33-35]). Thus, the theory developed in
this paper is expected to be reliable when the effect of the
interstitial gas on granular particles during a collision is weak,
but not in situations such as liquid—solid flows, where fluid
effects during collisions may become important. Second, the
expressions of the transport coefficients have been obtained
by retaining only the leading terms in a Sonine polynomial
expansion (the so-called first Sonine correction). Although ap-
proximations of this sort have been shown to be quite accurate
for not too strong dissipation (see for instance, Fig. 3 of the re-
view article [12]), one expects that the accuracy of the theory
increases as higher-order corrections in the Sonine polynomial
expansion (such as the so-called second Sonine approxima-
tion) are retained [23,76-79]. Third, in the two-dimensional
illustrations we have adopted the simple choice R(¢) = 1,
since a more accurate expression for the density dependence
of the drag in confined hard disks is not currently available.

A natural continuation of the present work is to partic-
ularize the theory developed here to the synchronization-
dependent A model recently considered by Maire et al. [27].
In that framework, synchronization is incorporated through
an effective collision injection amplitude A= A, T, 1),
which reflects the competition between the collision fre-
quency and the synchronization time 7. Up to now, the
hydrodynamic treatment of that active branch has relied on
using the Navier-Stokes transport coefficients of elastic hard
disks. However, the results derived in the present paper
clearly show that the combined action of collisional injec-
tion and gas phase dissipation may substantially modify the
transport coefficients. It is therefore of clear interest to sup-
press the stochastic bath when appropriate and derive the
proper Navier-Stokes transport coefficients and cooling—rate
corrections for the synchronized A model itself, instead of
employing the elastic forms of the transport coefficients. Such
a program would put the hydrodynamic description of the
synchronized model on a firmer footing and would allow one
to reassess, with quantitatively consistent inputs, its stability
properties, hydrodynamic modes, and long-wavelength struc-
ture factors. Work along this line is in progress.
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APPENDIX: EXPRESSIONS OF SEVERAL AUXILIARY QUANTITIES

In this Appendix we provide the expressions of the different auxiliary quantities appearing in the calculations for determining
the transport coefficients and the first-order contribution to the cooling rate. Except for the integral I, these expressions are
provided for a d-dimensional gas.

First, the quantities Ag, A1, Cy, and C| defining the collisional moment w4 are given by [14]

* 1—o? T a—1/2 A% —1 A %2
Ao(@, 0, A7) = (d +2)| —5— — | [F07 PAT—07IAT ), (A1)
d+2
Arla, 0,07 = ¢ ;; )< (1—a®)+6- IA*2> (A2)
Co(er, 0, AY) = V2r (14 2d +3” + 407 AP)ad P AL =3+ 4072 A + o + 20" —2d(1 — o> — 207" A}?)
+ 207 AP (1 + 6a7), (A3)

1
Ci(a, 0, A}) = \/g[z —2d(1 — )+ Ta + 3’1072 AF — E{85 + 4072 A — 18(3 + 202071 A}?

—(32 + 87a + 300 ) — 2d[66 ' AF> — (1 + &)(31 — 1520)]}. (Ad)

We consider now the quantities appearing in the evaluation of 7 and 7. For a two-dimensional gas and by using the Sonine

approximation (50), the integral I, is
I 3 1+ 3 (AS)
U 8\/ A

while the integrals 7, , I, and I, for d dimensions are given, respectively, by

r(4) 1 _Var(d) 15 (s 1

I = 2 ﬁ(] N 2) I’ = (1 + —a2>, I =——27 (14 205)(1 - —a2>. (A6)
o F(%) 16 o 16 F( ) 32 g ﬁr‘(%) 16

Moreover, the collision frequency v, has been estimated in Ref. [16] by considering the leading Sonine approximation (104) for

Cij(V) and by replacing the true ¢ by the approximation (50). Neglecting nonlinear terms in a,, the expression of v, is

V2r S nod—! Vh X a 3a,
v, = L+ a)2d +3 = 3)(1 = 2) +V2r(d — 20007285 =214+ 22 )07 A } AT
" dd+2)r(9) [( s =3 ( ) b 32 (A
The integrals I, I/, and I, appearing in the collisional contributions to the heat flux transport coefficients are
F(d+3) 7 3\/— F(d+]) 1 d
I, =~2 1 I’_—d 1-—= I = —. A8
V2 o) ( + 16 ) . ( >F(%) ( 32a2) V=3 (A8)

The collisional integrals involving the operator K appearing in the evaluation of the kinetic coefficients «y and py are given by

d
VSV) K| — . VFO
/d S(V) IC|:8 f i|

2
= 2%1%@({%(1 +a) [l =20 —ay(1 + )] + \/%_ne—‘/m;[[é + @(d — E)}

4778 8
1 27 9 1
30+ 1— =2 2ar) - 221+ Za o — (1 +aP —67'a2(1 - —a ) |}, (A9)
2 8 4 2 16
d/dVS(V) 022 ] = 2 2™ o, N1t ay + B PP (8 +3a) — 2o-1A2 (A10)
— | = — o o a)— =
dT 90 | T 32 C KT W 30 T [

2
de S(V)-K[f91 = 2%1%;«;5{%(1 + ot)[a(ot -+ %2(10 +2d — 3a + 3a2)]

1 - * - * 1 3 - * @ - *
+ Ee I/ZAb[ze AP — 3(5 — 052) + Ex/2noz9 2N+ ﬁ(31 4 8d + 180 — 46 lAbz):| }
(A11)

3

o’ dVS(V)- K 2 T? 3a
d/ V) [¢>a¢} 5200 —

a 3 —1/2 A %
— il 4+a)y +6 Al ———
L {( ) *22m

[13 + 20(8 4 3a) — felA*z] } (A12)
3 b
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Finally, we consider the quantities involved in the coefficient ep. This coefficient provides the explicit form of the first-order
contribution ¢V to the cooling rate. The expression of the collision integral appearing in Eq. (136) can be written as

0)
/dvE(V)ICi[az{V } =3d 2 ngx(1 + oc){(l —a®)Ba — 1) — %[15«3 —3a® 4+ 3(4d + 15)a — (20d + 1)]}

i
2d—2

V2

d
nx¢ 07 AH — 6+ 4a(=3 4 30 +4a”) + 3vV2w (1 + @) (—1 + 3a)0 2 A}

+8(1 +20)0 ' A2 4+ 22 632N + “8—2[47 —8d 4+ 2a(31 + 8d + 9 + 12a%)

— 41+ 20007 AP}

The collision frequency v, is given by

d—1

'z 1
T()24v2d +2)" €

Ve =

(A13)

Xﬂ{(] +a)[30a’ — 300” + (105 + 24d ) — 56d — 73]

3
+ — [—49—1A§2(32 + 15a3) + 36007  AF2(32 + 3ay) + 607 AF* (288 — 454,

128d

d+2)

15
+ 64d + 6day) + 512@9_1/2A§[2 + 7o + 3a® — 2d(1 — a)]} - 1279—1A;2<1 + —az) } (Al4)
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